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Preface

The tempo of technological progress today is undeniably swift and at
times rather startling. Often, before we are fully able to grasp the conse-
quences of one development, another has made its appearance. The
progress made in recent years on the achievement of low-noise amplifica-
tion at microwave frequencies is certainly a good example. Up to a few
years ago, it was largely a struggle for one tenth-decibel improvement in
noise figure here and another there. Then, almost without warning, a
deluge of low-noise devices was upon us. The “o0ld” traveling-wave tube
began to achieve noise figures comparable with the best resistive mixers,
and soon achieved noise figures well below the supposed theoretical
minimum. Quantum mechanics became a must for the aspiring elec-
trical engineer with the introduction of ‘“microwave amplification by
stimulated emission”’—the maser. Here was a device with a noise
figure so low that it was some time before this quantity could even be
measured! Close on the heels of the maser came the parametric
amplifier. Not as low in noise as the maser, the parametric amplifier
nevertheless quickly achieved a position of prominence—mainly because
of its rather unbelievable simplicity.

The writing of a book in such an atmosphere of swift and unyielding
progress is certainly not without its hazards. A ‘“‘comprehensive’” book is
out of the question. A compilation of all the current literature runs the
risk of having significant omissions by the time of publication. Today’s
statements of finality can become tomorrow merely historical curiosities.
The present book will make no pretense as to completeness. The empha-
sis instead will be on the presentation of such basic information as will
be of interest to the average design engineer who wants to know how and
why parametric amplifiers work, and when they can be employed to ad-
vantage.



vi Preface

Further boundaries to the discussion can be summed up by the fol-
lowing three phrases: (1) semiconductor diodes; (2) low noise; and (3)
microwave devices. Parametric devices can be based on electron beam
and ferrite phenomena. Other embodiments will, no doubt, be forth-
coming. The semiconductor-diode parametric amplifier, however, has
the advantage of being the simplest device both in concept and construc-
tion, and currently is the most popular form of parametric amplifier.
Many of the concepts presented here are by no means limited to diode
devices: the concepts of energy transfer and general noise properties are,
for example, of universal application. The emphasis on the low-noise
aspects of these devices is mainly dictated by the fact that this charac-
teristic is the major reason for the employment of parametric amplifiers.
Because of this, and because of some confusion regarding the peculiar
noise properties of parametric amplifiers, a fairly complete discussion of
noise is incorporated. Finally, since it is largely in the microwave re-
gion that low-noise performance is both very useful and very difficult
to obtain, whenever reference is made to actual devices, it will be
made in the context of microwave devices.

The authors would like to express their sincere appreciation for the
assistance and encouragement provided by Texas Instruments Incorpo-
rated during the writing of this book. We wish to especially thank Dr.
J. R. Baird, T. M. Hyltin, and B. T. Vincent, Jr. for many helpful dis-
cussions and suggestions. It is also a pleasure to acknowledge the help of
R. E. Allan, T. Pedersen, and Mrs. Betty Chupik for much of the com-
putational work. Special thanks are also due Dr. J. J. Spilker, Jr. for
his assistance in the analysis of the noise characteristics of degenerate
parametric amplifiers.

L. A. Blackwell
K. L. Kolzebue

Los Angeles, California
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1

Introduction to

Parametrie Devices

The name parametric amplifier has become associated with a class of
amplifying and frequency-converting devices which utilize the properties
of nonlinear or time-varying reactances. Other names have also been
proposed and used in connection with these devices, such as variable-
parameter amplifiers, reactance amplifiers, and MAVAR’s (Microwave
Amplification, by VAriable Reactance). While these alternative names
may have their merits in being possibly more descriptive, it appears that
the term parametric amplifier is in preferred use today. To repeat, the
distinguishing feature of a parametric device is the presence of a nonlinear
or time-varying reactance. This reactance can be either electrical or
mechanical ; that is, it can store either electromagnetic energy or mechan-
ical energy. The function of this reactance is to channel energy from an
a-c source to a useful load. In this sense, a parametric amplifier is similar
to a vacuum tube amplifier. The vacuum tube is essentially a variable
resistance which converts d-c energy to useful a-c energy. Perhaps this
analogy can even be stretched to suggest that a parametric amplifier
is capable of lower-noise amplification than a vacuum tube. The essential
feature of a vacuum tube is a resistance, and we know that any resistor
at a non-zero temperature exhibits noise properties. The essential
feature of a parametric amplifier, however, is a nonlinear reactance, and
1



2 Introduction to Parametric Devices

we know that reactance does not contribute thermal noise to a circuit.
We might anticipate then, that parametric amplifiers can be low-noise
devices.

As is the case of almost all inventions, the “discovery’’ of the para-
metric amplifier came much later than the discovery of the basic prin-
ciples of operation. Many of the essential properties of nonlinear energy-
storage systems, including instability (a so-called negative-resistance
effect) were described by Faraday* as early as 1831 and by Lord Ray-
leigh'® in 1883. R. V. L. Hartley* in 1936 discussed in great detail an
electro-mechanical nonlinear capacitance device very similar to today’s
negative-resistance parametric amplifier. In a sense, H. Q. North?®®
discovered the semiconductor parametric amplifier during World War
IT when he observed a crystal mixer with net conversion gain instead of
the usual conversion loss. With the passing of time, various experimental
and theoretical papers were published describing circuits with nonlinear
reactive elements. Manley and Peterson” described negative resistance
effects in circuits containing saturable reactors; Landon?® analyzed and
gave experimental results of such circuits used as converters, amplifiers,
and oscillators; and van der Ziel'*® analyzed circuits containing nonlinear
capacitance. In his paper, van der Ziel first mentioned that such a circuit
might be useful as a low-noise amplifier.

The ingredients were all there, but it was almost ten years after the
publication of van der Ziel’s paper that the parametric amplifier was
““discovered.” The age of solid-state electronics dawned, and microwave
engineers and scientists dreamed of a solid-state microwave amplifier
to replace their noisy and fragile electron-beam devices. The maser had
already been born, but had failed to satisfy completely the appetites of
the microwave designer. What was needed was a device with the low-
noise properties of the maser, but the mechanical simplicity of the transis-
tor. It was at this point that H. Suhl'®* proposed a microwave solid-state
amplifier using ferrite. Shortly later M. T. Weiss#” announced the experi-
mental verification of Suhl’s proposal. These two announcements sup-
plied the needed catalyst, and the parametric amplifier was at last
“discovered.”

The parametric amplifier has become a useful device largely because
of its low-noise properties. It has made possible for the first time the con-
struction of receiving systems, without the use of cryogenic tech-
niques, which are so sensitive that the antenna noise now often will equal
or exceed the total receiver noise contribution. In the succeeding chap-
ters of this book, we will explore the operating principles of these de-
vices, present a few design criteria for their construction, make some
comments regarding specific areas of application, and describe the char-
acteristics of several typical operating units.



Sec. 1.1 Introdlfction to Parametric Devices 3
1.1 Some Principles of Nonlinear and Time-varying Reactances

A reactance may be defined as a circuit element that stores and
transfers electromagnetic energy, as opposed to a resistance which is an
element that dissipates energy. If the stored energy is predominantly in
the electric field, the reactance is said to be capacitive; if the stored
energy is predominantly in the magnetic field, the reactance is said to
be inductive. In many applications, even at microwave frequencies, it is
most convenient to speak in terms of voltages and currents rather than
electric or magnetic fields. A capacitive reactance may then be defined
as an element for which a functional relation between charge ¢ and volt-
age v can be written

g =f(v). (1.1)

Similarly, an inductive reactance may be defined as an element for which
a functional relation between flux ¢ and current 7 can be written

¢ = f(2). (1.2)

Note that, for a resistive element, the functional relation involves the
time derivative of charge or flux and the voltage or current. Thus, for
example, we can write for a resistive element

g =71). (1.3)

A reactance is said to be linear if the particular functional relationship
happens to be a linear one. For example, a linear capacitance implies a
linear relation between charge and voltage.

q=Cv (1.4)

where C is defined as the capacitance of the reactive element. Similarly,
a linear inductance implies a linear relation between flux and current.
Therefore,

=L (1.5)

where L is defined as the inductance of the reactive element.
If these relations are not linear, the reactance is said to be nonlinear.
For example, if the relation between charge and voltage happens to be

qg = av? (1.6)

the element is said to be a nonlinear capacitance. In this case, it is con-
venient to define capacitance as the partial derivative of charge with
respect to voltage.

C=— (1.7)
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The analogous definition of inductance is

¢
L = P (1.8)

Since there is no essential difference in the analysis of circuits containing
nonlinear inductances rather than capacitances, no further mention of
the inductance case will be made, it always being assumed that the two
are interchangeable by duality.

If the relation between charge and voltage is linear, as in (1.4), but
the coefficient C happens to be a function of time, the resulting capaci-
tance is said to be linear, but time-varying. For example, if we were to
have a parallel-plate capacitor whose plate spacing were varied in time
by some external means, we would have such a time-varying linear
capacitance.

Mathematically speaking, there is a great deal of difference between
circuits containing nonlinear reactances and those containing time-
varying linear reactances. In the latter case, the principle of super-
position holds, and powerful analytical techniques are available, such as
Fourier analysis and the theory of Mathieu’s and Hill’s equations. In
the case of nonlinear circuits, superposition fails and the difficulty of
exact analysis is substantially increased. From the standpoint of circuit
performance, however, the two cases yield quite similar results. Both will
cause frequency mixing, and as will be shown later, both will be capable
of creating a transfer of power from one frequency to another.

1.2 The Manley-Rowe Power Relations

Manley and Rowe® have derived a very general set of equations
relating power flowing into and out of an ideal nonlinear reactance. These
relations are a powerful tool in predicting whether or not power gain is
possible in a given situation, and in predicting the maximum gain that
can be achieved.

To help picture the problem which they analyzed, consider Fig. 1.1.
Here we have two voltage generators at frequencies f; and f, together with
associated series resistances and band-pass filters, placed across a non-
linear capacitor. These filters are designed to reject power at all fre-
quencies other than their respective signal frequencies. In addition to
the two signal generators, an infinite array of load resistances and band-
pass filters are also connected to the nonlinear capacitor. These filters
are tuned to the various sum and difference frequencies which will
arise because of the nonlinear reactance. The sign convention will be
used that power flowing into the nonlinear capacitance is positive
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(e.g., the power coming from the two signal generators), while power
flowing from the capacitance (e.g., the power flowing into the load
resistances) will be negative in sign.

The equations they obtained (derived in the Appendix) are

o =) umn
—— =0 1.
Eo ,.-z_:m mfr + nfy (1.9)
T e (1.10)

n=0 m=—oo mfl + nf2

where P, . is the power flow into the reactance at frequency mf, and
nf,. These relations are remarkable in that they are independent of the
shape of the nonlinear characteristic and the power levels involved.

I [ I I L

fl fz fl+ fz fz—fl 2f1+fg

Figure 1.1. Circuit model for Manley-Rowe derivation

The usefulness of the Manley-Rowe power relations can be illustrated
by several cases in which power flow at only three frequencies is allowed.
Let the signal generator at f; represent a signal source, and the generator
at f, the so-called pump source. Consider first the case where power flow
is allowed at a frequency f; which is the sum of f; and f.. Then (1.9)
reduces to

P, P

— 4+ =0 1.11

Nt + I3 (1-11)
and (1.10) reduces to

P, P

— 4+ —=0. 1.12

f2 T Ja (1.12)

Since we are supplying energy to the nonlinear reactance at frequency
f1, Py is positive. Eq. (1.11) thus tells us that the power P; is negative;
that is, P; flows from the reactance and to our resistive termination at
J3. We can define a gain which is the ratio of the power delivered by the
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reactance at frequency f; to that absorbed by the reactance at frequency
fi. From (1.11), this gain is seen to be
gainl_a = é. (113)
T
Here we have the first example of a so-called parametric device, vari-
ously called a sum-frequency amplifier or up-converter. The maximum
transducer gain that can be obtained with such a device is precisely as
given by (1.13) regardless of the circuit configuration or shape of non-
linearity. In practice, circuit reactance and loss influences the operating
characteristics, and a detailed analysis is necessary for a complete
description; nevertheless, some of the general characteristics are readily
deduced from the Manley-Rowe relations.

As a second example, let the signal frequency be the sum of pump
frequency and output frequency. Equation (1.11) predicts that the
device will have a gain of

gain_; = h (1.14)
I3
which, in this case, will be a loss.

For a third example, let power flow at a frequency equal to the differ-
ence between pump and signal. That is, now let f; be the signal frequency,
f2 the output frequency, and f; the pump frequency with fi + f2 = f.
We are now supplying power at f;, hence P; is positive. In this case, both.
P, and P, are negative. That is, the reactance delivers power to the
signal generator at fi rather than absorbing it. If we define a gain which
is the ratio of power supplied to the generator resistance at f; by the
nonlinear reactance to that supplied by the signal generator itself, we
see that infinite gain is possible, for the reactance can deliver power at
f1 regardless of whether a signal generator at f; is delivering power or
not. That is, the Manley-Rowe relations predict that such a device is
potentially unstable and is capable of oscillation both at f; and f,. This
is another example of a parametric device, often called a negative-
resistance parametric amplifier.

1.3 Methods of Analysis

The analysis of parametric devices often involves the analysis of
nonlinear circuits. While there is, in general, no method by which exact
solutions can be obtained, various approximate methods give results
which are quite satisfactory in most applications. Perhaps the most
well-known method is the so-called small-signal approximation. In this
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approximation, it is assumed that the signal voltage is small compared
to the pump voltage. (In the theory of resistive mixers, it would be said
that the signal level is small relative to the local oscillator.) Another
method, which will be shown to be equivalent to the small-signal ap-
proach, is that of replacing the nonlinear reactance with a time-varying
linear reactance. A third method, which for lack of a better name will be
called the large-signal approach, is to expand the nonlinear characteris-
tic in a Taylor series about a d-c point and consider only the first few
terms. While mathematically similar to the usual small-signal theory, the
signal voltage need not be small compared to the pump voltage, and
hence some saturation effects are predictable.

Small—s’ig_nal Method

In the analysis of parametric devices, we are interested in computing
the mixing effects that occur when voltages at two or more different
frequencies are impressed on a nonlinear reactance. As a simple example,
let us consider the case when two voltages are present, one at a frequency
w = 2zf, and one at a frequency 2w. One quantity of interest is the
resultant current at frequency w, for by dividing this current by the
assumed voltage at w we can obtain an equivalent linear admittance
which the remainder of the circuit sees at w. Once this admittance is
determined, the significant properties of the parametric device can be
obtained by linear analysis.

The so-called small-signal analysis applies when one r-f voltage (the
signal voltage) is small compared to another r-f voltage (the pump
voltage). In the study of low-noise amplifiers, for example, the small-
signal approach is certainly justified since we are interested in signal
voltages which are typically more than 100 db below the level of the
pump. Let the two voltages be

v = Vicos wl, v, = V5 cos 2wt (1.15)

where V; < V,. Because V; < V,, we can expand the charge on the capa-
citor in a Taylor series about v, and consider only the first two terms.

d
g(v) = q(v) + d—z (02) 1. (1.16)
For convenience, let us define a capacitance by

0 =L ). (1.17)
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The current through the capacitor is given by the time derivative of
the charge.

d d
| = — = — — |4 . .
i= T q(v2) + 7 [C(vz) V1 cos wt] (1.18)
Since C (v;) is periodic with a fundamental frequency of 2w, we can also
expand it in a Fourier series. Assuming that we choose our time reference
to make C(v.) an even function, we obtain

C(v) = Zm: C., cos 2nwt. (1.19)

ne=()

We can interpret C(v:) as a time-varying linear capacitance in this
approximation, for we see that the second term of Eq. (1.18) is of the
form

d
Z[CWr(®]

which was shown in Section 1.1 to be the result obtained for a linear but
time-varying capacitance. The C, coeflicients can be interpreted as the
magnitude of each harmonic of this time-varying capacitance. That is,
C, gives the magnitude of the constant capacitance, C; the magnitude of
the capacitance variation at 2w, etc.

Using Eq. (1.18) and (1.19), the current component at the fre-
quency w can be computed to be

1(w) = (% [(Ch cos 2wt) (V1 cos wt) ]

d ClVl wCIVI .
= E[ 3 cos wt] = - sin wi. (1.20)

From the foregoing analysis it is seen that insofar as small-signal ef-
fects at the signal frequency are involved, a circuit containing a nonlinear
reactance can be replaced by a time-varying linear reactance.

Large-signal Method

The preceeding small-signal approach cannot be used to predict
saturation effects since the signal level must remain small relative to the
pump level. However, if we choose to expand our relation for charge
about a d-c¢ point rather than an a-c point, we need not restrict the
magnitude of one r-f voltage relative to another. We do need to specify,
however, that the a-c excursions be relatively small so that again only a
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few terms in the Taylor series expansion will be necessary to adequately
represent the circuit. Expanding the charge about a bias voltage V,,

1 d%

d
q(v) = q(Vo) + d_Z (Vo) [n + ] + 2 dn? (Vo)[n1 + v 1% (1.21)

Here no restriction is placed on the magnitude of the signal voltage
relative to the pump voltage. Let

l—ig (Vo) = C,, n = V) cos wt
dv

(1.22)
d?
T (V) = Cf, 5 = Vacos 2ut.
dav?
The current component due to the nonlinear mixing is
. d
1= i [3Cy (1 cos wt + v, cos 2wt)?]. (1.23)

The component of this at frequency w is

wlC'l’ Vg
2

(w) = — 2 V, sin wt. (1.24)

d I:Cl’V1V2
dt

cos wt] = —

Comparing this result with that obtained by the small-signal analysis,
we see that at frequency w the results are identical if

C; may be interpreted as the slope of the capacitance-versus-voltage
curve and therefore C;V, may be interpreted as the amplitude of the
capacitance change at the pump frequency.

In addition to yielding information about mixing effects at frequency
w, this large-signal approach also yields similar information at the pump
frequency 2w. It is this additional information, not obtainable from the
small-signal approach, which is useful in predicting the effects of signal
voltage on the remainder of the circuit. One such effect will be shown to
be a gain-limiting phenomena which contributes to saturation in a nega-
tive-resistance parametric amplifier.

The Small-signal Linearized Admittance Matrix

In many types of parametric circuits we are interested in determining
current flow through a nonlinear capacitor when it is assumed that small
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signal voltages are allowed to exist across the capacitor only at two or
three frequencies. Usually these frequencies will be:

1. the impressed signal frequency,
2. the difference between pump and signal frequencies,
3. the sum of pump and signal frequencies.

Because this situation occurs so frequently in analysis, it is convenient
to evaluate these currents as a function of the voltage, obtaining an
equivalent linearized admittance matrix. The nonlinear element can then
be replaced in our circuit by this matrix whenever we wish to compute the
small-signal characteristics of a parametric device (assuming that no
other frequencies are of significance).

To construct this matrix, we will deal with real quantities in com-
plex form. For example, the capacitance variation will be expressed as

C(t) = Co(1 4 2y1cos wit) = Cy +c'zyl[e"‘"‘ + e—iwat] (1.26)
where Cy and v, are real quantities. In a similar manner the small-signal
voltages and currents at frequencies wy, we, and w, will be expressed as
v = Vieort 4 Vi¥emiont 4 Voeiwrt 4 Vo¥emiont 4 Vieiat 4 Y *eiut
1 = L1t 4 Ii¥e—ie1t 4 Jpeivrt 4 [o*e~ivat
+ Lt 4 I ¥e—iont (1.27)

(/U)7 < rb“’"‘f? w + w3 = wy.

The coefficients V,, Vi, V4, I, I, I, are complex quantities con-
taining phase information. The overall expressions for v and ¢ at any
given frequency, however, are real since they consist of the sum of a
quantity and its complex conjugate. '

The small-signal current and voltage are related according to the
following equation, as was indicated in the previous discussion:

(n d
= - = —[C(t)v(?)]. 1.28
= 5z, i = [CWv®)] (1.28)
Substituting the values of voltage, Eq. (1.27), into Eq. (1.28), three
equations for current are obtained, one for each frequency. These
resulting equations can be expressed in the following matrix form:
, I* —jweCo  —Jway1C 0 Vo*
(=lo-Cpeesol]” Joro myeamito 2
I | =] jomCo  juCo  jumCo || Vi [  (1.29)
+CZ('6‘;/}t'lt ) )
1, 0 Jws1Co JuCo Vs
S,

-
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If the capacitance variation is assumed to have a second harmonic
component (as will usually be the case) of form shown below,

C = Co(1 + 2v1 cos wit + 272 cos 2wst) (1.30)
the matrix will become T fv\W‘P 'FV“BW‘"“V\{LJ'
I,* —jwCo  —jwmCo —juwrysCo|| Va*
L | = | jomiCo  jnCy JormCo Vi (1.31)
1, JoayeCo  jwem1Co JwsCo Vs

In many practical situations, it is assumed that only two frequencies
have signals of significant voltage. The so-called up-converter is described

by the matrix obtained by setting V2* = 0. Hors To ssebe
. . x S
I 1 Jun Co Jwi1vi Co Vl V& = & !
= . (1.32) ”.Al!p:!, )
I4 jw47100 jw4CO ‘/4 cir€ Gy S/

The negative-resistance parametric amplifier is described by the
matrix obtained by setting V, = 0

I, Jw1Co JomCo || Vi
= : (1.33)
I,* _jwz’YlCo —jwzCo Vy*

We have said that these matrices are useful when only two or three
voltages are assumed to be of signiﬁca%ll::/lnﬂgnimde, which in turn im-
ort-cir

plies that all unwanted harmonics are ircuited. When a semicon-
ductor diode is used as the nonlinear element, however, the inevitable
series resistance means that in practice a perfect short circuit can never
be obtained. We may obtain another set of matrices which correspond

e

to a condition Qf/t)p/en;éircuited harmom% (a condition which is ob-
tained in the pres i i y considering several addi-

tional voltages which give rise to other mixing effects which may be
significant. The complete set of frequencies which we will now consider
are:

w
W = W — w1
W = w3 +

w5=2w3_w1 B il—\_t—QYW\uL\wl\ﬂ\( Bia
(1.34)

weg = 2(.03 + wi.
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The last two frequencies need to be included since they can mix with
the dominant fundamental capacitance variation at w; and give rise to
currents at w; or ws,. (We need not include any other voltages since they
cannot give rise to components at w;, we, ws through mixing with the
fundamental capacitance variation.)

To evaluate the effect of these additional voltages let us first con-
struct an admittance matrix similar to that of Eq. (1.29). Using the same
procedure as in the construction of Eq. (1.29), and keeping only the
fundamental and second harmonic capacitance variations, we obtain the
following matrix:

L] [ jCe JjomiCo  JorviCo  jwryeCo  jory2Co |[ Vi)
I,* —jwmCo  —jwCo  —jwry:Co  ~jwrniCo 0 Va*
ILi | =] jomCo Jwey2Co JwiCo 0 JowmCo V.
Ig* —jwsy2Co  —jws11Co 0 —jawsCo 0 Ve*
| T | L Jwsy2Co 0 Jwer1Co 0 JwsCo | L Ve |

(1.35)

Now, instead of assuming that the unwanted harmonics are short-
circuited, let us assume that they are open-circuited. This we accomplish
by setting the unwanted currents equal to zero. As an example, let us
assume that I,* = I;* = Is = 0, which will give us a matrix analogous
to Eq. (1.32). Since the effect of the second harmonic capacitance varia-
tion will be small, we may use perturbation methods in the solution to
Eq. (1.35). With 4, first set equal to zero, we obtain the following
equations from Eq. (1.35):

Vy* = -1V — 'Yle*
Ve* = —‘71V2*

From Eq. (1.36) we see that our assumption of no significant voltage at
unwanted harmonics is not grossly in error even when these harmonics are
actually open-circuited, for they are of order v, or v} times the wanted
voltages, V; and V,. Let us now insert these values into the complete
matrix of Eq. (1.35) and solve for I, and I,, neglecting terms of order
v, ¥3v2, or higher. The result is:

I, JnCo(1—v3)  janComa(1—12) || V1
— . (1.37)
1, JoilCori(1=72)  JaCo(1—7i) || V4
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Comparing this result with that of Eq. (1.32), we see that very little
difference exists between the case of open-circuited harmonics and short-
circuited harmonics. As we shall see in Chapter 3, the calculated differ-
ence in amplifier performance using these two alternatives is quite small.

The analogous matrix for open-circuited harmonics at ws, ws, and ws is

I, JorCo(1 — +}) JorCovi(1 — v2) || Vs
= . (1.38)
L* —jwzoo‘Yl(l - 72) —J'wzco(l - 7%) Vo*

These linearized small-signal matrices will be used extensively in the
analysis of parametric devices to follow.

v 2
(e v e )/l A Y-z -
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Noise Considerations

Much of the interest in parametric amplifiers is the result of their ability
to yield extremely low-noise amplification. It seems in order, therefore, to
consider the subject of noise and its influence on system performance
in some detail before beginning a study of the devices themselves. This
subject is a complex one and a complete and rigorous treatment of it is
far beyond the scope and intent of this book. Instead, it will be the pur-
pose of this chapter to present an elementary statement of the problems
involved with primary emphasis on the practical consequences of the
inevitable thermal noise on a system.

We may broadly classify noise according to its source as either ex-
ternal or internal to the receiver. Both sources lead to a degradation of
the signal quality and put a lower limit on the sensitivity of any system.
Internal noise has been characterized for some time by the noise figure
of a receiver. This chapter will begin with a review of those concepts
necessary for a quantitative discussion of thermal noise, followed by a
careful examination of the noise figure concept. A discussion of external
noise, the application of these ideas to system design, and a section on
noise figure measurement will conclude this chapter.

2.1 Thermal Noise

Intuition would suggest that a resistor at a finite temperature would
exhibit a small fluctuating voltage at its terminals because of the random
14
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motion of the large number of free electrons present. From fundamental
thermodynamic considerations, Nyquist was able to show, in fact, that
any two-terminal network in thermal equilibrium at an absolute temper-
ature T and total resistance R could be replaced (as far as its noise
generating properties in the frequency interval df are concerned) by a
noiseless resistor in series with a noise generator of emf e, as shown in
Fig. 2.1(a) where e, is given by

el = 4kTRp(f) df (2.1)
where k is the Boltzmann constant (k¥ = 1.38 X 10~ !¢ erg deg! °K),
p(f) is the Planck factor

p(f) = L (@t — 1) 2.2)

and h is Planck’s constant (A = 6.63 X 10~% erg sec).

@ (®)

Fig. 2.1. (a) Equivalent series and (b) shunt representation of noise
sources.

At room temperature and for frequencies well into the microwave
region, the quantity hf/kT is very much smaller than unity and Eq.
(2.1) reduces to

e = 4kTR df. (2.3)

Sometimes it is more convenient to represent thermal noise by a current
generator of infinite impedance connected in parallel with a noiseless
resistor as shown in Fig. 2.1(b), in which case

= _ 4Tp(f) df
n R .

Generally, one is not so much interested in the voltage appearing
across the terminals of a resistor as in the noise power which is available
at these terminals. Remembering that a generator of internal resistance
R, developing an emf of e volts will deliver e2R;/(R, + R:)* watts of
power into a load resistor of R; ohms; when R, = R, the power de-
livered is a maximum and is equal to e2/4 R,. This quantity is independent

(2.4)
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of the impedance to which the generator is connected and is called the
available power of the generator. The available gain of a two-port
network may be defined as the ratio of the available signal power at the
output to the available signal power at the input of the network. We are
assuming here that the output and input impedances of the network
have positive real parts. We thus see that while the available power at
the output terminals is independent of the load, it is not independent
of the way in which the signal generator is coupled to the network.
We may now write down the available noise power from a resistor:
el  4ARKT df

N = iR - 4R - kT df. (2.5)
It is interesting to note that the available noise power is independent of
the resistance R. If this resistor is connected to the input terminals of an
ideal amplifier which introduces no additional noise of its own and which
has a rectangular bandpass characteristic of width B, the total available
noise power at the output will be

N, = gkTB (2.6)

where g, is the available power gain of the network. In general, however,
the gain characteristic of an amplifier will not be flat but will be a func-
tion of frequency. In this case, the total available noise power at the
output will be

No= [ a(nkT dr 2.7)

The effective bandwidth of an ideal network of mid-band gain ¢
which gives the same noise output is given by Eq. (2.8) below.

kTB = [ g(f)kT if
1
B= [ ath) ar. 2.8)

2.2 Noise Figure

Definition

We are now in a position to define the noise figure of a two-port
network. The noise figure at a specified input frequency is the ratio of
the total noise power per unit bandwidth (at a corresponding output
frequency) available at the output, to that portion of this power en-
gendered at the input frequency by the input termination at the standard
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notse temperature of 290°K.* The noise temperature at a pair of terminals
is the absolute temperature of a resistance having an available thermal
noise power per unit bandwidth equal to that available at the actual
terminals. Therefore,

N,
gk ToB’

By this definition, the noise figure is a precisely defined measure of the
noisiness of any network. In terms of the degradation of signal-to-noise
ratio by a receiver, we may write, for a linear transducer

N, _ 8:/kTB
(So/Sz)kTOB B So/No

where S; and S, are the available input and output signal powers re-
spectively. We see, therefore, that noise figure is the ratio of the signal-
to-noise ratio at the input to signal-to-noise ratio at the output of a
linear transducer when and only when the input noise temperature s
290°K.

It is worthwhile to point out that noise figure can also be evaluated
in terms of the transducer gain of a network. Transducer gain is defined
as the ratio of the power delivered to the load to the available power of
the source. If N_ is the actual noise power delivered to the load and g, is
the transducer gain, we may write

noise figure = F = (2.9)

F = (2.10)

N.,; g:
—_= =, 2.11
N g (2.11)
Therefore,
!
F N, N, (2.12)

" gkToB  gkToB

Effective Input Noise Temperature

An expression which is often used in place of noise figure, especially
when referring to low-noise amplifiers, is the effective input noise tempera-
ture of a network. Effective input noise temperature is defined as the
temperature of the input termination which results in output noise power
per unit bandwidth double that which would occur if the input termina-
tion were at absolute zero. We may, therefore, replace our receiver and
noise source at a temperature T by the equivalent system of a noiseless
receiver and a voltage noise generator at the effective input noise temper-
ature of the receiver in series with the original input generator.

*“IRE Standards on Electron Tubes: Definition of Terms, 1957, Proc IRE,
vol. 45, p. 1000; July 1957.
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In order to derive a relation between effective input noise tempera-
ture and noise figure, consider the circuit of Fig. 2.2 in which we have a
noise generator of temperature 7, matched into a network of available
power gain g,. By our definition of noise figure, the noise temperature of
our output terminals will be g,F T,. Replacing our network by an ideal
noiseless one, and referring the output noise temperature to the input
terminals, we get a total noise temperature of FT, at these terminals.
Of this, T is due to the source. The remainder, (F — 1) T\, is due to the
receiver and is what we have defined as the effective input noise tempera-
ture. Therefore,

T, = To(F — 1) (2.13)
R,
O
To E,F TO e R
|—o
0
Fig. 2.2. Equivalent circuit relating Fig. 2.3. Equivalent circuit of a signal
noise figure to effective input noise generator and a simple network.

temperature.

Nozise Figure of a Resistor

As an illustration of the concepts of available gain and noise figure,
let us calculate these quantities for the simplest network we can think of,
a resistor at 290°K, as shown in Fig. 2.3.

With the generator connected, the open circuit voltage across the
output terminals is eR/(R, + R) and the output impedance is
RR,/(R; + R);therefore, the available output power is
_ 1( eR )"’(R + Rg) _ e’R
"~ 4\R,+ R/\ RR, / 4(R,+ R)R,

Since the available power from the generator is ¢2/4R,, the available
gain of the network is

P,

(2.14)

R
= 2.15
"R +R (215)
and by definition, the noise figure is
N, kT.B R,
F = = =14 — 2.16
AT + 2 (2.16)
ET.B

R, + R
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It is worth noting that when a resistor at the standard temperature is
matched to the noise generator, R = R, and the noise figure is equal to
3 db. If the resistor R is at some temperature other than the standard
temperature, its noise figure becomes '

R, T
F=1+4-2_ ' 2.1
+RT0 (2.17)

where T is the absolute temperature of the resistor.

Noise Figure of an Attenuator

Let_us now compute the noise figure of an attenuator at some temper-
ature T'. This result will allow us to quantitatively predict the effect of
circuit losses on the noise figure of a system. Let the attenuator be repre-

R, R,

R; R Ry

Fig. 2.4. Equivalent circuit of a lossy network.

sented by an equivalent “T” network as shown in Fig. 2.4. If the loss
ratio of the network is L, then R;, R, and R; are given by

L+1
L 1
Rz = Ro [L -l_ 1] - R3 (219)

where L = 1/g..

Now, if each of the resistors Ri, R, and R; are considered noise gener-
ators of open-circuited voltage ¢> = (4R;kTB)'? we may compute the
excess noise power delivered to R, due to each of these generators.
eiR;R, + e}(R: + Ri + Rs)’R. + ¢i(R: + R1)’R,

[(R: 4+ R + Rs) (R, + R, + R:) — RiT?
RiR: 4+ Ry(R; + R: + R;)? + Rs(R; + R))?

[(R;+ Ri+ Rs) (Ro + R: + Rs) — R}~
(2.21)

”
N; =

= 4kTBR,
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Substituting Eqs. (2.18) to (2.20) for R;, R; and R; and simplify-
ing the excess noise is found to be

N” = kTB (%) (2.22)

The total noise power is then

_kTB (L — )kTB

’
N’ T 7 (2.23)
The noise figure of this attenuator is, therefore,
N, T

F = | L-1)—. 2.24
ok ToB + ( ) T, (2.24)

The corresponding effective input noise temperature is
T,= To(F —1) = T(L - 1). (2.25)

Noise Figure of Cascaded Networks

Let us now consider a cascade of two networks of noise figures F; and
F, and with available gains ¢, and g, respectively as shown in Fig. 2.5.
The total noise power available at the output terminals will be made up
of the output noise of the first stage amplified by the second stage, plus
the excess noise power due to the second stage:

le = Flglg2kT0df+ (Fg - l)gszodf.

The overall noise figure is
Ny

Fio = ———
7 919k To df

Therefore,

F12glgzk To df = Flglggk To df + (Fz hand l)gzk To df.

T, Figy Fyq,

)

Fig. 2.5. Equivalent circuit of two cascaded networks.
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Rearranging, we obtain

Fo— 1
ao

This method may be generalized to include n stages with the result

F12= F1+

(2.26)

Fs—1 Fs—1 F,—1
Frw = F, + 2 + =2 4o 2 — (227)
(/)1 [1J1}] 01gz2° * *Gn1

From the relation between noise figure and effective input noise tempera-
ture, we may write for the effective input noise temperature of n cas-
caded networks

T, T,

+
() 0192

Tel...,. = Tq +

+ e (2.28)

Transmission Line Losses

Like most other losses in receiver systems, transmission line losses
become important when dealing with extremely low-noise amplifiers,
and may contribute a significant amount to the noise figure. For con-
venience, we may speak of the noise figure of the transmission line which
is given by Eq. (2.24)

T
Fi=14+ (L—-1)— (2.29)
T,
or its effective input noise temperature
T:.= (L—-1)T. (2.30)

By reducing the temperature of the loss, its contribution to the overall
noise figure may be minimized. Even if its physical temperature is re-
duced to zero, however, it degrades the signal-to-noise ratio and conse-
quently the noise figure of the system, as may be seen by examination of
Eq. (2.31), which follows directly from Eq. (2.28).

T.=T,+ LT,=(L—-1)T+ L(F, - 1)T.. (2.31)

The contribution from the first term of Eq. (2.31) amounts to 7° for a
0.1 db loss at room temperature, only 2° if the loss is at 77°K, and about
0.1° if it is at liquid helium temperatures. For frequencies in the micro-
wave region where waveguide attentuation is of the order of tenths of a
decibel per meter, transmission lines between the antenna feed and the
amplifier should be kept as short as possible and operated at reduced
temperatures if convenient. The nomograph of Fig. 2.6 is that of Eq.
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(2.31) and affords a simple and rapid method for determining the effec-
tive input noise temperature of a receiver following a loss L at a temper-
ature T.

Circulators, which are often used with negative-resistance parametric
amplifiers may be treated in much the same way as transmission lines,
where the losses are now the arm-to-arm insertion losses of the de-
vice. In practice, this may be the order of a few tenths of a db. The
problems associated with keeping insertion losses this low over an
appreciable bandwidth such as might be required in a radiometric appli-
cation are severe, however.

Generally, commercial circula-
tors and isolators cannot be cooled %
much below room temperature
without mechanical failure. In addi-

tion, some ferrites become ex- N r“\
cessively lossy even at liquid nitro- va 1\\//;3 Receiver
gen temperatures. Using single 2

crystal yttrium iron garnet, how-
ever, circulators have been operated
at liquid helium temperatures with Parametric

amplifier
excellent results.

As an example of the noise Fig. 2.7. Schematic circuit of a para-
contributions from a non-ideal cir-  metric amplifier, using a circulator.
culator, consider the receiving sys-
tem shown in Fig. 2.7. For the sake of simplicity, we will assume that
the system is at the standard temperature To. If L is the total loss
between the antenna terminals and the input of the parametric ampli-
fier, and ¢ is the gain of the parametric amplifier, we may write for the
overall effective input noise temperature

LT,

T,=Tw+ (L—1)To+ L(T,, + Tip + Ty) + (2.32)

T:.. = effective noise temperature at the antenna terminals due to noise
emitted by the load and reflected at the antenna because of the
finite VSWR;

T., = effective noise temperature at the input of the parametric ampli-
fier due to receiver noise transmitted directly through the circula-
tor due to the finite isolation between arms 3 and 2;

T, = effective noise temperature due to the load noise and the finite
isolation between arms 4 and 2;

T, = the effective input noise temperature of the parametric amplifier;
T, = the effective input noise temperature of the receiver including all
losses between ports 2 and 3.



24 Noise Considerations Sec. 2.2

In a well-designed circulator, the isolation between arms 3 and 2 and
4 and 2 may exceed 30 db in which case T, and T, would be about 1°
and, therefore, negligible with respect to T',. If the VSWR at the antenna
can be kept to 1.1 or less, T, will also be of the order of 1°, assuming the
load is at room temperature. In cases where either the antenna cannot
be matched or the desired circulator performance cannot be obtained,
either cooling the matched load or the whole circulator should be con-
sidered.

2.3 Antenna Temperature and System Sensitivity

Before the advent of extremely low-noise amplifiers such as the maser
and the parametric amplifier, external noise could usually be neglected
with respect to internal noise in most applications. One notable exception
is in the science of radio astronomy where a portion of the external noise
is actually the information of interest. In fact, much of the quantitative
information we have on this topic is the result of many years of research
in the field of astronomy, one of the “purest’’ of all sciences. Much of the
recent work on low-noise amplifiers may be justified, on the other hand,
by the significant improvements in the sensitivity and range of radio
telescopes expected when the use of these amplifiers becomes wide-
spread. It would be difficult to find a better example of the interde-
pendence of pure and applied research.

There are a number of external noise sources which influence the
performance of a receiving system. Some of the most important are
galactic noise, solar noise, absorption and re-radiation by the ionosphere,
oxygen and water vapor absorption in the atmosphere, and finally man-
made interference. Losses degrade system performance both by attenuat-
ing the signal and by radiating noise power proportional to their tempera-
tures. Before considering each of these contributions in detail, it will be
helpful to introduce the idea of brightness temperature.

A quantitative measure of the radiation from any distributed source
(for example, the sky) is the brightness b. The power in the frequency
interval Af per unit area is defined as the flux density S. If we consider a
solid angle whose vertex is at the receiving point, enclosing a line in the
direction under consideration, the brightness in this direction is defined
as:

b = lim —, (2.33)

where AS is the flux density at the point from that part of the source
within the angle AQ.
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It is usually more convenient to speak in terms of brightness temper-
ature T, which is defined as the temperature in degrees Kelvin of an
ideal black body which would give the same brightness as observed.
This does not necessarily imply that the radiation being measured is
thermal in origin, and, therefore, brightness temperature will generally
depend on frequency and the polarization of the antenna.

In order to relate brightness temperature for a black body to fre-
quency, we remember that the Planck radiation law gives the energy
emitted per unit frequency interval per stearadian by a unit area of

black body:
2he 1
b = 7 (e—_hc/k)\T —_ 1) (234)
For hf < kT this leads to the Rayleigh-Jeans approximation
2kT
b= - (2.35)

The flux density S from a solid angle £ of uniform temperature is
therefore
2kTQ

8 =be =

(2.36)

Antenna Temperature

Unless our antenna is ideal, the quantity of real interest in determin-
ing system sensitivity is the antenna temperature 7,. The antenna
temperature may be defined as

P,

T, =
k Af

(2.37)

where P, is the available noise power at the antenna terminals. In any
real system, it has contributions from antenna losses and side and back
lobes, in addition to the brightness temperature in the direction in which
the antenna is aimed.

Brightness temperature or sky temperature, as it is sometimes called,
may be related to the antenna temperature of an ideal antenna. If we
consider an antenna looking at n radiators, each at a brightness tempera-
ture T. and each contributing a fraction a, of the incident power, we
may write

P, = kAf D an Ty = kAT,

so that
T, = D anTh. (2.38)
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Alternatively, we may write

[[ 136, 01960, o) da
T, =

(2.39)
f g(0, ¢) dQ

where ¢(6, ¢) is the gain in the direction of the angle element d2, and
T, is the brightness temperature in this direction.

Sources of External Noise

Atomspheric absorption. Up to now, we have not discussed the source
of brightness temperature or, in particular, sky temperature in the
usual case where the antenna is directed above the horizon. It is of
interest to determine how atmospheric absorption affects this quantity
as the beam makes various angles with the zenith. Let us consider the
situation of Fig. 2.8 where the antenna is again looking at a black body
at temperature 7 but with an absorbing medium at the same temper-
ature having a fractional absorption a« between the two. At thermal
equilibrium, the power at the antenna is still tT»Af; however, it is made
up of a contribution (1 — «)kT,Af from the black body and ok T,Af
from the absorber. By a logical extension of this argument, we find that
if the absorber is at a temperature 7' then the antenna temperature of an
ideal antenna would be

To=al + (1 — a)T. (2.40)

7

\\T

kT, Af (1-a)kT, Af

Black

g
AALMMMMMI
R

Fig. 2.8. Illustration of the contributions to the brightness of an
absorber.
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In terms of loss factor L = 1/(1 — a),

Ts 1\ .
o=t (1 L) T (2.41)
which is in agreement with Eq. (2.23). The quantity « is a strong func-
tion of both frequency and elevation angle.

Information on atmospheric absorption, which is useful in calculating
antenna temperatures in the microwave region, is rare and often un-
reliable. The most comprehensive data which has been published to date
are those of Hogg® and are the results of calculations done on a simple
but rather accurate model. The absorption is assumed to be totally due
to the pressure-broadened water and oxygen lines at 22.5 and 60 kme
respectively. The dependence of temperature and pressure on altitude is
essentially that of the International Standard atmosphere and the water
vapor content is assumed to vary linearily from 12 g/m?® at the surface
to 0 at 5 km. The calculation was based on a generalization of Eq. (2.41).

T, = T4 exp [—f‘”a(x) dx]

0

+ /oma(x)T(x) exp I:—/:a(x) da:] dz  (242)
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Fig. 2.9. Brightness temperature of the sky as a function of
frequency (after Hogg).
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The results of these calculations, where we have taken T, to be zero
and the absorption coefficient a to be small so that 1 — e=2* ~ — ax are
shown in Fig. 2.9. Here we have a plot of the antenna temperature for
an ideal antenna having a delta function response from 0.5 to 40 kme.
Zenith angle is the parameter. For convenience, the contribution from
galactic noise, both perpendicular and in galactic plane, is also shown.
It can be seen that the optimum frequencies for communication against
a sky background lie between 2 and 10 kmec if noise is the most im-
portant consideration.

The atmosphere contains other absorbers, especially at the higher
altitudes; these include ozone and various ionic species. Their concen-
tration, however, is low and they may generally be neglected above 100
mc.

Extraterrestrial noise. Radio noise originating outside of the atmo-
sphere may be divided into two classes. The first type, which is solar in
origin, is extremely time-dependent. This component includes flares, noise
storms, slow and fast drift bursts, and corpuscular radiation influencing
the upper ionosphere. Its effect, while generally limited to UHF fre-
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Fig. 2.10. Brightness temperature spectra of several of the most
intense radio sources. (After Ewen)
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quencies and below, may be severe enough to completely disrupt radio
communications. .

Noise storms which are caused by localized disturbances in the solar
corona above active sunspot regions consist of a long series of short
bursts continuing over hours or days, superimposed on a slowly varying
continuum. Although usually spread over a wide frequency band, the
noise is generally limited to frequencies below 250 me.

Slow and fast drift bursts are characterized by a narrow band of
intense radiation which drifts towards lower frequencies. The slow bursts
have a duration of the order of several minutes and occur at a rate of
about 50 per year. The fast bursts have a duration of only seconds,
occuring at a rate of about 1000 per year. The cause of these disturbances
is unknown at this time.

The second type of noise, originating from without the solar system,
is sometimes called the galactic background. It does not vary with
time but does depend on the partidular area of the galaxy viewed by the
antenna. This celestial noise, which is the most important at microwave
frequencies, has the spectrum shown in Fig. 2.9. Fig. 2.10 gives the
brightness temperature of several of the strongest radio sources.?*® When
in the antenna beam, these sources can contribute significantly to the
antenna temperature. The galactic background composed of similar but
less intense sources shows the same 1/f%* frequency dependence both
in and perpendicular to the galactic plane. It is believed that this radia-
tion originates partly in hot ionized interstellar gas and partly in stellar
atmospheres.

System Sensitivity

In any consideration of low-noise receivers, we are ultimately in-
terested in the minimum signal we can detect and use. We may arbi-
trarily define sensitivity as the available signal power at the antenna
terminals when the predetection signal-to-noise power ratio is unity. This
quantity is independent of the effect of nonlinear detectors or any signal
enhancement or correlation techniques we might want to use. We have
also lumped together everything on the receiver side of the antenna
terminals and will call this the receiving system. This includes trans-
mission line losses, circulator losses, etc.

It is convenient now to define a temperature which we will call the
operating noise temperature T,,.

N,
g.kB

where N, is the noise power available at_the receiver output terminals,

(2.43)

Top =
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and g, is the receiver system available gain. When the ouput signal-to-
noise ratio is unity, the sensitivity is

S; = kBT., (2.44)

so that the system sensitivity is proportional to T',,.

Examination of the definition of operating noise temperature will
show that, for linear transducers, it may be written as the sum of the
effective input noise temperature of the receiver and the antenna temper-
ature.

T, = To(F — 1) + T (2.45)

It will be shown later in Sections 3.3 and 4.2 that somewhat different
expressions must sometimes be used in connection with parametric
amplifiers. This is because the nonlinear mixing process creates a situa-
tion in which the magnitude of the so-called internal noise is actually a
function of the antenna temperature. Operating noise temperature is
sometimes normalized and called operating noise figure:

Fop=F — 1+t (2.46)

Ts
Ty

where

. =

Fig. 2.11 is a plot of noise figure versus operating noise figure with
antenna temperature as a parameter. This figure vividly illustrates how,
for low antenna temperatures, a moderate decrease in noise figure may

1.3}F

1.1t

1.0+

Normalized radar range
F,, (DB)

0.8-

0.7}

Noise figure (DB)

Fig. 2.11. Operating noise figure versus noise figure with antenna
temperature as the parameter.
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Fig. 2.12. Nomograph for determining operating noise temperature.

improve sensitivity considerably. Eq. (2.45) may be put into convenient
nomographic form as shown in Fig. 2.12 with which one may quickly
find the operating noise temperature for a given noise figure and antenna
temperature.

As an example of how atmospheric absorption affects the operating
noise temperature and hence the sensitivity of a receiver, let us consider
the situation shown schematically in Figure 2.13 which represents a
receiver looking at background brightness temperature 7T through an
atmosphere of loss L at an effective temperature 7. Let us assume that
the signal originates between the background and the loss. This would
be the situation when communicating with a space vehicle outside of the
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atmosphere, where T, would be the galactic background. The identical
situation would exist when operating an airborne radiometer at fre-
quencies or altitudes where atmospheric absorption is significant. In
this case T, represents the brightness temperature of the ground. F,
is the noise figure of the receiver, including all internal losses. Let us
now define F as the over-all noise figure of the two networks, L and F,.

F

T - F
b l__ 7

Fig. 2.13. Schematic of a receiver looking at a brightness temper-
ature T', through a loss of temperature of T

In other words, we are referring all noise temperatures back to the point
where the signal is introduced. The operating noise temperature for
this case is:
Top = Ty + To(F — 1) (2.47)
where
F=F,+ L(F,—-1) (2.48)

and F, is the noise figure of the loss. Using Eq. (2.24) for the noise figure
of a lossy pad at an average temperature 7T, T,, becomes

Top = Ts + To[(L - 1) ?T + L(F, — 1)]. (2.49)

The actual antenna temperature which the receiver sees is as given by
Eq. (2.41)

T. =

T 1 -_Tb+(L“"1)T
——L—+( )T— . (2.50)

-7 L

Solving for T and substituting into Eq. (2.49), we obtain:
- T
Top = LT, — T(L—1) + T, [(L -1) T + L(F, — 1)] (2.51)
b

= L(T. + T.)

where T, is the effective input noise temperature of the receiver alone.
The sensitivity of a system operating under these conditions is, therefore,
proportional to the atmospheric loss L.

2.4 The Measurement of Noise Figure

Noise figure measurements on unilateral low-noise parametric ampli-
fiers present special problems largely to the extent that one is dealing with
numerically small values where small errors can have a significant effect.
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There are two commonly used techniques for this measurement: the
signal generator method and the noise source method. In the first method,
an accurately calibrated signal generator is connected to the input of the
receiver under test as shown in Fig. 2.14.

Ry

€y

Receiver Detector

&%= 4kTBR,

Fig. 2.14. Circuit arrangement for noise figure measurements.

The procedure is to introduce a known amount of power and to com-
pare the resulting output with that which existed before the introduction
of the signal. This is usually done as follows:

With the signal generator off, the noise power output of the receiver
is observed. The signal level is then increased until either the power out-
put, as read on the detector is doubled, or the gain of the receiver is
decreased 3 db and the detector returned to its original setting. The noise
figure is then:

_ S8/N. S
" S8,/N, kT.B

Since, under these conditions, S, = N,, S; is the available power of the
signal generator e/4R,. It is worth noting that the signal generator is
not necessarily matched to the receiver. (If this measurement were made
under matched conditions, the minimum noise figure obtainable if the
input resistance were effectively at T, would be 3 db as given by Eq.
(2.16).) In order to use this method, it is clear by Eq. (2.52) that the
noise bandwidth B as defined by Eq. (2.8) must be known. Often an
accurate measurement of this quantity is not easy. For this reason and
because accurately calibrated signal generators are often not available,
this method is not recommended except for high noise figures.

The noise-source method is more accurate and simpler if calibrated
noise sources are available, because a separate determination of noise
bandwidth is unnecessary. At frequencies below 1000 mc, a noise diode is’
commonly used; above this frequency, a gas tube noise generator similar
to an ordinary fluorescent lamp is used. One measurement technique
involves connecting an adjustable waveguide attenuator between
the source and the receiver under measurement, recording the receiver
output with the attenuator at its maximum setting, and then decreasing
its setting until the output power is doubled. The excess noise power
may be found from Eq. (2.50).

T, L-1T
+(L )—To]

F (2.52)

(2.53)

P,,=kB[
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and noise figure is

P, T+ (L—DT-LT,
kT.B LT,
where T, is the effective temperature of the discharge, T is the tempera-

ture of the attenuator and L is its loss factor. For T = T, Eq. (2.54)
reduces to

F =

(2.54)

T, — T

F=—
LT,

(2.55)

A slightly different technique is to connect the noise lamp directly to
the receiver under test. With the noise lamp off, a reading is made of the
output power of the receiver. The noise lamp is then turned on and the
output power is again read. (In practice, it is more accurate to introduce
attenuation prior to the detector which is sufficient to bring the power
output to the same level as when the noise lamp is off. The detector
characteristic is thus eliminated as a possible source of error.) With the
noise lamp on, the output noise power is

P, = gkT,B + gkT.B. (2.56)
With the noise lamp off and at temperature T, the output noise power is
P, = gkT\B + gkT.B. (2.57)
The ratio is then
EE _ Tz + Te
P, T+ T,
Solving for T., we obtain
T, — YT,
e = —————— 2.5
T Y -1 (2.58)
where Y = P,/P,. Expressing this in terms of noise figure we have
T, — YT,
Te.=Ty(F - 1) = V-1 (2.59)
50 T T
2 1
Z2_oy=
To T
F=1+ ¥ — 1

- : (2.60)
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For the special case of Ty = Ty, Eq. (2.60) becomes

T,
To—l

Y — 1

In so using a noise lamp for the measurement of noise figure, it is
sometimes possible to introduce significant errors because of an error in
the estimate of the temperature of the noise lamp, T.. While the ¢n-
trinsic noise power from such a device can be closely controlled, the
matching of this noise power to the transmission line presents some
difficulty. In addition, it is not an easy matter to calibrate such a noise
source with commonly available equipment. Because of such uncertain-
ties, alternative schemes have been developed which involve cooled
terminations as well as hot terminations. For example, a termination
can be cooled to the temperature of liquid nitrogen to form a cold
load at T). The hot load can simply be a load at room temperature
or somewhat hotter. One advantage of such a scheme is that it is possible
to measure the actual temperatures involved quite accurately. Good
matched loads can be obtained at such temperatures and, therefore,
the effective temperature of the noise lamp can be directly measured to
within a fraction of a degree Kelvin. Transmission losses between loads
and the receiver must be included, but in practice such corrections
can be kept small.

Another method uses a fixed attenuator at a reduced temperature
between a calibrated noise lamp and the receiver, in which case the
available noise temperature at the receiver is

T, 1\ -
Tow = T + (1 L) T. (2.62)

If the insertion loss of the attenuator is assumed to be 30 db and at a
temperature of 77°K, for example, with the noise lamp off the available
temperature is

Tov = (0.999)77 + (0.001)290 = 77.2°K.

Assuming a noise lamp temperature of 11,000°K, the available noise
temperature with the noise lamp on is

Tev = (0.999)77 + (0.001) (11,000) = 87.9°K.

F =

(2.61)

The effective input noise temperature may be then found by the
method described above. One advantage of this technique over that
using switched loads at different temperatures is that it offers a rela-
tively constant impedance to the amplifier by virtue of the 30 db isola-
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tion. On the other hand, the small differences in available noise power
means that only amplifiers of very low noise figure can be accurately
measured.

The methods outlined above are useful in the determination of the
overall system noise figure of a receiver, which is usually the quantity of
interest in specifying, for example, the range of a radar receiver. Often,
however, it is desirable to know the noise figure of the preamplifier only.
This may in principle be found by measuring the noise figure of the
second stage r-f amplifier or mixer i-f amplifier combination, the avail-
able gain of the preamplifier, and using Eq. (2.26) for the noise figure of
cascaded amplifiers. The measurement of the available gain of a para-
metric amplifier is not straightforward, however, when the input and
output are at different frequencies. The absolute calibration between
two different signal generators used at the input and output may be
quite poor and may introduce substantial error in the insertion gain
measurement. There is an indirect method which has been success-
fully used that is based on the measurement of noise figure. In this
method a precision attenuator is inserted between the parametric
preamplifier and the r-f amplifier or mixer and the overall noise figure
measured as a function of the insertion loss of the attenuator L. From
Eq. (2.27), which gives the noise factor for n networks in cascade, we
can write

F=r4+ =ty 1)L=(F1——1)+Fili (2.63)

(1)1 (1)1 () g1
where F, is the noise figure of the parametric amplifier and F; the noise
figure of that portion of the receiver following the attenuator. If one
now plots the overall noise figure F against the attenuation L, a straight
line is obtained given by Eq. (2.63). When Fj; is measured, the available
gain g; may be determined since the slope of the line is F3/g:. The noise
figure of the parametric amplifier alone can then be found from the inter-
cept which is equal to F; — 1/g,. This method has the further advantage
of smoothing out measurement errors.
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Up=converter and
Negative-resistance

Parametric Amplifier Theory

The great majority of parametric devices are closely related to two basic
types of parametric amplifiers: the up-converter and the negative-resist-
ance paramelric amplifier. In this chapter, we will develop an approxi-
mate small-signal theory of operation for these devices with particular
attention to their noise performance. The special form of the negative-
resistance amplifier known as the degenerate amplifier will be treated
separately in some detail as it possesses some unusual features not found
in any other practical amplifying device. '

3.1 The Up-converter

As a matter of definition, we will say that an up-converter is char-
acterized by the following properties:

1. The output frequency is equal to the sum of the input frequency
and the pump frequency.
2. There is no power flow in the device at frequencies other than the
input, output, and pump frequencies.
37
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When these two conditions are satisfied, the Manley-Rowe relation of
Eq. (1.13) is applicable, showing there is a maximum possible power
gain for this device numerically equal to the ratio of output frequency
to input frequency.

To compute the detailed operating characteristics of the up-converter,
the circuit model shown in Fig. 3.1 will be used. Since the analysis will be
restricted to the small-signal case, the nonlinear capacitance has been
replaced by a linear time-varying capacitance. A resistance in series
with the time-varying capacitance is indicated to provide a loss mechan-
ism for the nonlinear element. It will be shown later that such a series
resistance representation is useful when the nonlinear capacitor is a semi-
conductor p-n junction. (A practical semiconductor diode will also have

(/Ué] TS "C/wefe nro /I,?M n"lp = /i,, y( .
| Fitter Filter /R./’X\
fy I, PR

R S/

htf;=f,

f Fig. 3.1. Circuit model used in the analysis of the up-converter.
> /7 V< /;
series lead inductance and shunt cartridge capacitance. These elements
will not affect mid-band gain since they will be in resonance. They may
affect bandwidth, however, increasing circuit by increasing the stored
energy in the circuit.) A signal circuit at fi is indicated by X, together
with a filter which allows current to flow only at frequency f;. A similar
circuit X, + R,; is shown for the output frequency. In practice, the
frequency filters will usually be replaced by resonant circuits.

The small-signal admittance matrix of either Eq. (1.32) or Eq. (1.37)
can be used for this analysis, depending upon whether the unwanted
harmonics are more nearly short-circuited or open-circuited. In practical
microwave circuits it is difficult to control this condition, so we cannot
a priori say that one is more correct than the other. Fortunately, the
analysis is exactly the same for both cases, with the only differences
being in the numerical values assigned to certain parameters. For com-
pleteness we will analyze both cases.

To include the effects of the series resistance in the semiconductor
diode, we must first invert the admittance matrix of Eq. (1.32) or (1.37)
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to obtain an impedance matrix. For either case the resulting matrix is

- - - - -
1 Y
Vl jw1C jauC Il
= . 3.1)
07 1
v - - I
‘ | jwlC ]uMC ‘_j

For the case of short-circuited harmonics, we have Wbt < r
Y=m U~ Lol ; —_
— — 2
C = Co(1 — ). .~ hﬁé?.Z)tf
while for open-circuited harmonics we have i :
ShartU= € vicens

y=v(1+HA - v2)
C = Co(1 — 2v)). e o ('3.3)‘)

Equation (3.3) is valid for v} small compared to unity, a condition
satisfied by semiconductor diodes. The maximum value that v, is likely
to reach in low-noise amplification is about §. When v, does equal %,
the difference in ¥ and C as predicted by Egs. (3.2) and (3.3) is less
than 10 per cent. The resulting difference in amplifier performance is
even less, for as we shall show, amplifier performance is in general related
to the rati6o v/C.

Up-converter Transducer Gain

For conceptual purposes, the circuit model of Fig. 3.1 can be re-
placed by the linear four-terminal representation of Fig. 3.2. We
can compute the transducer gain between input and output by stand-
ard linear circuit techniques. It will be recalled that transducer gain
is defined as the ratio of the actual power output to the available power
input. The actual power output is

power output = | I, |*R, (3.4)

Fig. 3.2. Linear four-terminal representation of the up-converter.
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and the available input power is
available input power = | V, |*/4R,. (3.5)

To compute these quantities, it is necessary to express I, in terms of
V. This is easily accomplished in the matrix formulation by adding
the external circuit impedances to the effective self-impedances of the
nonlinear element. That is, we can write the following matrix equation:

Va Zu+ Zn Zy 1
= (3.6)
Ve Zn Zyn + Zr] L1

Zn = total external circuit impedance at f;

= Xi ‘@ 1 '
Z 7y = total externa gi_rcuit impedance at f;
R

= X, +R: +

T
The current I, can be %asily obtained by re-inverting the matrix of Eq.
(3.6), or by using Cramer’s Rule. Setting V,, = 0, we obtain

ValZ 21

I = — . 3.7
‘= T a + Zn) Zn + 210 = ZuZa 3.7)
The transducer gain then becomes
g = 4REi | L P _ 4R,R: | Z |? 3.8)
‘ [ Vol | (Zu + Z11) (Zee + Z1s) — Z1aZn ¥ '

This is the familiar expression for the transducer gain of a linear four-
terminal network.

To investigate the mid-band gain, let us arbitrarily impose the tuning
conditions

- X1 = Zu, - X4 = Zzz (3.9)
At resonance then, the gain becomes
Y //'
- / _ 4R,Rn? 1
)L\J.C f gt = (@0)? > . (3.10)
o \ [RTIRT4 + w1w402:|

Wy C
ﬂle Manley-Rowe power relations predict a maximum gain of
wy/w for this dev1c§, a fact not too obvious from Eq. (3.10). To show
that this prediction is verified, let us choose the correct values for R,

-,y 217 and R;to maximize!g,. As a simplification, assume
21 J4 g ’

s R,k, R,+ R, Rri= R/+ R.. (3.11)
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This is equivalent to saying that circuit losses are negligible compared to
diode losses. With these assumptions, the transducer gain becomes

g = 4R, R, . (3.12)

2
[(R, +R)(R+ Ry “E 4 L ]
Y O)4C

This expression is symmetric in B, and R;; therefore, whatever value of
R, maximizes g, it follows that the identical value of R, also maximizes
g:.. For this case, then, R, = R; for maximum gain. The value of R,
which maximizes g, is found by standard methods of differential calculus.

This value is
2
R, = R., fl + — wlauC"’Rz (3.13)

We can define 1/wCR, as the effective Q of the nonlinear element at w.
With this definition, Eq. (3.13) becomes

R\/l +2 (40 (3.14)

where @ = 1/wCR,. Substituting this value of R, (and R;) into Eq.
(3.12), we obtain after some algebraic manipulation:

Wy

x
w [1+ V1 +2F

ge = (3.15)

where x = (w1/ws) (vQ)2

We can easily obtain from Eq. (3.15) an upper bound on the gain of
the up-converter when a diode of finite Q is used. As wy/wi — «, the
gain will increase to the limiting value of

(g max = (vQ)* (3.16)

A plot of the function /[1 + +/1 + z]? is shown in Fig. 3.3. Note
that it is always less than unity, approaching unity as x approaches
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Fig. 3.3. Plot of gain degradation factor —————=———
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infinity. Since v is bounded, an infinite value of z can be obtained only
by making Q — o, which implies a lossless nonlinear element. This is in
agreement with the Manley-Rowe power relations.

We should also note that x is a function only of frequency and the
parameters of the nonlinear capacitance. A good figure of merit for this
capacitor is then:

Figure of merit = vQ. (3.17)

Referring to Eqgs. (3.2) and (3.3), we see that a convenient approxima-
tion to use for design purposes is

Y=EN
where the capacitance variation is of the form

Co(l + 2‘)’1 cos wt) (319)

Down-~converter Transducer Gain

What happens if we attempt to operate the up-converter in reverse?
For example, we might be tempted to replace our microwave resistive
mixer by such a parametric down-converter in hope of obtaining fre-
quency conversion to i-f frequencies with gain instead of loss. Unfortun-
ately, the Manley-Rowe relations tell us that an up-converter operated
in reverse (that is, putting power in at f; and removing it at f,) will
produce loss instead of gain. The minimum loss we can have is simply
fi/fi. We can immediately show this by examining the expression for the
up-converter transducer gain, Eq. (3.8). This expression is symmetric
with respect to generator and load except for the term | Zy |2 Thus to
evaluate down-conversion gain, we only have to replace |Zax |2 by
| Zy2 |2 This is equivalent to interchanging w, and wi, a change which
seems intuitively obvious. The down-conversion gain (actually a loss)
can then be immediately written as

w1 x
0= all+V1+arF (3.20)

Input and Output I n@iance of the Nonlinear Capacitor

The up-converter is a stable device with positive input and output
impedance. The preyé discussion has indicated the degree of sta-

Se e < {A 27“;
b




Sec. 3.1 Parametric Amplifier Theory 43

bility, for even if the output terminals are shorted so as to reflect all
output power, oscillation cannot occur since the reverse loss is always
greater than the forward gain.

To evaluate the effective impedance which the nonlinear capacitor
and associated terminations present to the circuits at fi and f,, stand-
ard relations from the theory of linear four-terminal networks can be
used. For example, the effective impedance which the nonlinear capaci-
tor presents to the input circuit is given by the following standard
equation:

Z12ZZI
Zin = Zn —~ 20
N Zn+ Zn
1 2
=— + Y . (3.21)
]w10 1
w1w4C2(Z T4 + — >
JOL;C
At resonance we have
2
in &= 22
R w1w402RT4 (3 )

which is a positive quantity. By use of symmetry the effective impedance
which the nonlinear capacitor presents to the ouput circuit at resonance
is given by

2
wwsC?Rm’

Rouf, = (3-23)

which is again positive.

Bandwidth

To discuss the frequency response of the up-converter, it will be
necessary to specify the input and output circuits. For simplicity, we will
assume that the input and output circuits are simple single-tuned series
resonant circuits. The use of single-tuned circuits does not necessarily
yield the maximum bandwidth, but it at least is a condition which can
be readily analyzed. Using the high-Q approximation, the circuit im-
pedances become

Zn+ Zr = Rri(1 + j26,Q1)

Zoy + Zrs = Rry(1 + 5264Q4) (3.24)
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where Rr = total resistive loading at fi, including R,,
Ry, = total resistive loading at f,, including R;,
Q. = loaded circuit Q at fi,
Q. = loaded circuit Q at f,,
&1 = (win — 1) /w,
0s = (wout — ws) /wa.

Substituting these values into the expression for transducer gain,
Eq. (3.8), we obtain

4")’2Rng

(wlCRTlRT4)2
ge =

" syt :| g@y'
{1 + wwsC?RriRyy (26:Q4) wy Q1 + (286Q0* |1 + ws Q1

(3.25)

When the optimum source and load impedances for maximum gain are
inserted into Eq. (3.25), the maximum transducer gain as a function of
frequency becomes the rather formidable expression of Eq. (3.26).

Jt(max) ﬂ x(x n 1)
o [1+V1+2z)
) x , @1 Q4)? ) w1 Qs 2
{1 OV 2 ;@} + (26.:Q0) {1 + - Ql}
(3.26)

Note that the gain-degradation factor z/[1 + /1 + zJ* appears in
this expression. When the gain degradation is small, the gain can be
written in the following simplified form.

.
wy
Jt(max) = . 2. (327)
{2 — (26,Q))? = 94‘} + (26.Q)? {1 Lo @}
Wy Ql Wy Q1

In the general case, the bandwidth of the up-converter can be com-
puted from Eq. (3.26). Setting the denominator of (3.26) equal to
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twice its resonant value, we obtain the following quadratic equation:

2+ (2—2ac+1)s— (1+a)2=0 (3.28)
where 8 = (26,Qy)2
72
@9 =——
w1w4C2RT1RT4
Y
(O] Ql.

Note that the fractional bandwidth of the up-converter is 26;, while
the fractional bandwidth of the input resonant circuit is 1/Q,. Therefore
the parameter s is the square of the ratio of up-converter bandwidth to
input circuit bandwidth.,

B
Vs = —B-l‘ (3.29)

where B = up-converter bandwidth
B, = input resonant circuit bandwidth.

When the up-converter is adjusted for maximum gain, the parameter
a becomes equal to the gain degradation factor, and is therefore less than
unity. The parameter c is equal to the ratio of input circuit bandwidth to
output circuit bandwidth. For wide amplifier bandwidths at maximum
gain, it is desirable to have the output bandwidth larger than the input
bandwidth, a situation not difficult to obtain in practice since the output
frequency will be much higher than the input frequency.

We can estimate the maximum bandwidth obtainable from an up-
converter when such single-tuned circuits are used. Assuming that the
parameter ¢ is small compared to unity, we can approximate Eq. (3.28)
by

s?+s— (14+a)2=0 (3.30)

the approximate solution to this equation is

s=(1+4a)? (3.31)
therefore,

b= 1 1+ a) (3.32)

Since the parameter ¢ is equal to the gain-degradation factor, it will
always be less than unity. We can thus state that for an up-converter
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optimized for maximum gain, the bandwidth is limited by

2
b < — 3.33
o (3.33)
which states that the fractional bandwidth will be less than or equal to
twice the bandwidth of the input circuit.
We can also evaluate the minimum value of Q; under conditions of

small gain degradation.
_ 1
wiCRn

(4 (3.34)

where Rrn=R,+ R, = R, [1 + \/1 + & (‘YQ)zJ-
W

4

Assuming that (wi/wi) (vQ)?>> 1, the condition for small gain degrada-
tion, we obtain

1

= ———— 3.35
O = e (3.35)

Therefore, :
b < 2vVwi/wr. (3.36)

Note that Eq. (3.36) predicts quite large bandwidths for the up-con-
verter. With ws/w; = 10 and ¥ = 0.25, we have

b =158

which is so large that the high-Q approximation which was used in the
derivation of Eq. (3.28) is really not valid. We can still, perhaps, use
Eq. (3.36) as an indication of what measure of bandwidth should be
obtainable.

It might seem unreasonable that the up-converter is capable of
bandwidths in excess of the bandwidth of the associated input circuit.
This apparent paradox can be resolved by remembering that energy is
transferred from the signal circuit to the ouput circuit by the action of
the variable capacitance. This energy transfer at f; can be looked upon
as an additional positive resistance in the input circuit, which lowers
the @ and hence raises the bandwidth. For the case of the negative-
resistance amplifier to be discussed next, there appears an equivalent
negative resistance in the input circuit, raising the circuit Q and greatly
restricting the bandwidth.

Noise Figure

A parametric device is capable of low-noise amplification since in
theory a pure reactance does not contribute thermal noise to the circuit.
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In practice, the pure reactance does not exist; it is inevitable that loss
will accompany the nonlinear reactance. Additional non-thermal noise
may be introduced by the nonlinear element; the evaluation of such
noise, however, cannot be made without referring to a specific nonlinear
device. For the present purpose, all non-thermal noise sources will be
neglected. For the case of the back-biased semiconductor diode, such an
approximation seems experimentally justifiable.

The up-converter was shown to be a stable, unilateral amplifier with
positive input and output impedances. It is therefore a straightforward
matter to evaluate the noise figure according to the standard IRE
definition. We must evaluate the noise power delivered to the load when
R, is at the temperature of 290°K, and divide this noise power by
gk ToB. The matrix equation of Eq. (3.6) is useful for this purpose.
Replacing V,; by the noise voltage e;, and setting V,o = 0, we obtain
for the output noise power due to thermal sources at f;:

2 2
M= | (Zu + er)ll(itzlzlzz"lz-1 |ZT4) — ZpZa ¥ (3:37)
Similarly for the noise sources at fj:
2 2
N ety w4
The total output noise power is the sum of N; and N,.
No=N:+ N, (3.39)
The noise figure then is
The thermal noise voltages at f; and f, are given by
el = 4kB(T\R, + TsR, + TR,)
e: = 4kB(TiR, + TR.) (3.41)

where Ty = 200°K
T = amplifier circuit temperature
T4 = diode temperature
R, = circuit losses at wn

R, = circuit losses at w,.
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Therefore, the noise figure becomes
TiR, + TR, n | Zy + Zn |* TaR, + TR,

F=1 3.42
+ ToR, | Za |2 TR, ( )
At resonance, we have
2
F=1+ T4R, + TR, + (1CRm)?* TaR, + TR4. (3.43)

ToR, ¥? TR,

If we assume that circuit losses are negligible compared to diode losses,
the expression for noise figure can be somewhat simplified.

R, 1
F~1+———[1+( +1) ] 3.44
TR ('YQ) ( )
when RT1 = Rg + R,.
It is of interest to determine what value of R, minimizes the noise
figure. By differentiating Eq. (3.44) with respect to R,, the following

values are obtained.

o T, 1+ 1 ]
Fuoin =1+ 7 [ Q)¢ T \/(vw( (7Q)2>
. 2T ]
=1+ [vQ + (vQ)”]
when R, = R/1 + (vQ)2 (3.45)

It is possible to estimate the magnitude of this minimum noise figure
under typical operating conditions. Assuming a value of vQ = 10, and
ws/w; = 10 the minimum noise figure according to Eq. (3.45) will be for
Ta = 290°K, Fpnin = 1.22 (or 0.86 db). Since the generator resistance
used to obtain this minimum noise figure is not the same as that used
to obtain maximum gain, it is of interest to evaluate the gain for this
value of R,. For the optimum load impedance, the calculated gain is 6
db. When R, is adjusted for maximum gain, the calculated gain is 7.3
db and the calculated noise figure is 1.3 db.

In practice, it is desirable to minimize the overall system noise figure.
For two stages in cascade, the expression for overall noise figure is

F,—1
73
where F1; = overall noise figure

F12=F1+

(2.26)

F, = first-stage noise figure
F, = second-stage noise figure

g1 = first-stage available gain.
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When the second-stage noise figure is high, the minimum overall
noise figure is obtained by sacrificing some first-stage noise figure in
exchange for increased gain. When the second-stage noise figure is low,
first-stage gain is not as important, and it is then desirable to minimize
first-stage noise figure. It is possible to compute the exact value of R,
necessary to achieve minimum F;, however this minimum is very close
to that computed on the basis of either maximum gain or minimum
first-stage noise figure. In Table 3.1 is shown a summary of overall noise
figure for the two up-converters examples treated. A second-stage noise
figure of 7 db is assumed.

TABLE 3.1
Maximum gain Minimum first-stage
condition noise figure
Gain 7.3 db 6 db
F, 1.3 db 0.9 db
Fr 3.2db 3.5db

3.2 The Negative-resistance Parametric Amplifier

Let us now consider the case in which significant power flow occurs
only at the signal frequency, pump frequency, and the so-called idler
frequency, which is the difference between the pump frequency and the

signal frequency. As was briefly discussed in Section 1.2, this leads to a
@ith the possibility of oscillation at both the signal
frequency and the idler frequency. When op d below the oscillation
threshold, such a device behaves as a’bilateral negative-resistance
amplifier. S -

For this mode of operation, the matrix of either Eq. (1.33) or (1.38)
is applicable, depending upon whether the unwanted harmonics are
more nearly short-circuited or open-circuited. As in the analysis of the
up-converter, we will invert the appropriate matrix and add a series
resistance to represent loss in the nonlinear capacitor. The inverted
matrix becomes

— - — ) y - -
Vv I
' jwlc ng(] '
= (3.46)
—y -1
Vy* I,*
? janC ijC L 2
- - - - -

where as before we have
Y="N
C = Co(1 —4vd) (3.2)
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for short-circuited hamonics, and
y=n(l++)(1 ~7)

C = Co(1 — 2v}) . (3.3)

for open-circuited harmonics. o

The procedure used to determine the transducer gain of the negative
resistance amplifier will be similar to that used in the previous section
for the analysis of the up-converter. In the present case, we ha.'vé a choice

of obtaining an a.mphﬁed»em‘pﬁt'at either w; or w@h transducer gains
will be evaluated.

fL+f =1,

Fig. 3.4. Circuit model used in the analysis of the negative
resistance parametric amplifier.

f ;o Transducer Gain at w,
b -«

’fﬁe circuit model to be analyzed is indicated in Fig. (3.4). Again
«le m 0 esjmpedance and band-pass filters are used. As in the case of the up-
converter, series resonant circuits could be used in practice to approxi-
mate this circuit model.
The matrix equation for this circuit becomes

Va Zn+ Zn Zyy I
= (3.47)
| %% Zn Zo + Z1* | LI*

where ZIn=Xi+R;,+ R+ R, + R,
Zrs = X2 + R, + R..

Computing the current I, as a function of V, with V* set equal to
zero, we obtain
' ValZa + Zr:*)

I, = .
'"T Zu+ Zn) Za + Zr*) — ZuZa

(3.48)
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The transducer gain at frequency w; is given by the ratio of the power
dissipated in R, to the power available at ;.

4R,,Rzl}{[2 G«S/

g: = |Vgl|2
_ 4R,R:| (Zar + Z1o*) ? (3.49)
| (Zu + Z11) (Zas + Z12*) — ZroZ |¥ '
At resonance, the transducer gain becomes
4
g = ?"R’ (3.50)
[R/ R :r %4"\« Te wnel
) Mw202RT2
" re t'ucl ~to
when Rr; = total series resistance at w

. Loyl P 4
Rr. = total series resistance at w,. coet £ —z\vv\f- ’f C

This expression for the gain of the negative resistance amplifier is h

reminiscent of that obtained for the up-converter. However, there is one
significant difference: the negative sign in the denominator. Now the
gain can be made arbitrarily large; in fact, oscillation can occur. This
form is characteristic of a circuit containing a negative resistance; the
equivalent negative resistance is
2
—R=—2_ (3.51)

w1w2C?R s

In practice, a negative-resistance amplifier of this type would be

/pﬁpa-be&‘c‘lﬁse to the point of oscillatiow in order to achieve significant

< gain—As-amexample, Iet us suppose that R, = R, and that Ry = R, +
R,. Then, from Eq. (3.50) we see that in order to achieve 20 db gain,

|R| = 0.9 Rpi. At this value of gain a three per cent decrease in Rpn
would cause a 3 db increase in gain. A similar increase in | R| would also
produce the same effect. Thus, we can see that gain stability can be a
serious problem with the negative-resistance parametrlc amplifier. At
microwave frequencies, non-reciprocal devices such as 1solators and

@mﬁam/rsean be of great help in stabilizing the input and output

ance, and hence in §tabilizing Rrr~The magnitude of the negative
resistance must also be held constant, which imposes stability criteria
upon the pump source.
Another property of such a negative-resistance amplifier is its
bilateral gain characteristic. We can look upan the negative resistance as
a power generator within the amplifier. In the circuit which has been
considered above, this po ill-be-dissipated-in both R, and R, It
therefore follows that either R, or 'R, cotld be considered as_the _the output
of the amplifier. In the above ‘example the power gain from in input to
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output would be identical to that from output to input. Again at micro-
wave frequencies this property can be altered by employing a circulator
to separate the incident energy from the internally generated and re-
flected energy. (We shall shortly see that the use of a circulator also
improves the bandwidth and noise figure of the negative-resistance
parametric amplifier.)

Transducer Conversion Gain from w to w,

If we choose to utilize the power dissipated in the resistance R at w,
instead of the resistance R, at w;, we have a negative-resistance fre-
quency converter. Again setting V,,* = 0, we can solve for I.*:

- Z21Val

B = ¥ 70) G + 200" — Tl (3.52)
The transducer conversion gain becomes
__4R,R:|L|?
Jic = “—‘l V,1|2
4R,Ry | Zn |?

T [ 2+ Zn) Zn + Zne*) — ZuZu IF (3:53)

resonancethe gain becomes
& g = wp 4R,R.(R/R12) (3.54)

\ te . [RTI — RJZ . .

The similarity to the up-converter can be noted by again introducing
the parameter a, which becomes in this case

R
== 3.55
\q o (3.55)
Then
g =4 el @ (3.56)

w1 RmRre [1 - a:]’"

This expression is identical to that obtained for the up-converter except
that the factor 1 4+ a has been replaced by 1 — a for the negative-resist-
ance case. Again, this brings out the fact that in one case we have a posi-
tive-resistance converter, while in the other case we have a negative-
resistance converter.

Bandwidth

The variation of gain with frequency in the negative-resistance
amplifier will depend greatly on the form of the tuned circuits at signal
and idler frequencies. In the following section, we will analyze the case
of simple single-tuned circuits at both signal and idler frequencies. While
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this does not yield the optimum circuit for maximum bandwidth, it
does give expressions which are at least capable of analysis without
resorting to the use of a computer. In Section 4.1 an approach will be
discussed for increasing the bandwidth of negative-resistance amplifiers

by the use of multiple-tuned circuits.

Assuming series resonant circuits and employing the high-Q approxi-

mation, we can write the passive circuit impedances as
Zn+ Zr = Bri(1 + 526:Q1)
Zy + Zry* = Rpe(1 — j26:,Q5)
where R = total resistive loading at w
Ry, = total resistive loading at w»
Q1 = loaded circuit Q at w;
Q. = loaded circuit Q at w;

Wsaignal — W1
by = e T 9
w1
Widler — W2 w1
b= = T,

wWe w2

The expression for transducer gain at w, thus becomes

4R,R,;
ge = .
) R 2
[Rn(l + j28,Q1) — 1_—.72_TQ:»]
Let a = R/Rr: as before. The gain may then be written as
4R,R:/Rr}
g: = 2
) a
1 + 726,01 —
1+ 726 = @
w2
_ 4R,Ri/Rr;
s
a 2 we Q1
1- + (26:Q1)%1 + 2‘
2
1+ (251Q2 E‘,‘{) 1+ (261Q2 il)
(603 w2

(3.57)

(3.58)

(3.59)
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Fig. 3.5. Gain characteristics of a negative-resistance parametric
amplifier.

A plot of this gain function in normalized form for several values of gain
is shown in Fig. 3.5. The response is more sharply peaked than an
ordinary single-tuned circuit. This results in a noise bandwidth which
is somewhat greater than the 3 db bandwidth, which is of significance
since it is the extent of the noise bandwidth that determines the receiver
sensitivity. (See Section 2.3.) Shown in Fig. 3.6 is a plot of noise band-
width as a function of gain when Ry = R, + R..

To quantitatively determine the relation between gain and band-
width, the denominator of Eq. (3.59) is set equal to twice its resonant
value. The resulting equation may be expressed in the following quad-
ratic form:

4+ [+ 2ac+1-2(1—-a)?fs— (1 —a)2=0 (3.60)
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Fig. 3.6 Normalized noise bandwidth as a function of gain for a
negative-resistance parametric amplifier.
where R
a=—
Rn
wy Qh
c=——
w @
2
(]
8 = (251Q2 -‘) .
w2

To simplify matters, an approximate solution will be used. It will
almost always be true that

[+ 2ac+1—2(1 —a)? P> 4c*(1 — a)2 (3.61)
If so, the solution to the quadratic equation becomes

. (1 — a)?
T (@te?+ (1—a)@@a—1)

(3.62)
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We can obtain a gain-bandwidth product by multiplying Eqgs. (3.50) and
(3.62) together.

4R,R, ( we )2
RT% lez
gb® = . (3.63)

(a+:—":-’%)2+ (1-a)@a—1)

where b is fractional bandwidth. For high gain, a = 1, the gain-band-
width product becomes

4R,R./Rr?
gb? = AR,Ry/Rry (3.64)

[Ql + %: 02]2

It is interesting to compare the approximate gain-bandwidth expres-
sion just developed with the analogous expression for a hypothetical
linear negative-resistance amplifier whose negative resistance is con-
stant and pure real, independent of frequency. The gain-bandwidth
product for this case can be easily shown to be

_ 4(RB,Ri/Rr?)

gb? Q@

(3.65)

The expressions are almost identical except that in the case of the
parametric amplifier an additional Q, the idler circuit @, is involved. We
might thus talk about an effective circuit @ at the signal frequency
which is equal to the actual @ plus the transformed idler Q, the trans-
formation ratio being the frequency ratio, w/ws.

Equation (3.64) indicates that the single-tuned negative-resistance
amplifier is a narrow-band device. To give an estimate of the maximum
possible gain-bandwidth product consistent with reasonable gain, let us
assume that B, = R; = }Rri. The minimum attainable circuit Q’s will
be

U SN
- wlcRﬂ’ ? MCRM.

& (3.66)

For significant gain, we require that a = 1. Therefore, we have

720Q: = 1. (3.67)
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The maximum gain-bandwidth product can then be written as

(gtbz)mnx = "‘——‘}——- (368)

wj_/ ()] 2
[Ql + 72Q1]

This expression has a maximum when yQ; = v/w/w.. Inserting this
value for @, in Eq. (3.68), we obtain

(gtlﬂb) max = z (iz ’ (369)
2 (0]

|

As an example, let us assume a gain of 20?1b, an idler frequency four
times the signal frequency, and ¥y = 0.25. The maximum possible band-
width for single-tuned circuits (assuming that no circulator is used) will
then be bumax = 25 = 2.5%. It is difficult to achieve this maximum band-
width in practice, for the nonlinear reactance will usually have stored en-
ergy in excess of that required to resonate with C,. However, it will be
shown that the gain-bandwidth product can be improved by :

1. Using a circulator.
2. Using more complex cireuits.

Amplifier Performance with Isolators and Circulators

When negative-resistance parametric amplifiers are used at micro-
wave frequencies, it becomes practical to use such non-reciprocal circuit
elements as isolators and circulators. An ideal isolator is a circuit element
which transmits energy in one direction without loss, but absorbs all
energy transmitted in the opposite direction. An ideal circulator is a
circuit element which transmits energy without loss from port 1 to port 2
(see Fig. 2.7), from port 2 to port 3, etc. In contrast with the isolator,
the ideal circulator never absorbs energy, only directs it.

Let us first consider the effect of a circulator on the performance of a
negative-resistance parametric amplifier. We will at the same time com-
pare its performance with that of the transmission or two-port amplifier
previously treated. Fig. 3.7 shows a circuit for the negative-resistance
parametric amplifier with circulator. It is sufficient for our present
purpose to represent the parametric amplifier by a simple negative
resistance.

The transducer gain for the amplifier with circulator will be equal
to the power reflected from the amplifier divided by the power available
from the source (assuming a matched ideal circulator). The available
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Fig. 3.7. Circuit model for the negative-resistance parametric
amplifier operated with circulator.

power is equal to the incident power in this case; therefore, the transducer
gain becomes simply the ratio of reflected power to incident power. For
equal input and output line impedances the transducer gain becomes
simply the square of the voltage reflection coefficient.

Zy— Z,p
— o2 — |2t e
ge = p ’Zz Tzl (3.70)
For our negative-resistance amplifier, this becomes at resonance:
Ri+ R, — R — R‘,)2 (R — R — 2R,)?
= = 3.71
g‘(&+&—3+m (Rm — R)? (871)

where R, = Z, = generator and load impedance. When the gain is
high, R = Rr;. Under this condition the gain becomes

4R

= = B (3.72)

We can now compare this with the gain of our two-port amplifier, Fig.
3.4. From Eq. (3.50) we have

4R,R,;
gt (B — B)T (3.73)
It might appear at first glance that we have only succeeded in discover-
ing a difficult way to make the load impedance equal the generator
impedance. In reality, we have improved the gain by at least 6 db for a
given bandwidth. To see this, we need to point out that with a given
diode, there is a certain maximum negative resistance which can be
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obtained. From Eq. (3.51), we see that
~ Ruax = —— (vQ)? (3.74)
wy

since
R, 2 R,. (3.75)

Under conditions of high gain, we have Rr, = R. Therefore,
Br == (vQ)? (3.76)
wy

regardless of whether we use a circulator or not. Eq. (3.76) thus tells us
that Rr is the quantity to keep constant in our present comparison. In
each case let us assume the optimum loading and zero circuit loss. For the
circulator amplifier, the total external passive loading is only R,. Hence,
the gain becomes

__4Rn
ge (R — R)f

For the two-port amplifier, Rr1 = R, + R;. The optimum will be
R, = R, = }Rr.. For this case the gain becomes

(3.77)

2
Tl

gs = "'—(R“_ R)?

which is only one-fourth the g:tiﬂnjo/fdﬁ}lggi_lgﬂmmpﬁ.ﬁenﬂusbyjhe
use of a circulator we have doubled the voltage-gain-bandwidttr product.

As an extra bonus, the stability of the parametric amplifier is greatly
improved through the use of a circulator. Regardless of how the genera-
tor or load impedances may change, the amplifier will always see a
match (no reflected wave) looking into the circulator. Considering the
circulator as an integral part of the amplifier, we can thus transform the
potentially unstable negative-resistance amplifier into a relatively well-
behaved unilateral amplifier with positive input and output impedances.

So far we have been speaking about an ideal circulator. In practice,
it is well to keep several things in mind. First, an actual circulator will
have some insertion loss. Since this loss occurs before amplification, the
noise figure will be directly affected. (See Section 2.2.) If extremely
low-noise performance is desired, it may be necessary to cool the circula-
tor to very low temperatures, or else not use one at all. Another problem
is imperfect isolation between ports. This will cause a feedback of some
of the amplified signal, perhaps to the extent of instability.

The use of isolators in the input and output of a two-port negative-
resistance amplifier does not significantly improve the operating char-
acteristics of the amplifier other than by increasing stability. The gain-

(3.78)
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bandwidth product does not change; noise figure may be either slightly
improved or degraded. An improvement in noise performance will occur
if load noise is significant and if the introduction of an isolator lowers
the effective noise temperature of the output termination. One way to
lower this temperature is to physically cool the isolator. If load noise is
not significant in the first place, introduction of isolators will slightly
degrade noise performance (because of the finite forward loss). Isolators
will reduce amplifier sensitivity to external impedance changes; for this
reason their use would probably be recommended when a circulator is
not available.

Noise Figure and Operating Noise Temperature

Let us consider first the noise performance of the negative-resistance
amplifier operated in conjunction with an ideal circulator. We have
already seen that a circulator will improve the gain-bandwidth product
of a negative-resistance amplifier; we shall now see that a similar im-
provement in noise figure is possible.

A negative-resistance amplifier operated with a circulator becomes a
unilateral amplifier with positive input and output impedances. There-
fore, it is a relatively simple matter to compute the noise figure or
effective noise temperature according to IRE standards. For convenience
in making the calculations, we will use the high-gain approximation.
Using this approximation, the available gain (which in this case is
equal to the transducer gain) becomes

4R}

= Rm = B (3.79)

As in the calculation of the noise characteristics of the up-converter,
only noise of thermal origin will be considered. Experimental evidence
indicates that this approximation is good when diodes are used, as long
as they are not driven significantly into conduction, or into reverse
breakdown. Of course, when thermal noise is substantially reduced by
cooling, the non-thermal sources of noise may begin to be significant.

There are two sources of thermal noise in the negative-resistance
parametric amplifier: One is noise from the internal amplifier loss at
frequencies near the signal frequency, and another is similar noise at
frequencies near the idler frequency. It is this so-called “idler noise”
which often complicates and confuses the situation.

To compute noise figure or effective noise temperature, we must ob-
tain the available noise power at the output of the amplifier. Since the
high-gain approximation is being used, we can use the matrix approach,
being careful to note that R, = R, and Ry, = R, + Ry 4+ R,. We will
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represent thermal noise by voltage generators at both the signal and idler
frequencies, as shown in Fig. 3.4. (Even though a non-reciprocal cir-
culator is actually present, we can still use these same analytical methods
in this high-gain approximation if we remember to let R, and R; be
physically identical.) Using techniques identical with those used to
determine gain, we obtain for the noise power output ‘

efRa I Zop + Zro* l 2

N, =
YU (Zn F Zn) (Zn + Zre*) — Zndy I
2
e R, I Z |2
N, = . 3.80
2T (Zu+ Zn) (Zm + Zra*) — ZuZa |? (3.80)
The noise figure is given by
_ N+ N, 1 2 | Z2e 2}
F = kT B = WT.BE, {el + [ Zm + 2o esr.  (3.81)

Note that up to this point the noise figure formulation is similar to that
for the up-converter. For the particular case of the negative-resistance
parametric amplifier, we must insert the following values:

e; = 4kB(T.R, + TiR. + T:\R:)
¢ = 4B(T.R, + T:R)
Zw + Zr* = Rpy  at resonance : (3.82)
S
JunC
Inserting these values, we obtain for the noise figure at resonance:

T1 Rl TdR, w1 R 1 (TdR. + T;Rz)

Ty R, ' TR, T o R, T, Rz

Z12 =

(3.83)

Assuming that all amplifier loss is at the same temperature, T, and re-
calling that R = Rrp, according to our high-gain approximation, we can
simplify Eq. (3.83) considerably.

T [Rr ws
F=14—{——-1 3.84
+ TO { Ra w2 } ( )
The effective input noise temperature can be immediately written as
T, = T{ET—‘ = 1}. (3.85)
Ry we

We may ask what the mimimum value of noise figure is when we are
constrained to a finite diode series resistance, R,. It is clearly desirable to
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make the excess circuit loss at the signal frequency, R;, as small as
possible. It is not immediately clear whether or not we want to make R»
as small as possible when T' < T,; in other words, do we gain in noise
figure by adding a cool external idler loading? It is clear that we should
make R, as large as possible. The limit of R, occurs when loading is so
heavy that high gain is no longer possible. It would appear from Eq.
(3.85) that we should make the idler frequency, ws, as high as possible.
In reality, this is not so, as will be shown below.

To derive the minimum noise figure, let us assume that R, = 0.
Then Rm = R, + R,, while Ry, = R, + R,. For the moment, let us
assume that the external idler loading, R., is at a temperature of absolute
zero. Using this assumption, it will be easy to see that cooled external
idler loading does not give the minimum noise figure. Under these condi-
tions, Eq. (3.83) becomes

wal R. R.
= ==+ =1+ = : :
d 1+T0R +T0w2[ +Ra]R2+R: (3.86)

To evaluate the minimum noise figure, we make use of Eq. (3.67) :

,72

—_— =1, 3.87
wl“’zCzRTlRT2 ( )

We may write this in terms of the diode @ at w;:

2 Q)r L B 1 3.88
R TRE R (3:88)

We can solve this equation for the generator resistance, R,, and use this
value in the expression for noise figure, Eq. (3.86). It is mathematically
convenient to express this relation in terms of a normalized effective
input temperature:

o]
To wo R, + R, Y
(F—-1)— = . (3.89)

Ta 4
2 __
= R+ R + 2 (vQ) 1

We may now optimize this noise figure by the proper choice of pump
frequency and idler loading. By differentiation of Eq. (3.89), we find
that the optimum condition for minimum noise figure is obtained when

o R _1++TFGQ
w By + R, (vQ)? '

(3.90)
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The corresponding optimum noise figure is

To2(1 + T+ (¥@)7]

F=1+

Td (’YQ)2
T, 1 1 :
=1+ 2E[<7Q> + <YQ>2]‘ (391)

There are several points worth noting. First, the result is independent
of the external idler circuit loading, for this special case of T = 0°K.
With any degree of idler loading, we can choose the proper idler fre-
quency so that Eq. (3.90) remains satisfied. Thus, in this ideal case,
we can reduce the required pump frequency by increasing the external
idler loading without changing the noise figure. Or, we may increase
the pump frequency and reduce R, to zero, without increasing the noise
figure above that given by Eq. (3.91). As we pass into the world of
reality, however, where absolute zero cannot be reached, we see that
whenever R, # 0, the optimum noise figure will always be higher than
that given by Eq. (3.91) since R, will now contribute some noise power
to the amplifier. In reality, only when R: = 0 (no external idler loading)
can the optimum noise figure of Eq. (3.91) be reached. Therefore, it
must be concluded that the optimum condition for noise performance
occurs when there is no external loading of the idler circuit. On the other
hand, for reasons of practicality, it may be desirable to reduce the re-
quired pump frequency. The so-called degenerate-parametric amplifier,
for example, has external idler loading which is cooled to the antenna
temperature.

Another point of interest is that the optimum noise figure of the
negative-resistance amplifier as given by, Eq. (3.91) is identical with
that for the up-converter, Eq. (3.45).(Since the negative-resistance
amplifier can always have higher gain than the up-converter, it follows
that second-stage noise contributions will be less for the negative-re-
sistance amplifier and, hence, the negative-resistance_amplifier should
theoretically have the lower overall system noise ﬁgura

i sis is directly applicable to the case of ldwer-frequency or
armonic i For example, (if third-harmonic pumping is used,
with the fundamental pump frequency of w,/3, the appropriate value of

v used in Eq. (3.91) would be given by the Fourier coefficient for the
component of capacitance variation at w,. For equal voltage swings,
direct pumping will always yield larger values of 4 than harmonic
pumping, and, hence, direct pumping will result in the lowest noise figure.
However, if sufficient power were not available at w, to drive the diode
to its full voltage swing, one might choose to harmonically pump the

i)

’ '
KA/\/\{,C( S \(\ CAV NN Ay Y L~ {; ' (‘i‘ .
t
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hence, a lower noise figure.

Several interesting bits“of design information can be obtained from
these results for the optimum negative-resistance amplifier. From Eq.
(3.90) with R, = 0, we can obtain the optimum pump frequency:

2= VTF+ Q) (3.92)

W,

amplifier at higher power 9>d perhaps obtain a greater value of v, and,

Since y@ will be of the order of three or greater in most practical appli-
cations, to a very good approximation we have
w
2 = 4Q. (3.93)
W
In this case the optimum pump frequency is a function of the diode char-
acteristics alone, and is independent of the signal frequency. If we de-
fine a diode cutoff frequency, evaluated at the effective diode bias point,
as w, = 1/CR,, the optimum pump frequency can be written as

Wp = YWeo. (3.94)

Not only must the proper pump frequency be used to minimize
noise figure, but also the proper generator loading must be used. The
effective generator resistance which one must use can be obtained from
Eq. (3.88) with R, = 0. The result is

R, = Rn/T + (vQ)?
= RI‘YQ- (3.95)

In terms of microwave circuitry, this means we must overcouple the
input with VSWR at resonance equal to approximately v@Q.

The relation between y¥Q, pump frequency, and noise figure can be
displayed in a useful nomograph when we set T4y = To. With this diode
temperature, the noise figure can be written in the following form:

(vQ)?

- 2floor-2+]

This relation is plotted in the nomograph, Fig. 3.8. Notice that the noise
figure is not a strong function of the pump frequency when vy@Q is above
about four and the ratio of pump to signal frequency is greater than
about three.

When no circulator is used with the negative-resistance amplifier, the
situation can become complicated. The concept of available power

F =

(3.96)
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Fig. 3.8. Nomograph for noise figure of the negative-resistance
amplifier.

breaks down, so strictly speaking noise figure according to IRE stand-
ards is not defined. We can make a logical modification and speak in
terms of transducer gain instead of available gain. Even then, all is not
well. It is customary to not include noise contributed by the load termin-
ation in the evaluation of the noise figure of the amplifier. This is a
reasonable practice for most amplifiers since the relative noise contribu-
tion of the amplifier is usually independent of the noise contribution of
the load. (Of course the load noise must ultimately be counted in the
evaluation of overall system performance.) When we use a negative-
resistance parametric amplifier without a circulator, however, any noise
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originating in the load will be amplified in the parametric amplifier and
returned to the load. Thus the noise contributed by the first stage (para-
metric amplifier) is not independent of the second-stage noise. To further
complicate the problem, this amplified load noise will be coherent with the
initial load noise since they have a common source.

This coherency means that the effective noise contribution of the
parametric amplifier arising from load noise is a function of the magni-
tude and phase of the output reflection coefficient. For example, if
R, = | — R, the output impedance will appear as a short circuit,
reflecting the noise power originating in the load. If R, — R = R;, the
output will appear matched and no load noise will be reflected from the
parametric amplifier.

Many of these rather bewildering problems can be overcome by in-
cluding an isolator in the amplifier output. The output impedance
becomes positive, and the source of the ‘“load noise’’ becomes the isola-
tor, which is not coherent with the noise in the actual load termina-
tion. Under these conditions, one can calculate the noise figure in the
same manner as for the circulator case. The result for this case is:

T, R, T: (Rri — 2R; — R)?
F = st fd
1 + Ty R, + To R “+ T 4R,R,
n w1 _Rl TR, + Tsz (3.97)

w2 Rg TO RT2
At high gain and uniform amplifier temperature, we have

Rr ws
F = el SR |
1+T0{ng2 ]

(3.98)
where now Ry = R, + R: + Ry + R,. Comparing the above expres-
sion with the analogous relation derived for the circulator, we see that
the noise figure is increased when no circulator is used. This increase can
be looked upon as resulting from the additional loading of the circuit by
the output load resistance. One may approach the circulator figure by
sufficiently decoupling the load resistance; a penalty must be paid, how-
ever, in the form of a reduced gain-bandwidth product and reduced
stability of operation.

3.3 The Degenerate Amplifier

~ The degenerate parametric amplifier will be defined as a@egative—
resistance parametric ampliﬁe§ with both signal and idler frequencies
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contained (within the pass-band of the ampliﬁ? and with the signal
frequency approximately equal to the idler freqdency. For convenience
in analysis it will be assumed that the pass-band is symmetric about
half-pump frequency.

There are two cases of interest in the analysis of the degenerate
parametric amplifier: where signal and idler frequencies are separate,
and where the signal and idler frequencies are identical. This latter case,
which we shall denote as the phase-coherent case, is not one which would
ordinarily be used in communication, for perfect knowledge of the signal
is necessary in order to make signal and idler coincide at every instant in
time. However, it is of interest to investigate its characteristics, since
it may well have useful properties in some applications. To build a phase-
coherent degenerate amplifier, we merely have to double the signal and
use it as the pump. But first, let us investigate the non-coherent de-
generate amplifier. '

The formulation of the gain and bandwidth characteristics of the
degenerate parametric amplifier is exactly the same as for the general
case. All we need to do is set wy = w, in the expressions previously
developed. One possible change in the concept of gain should be men-
tioned here. We usually think of gain as being the ratio of output power
to input power at the same frequency. In the case of the degenerate am-
plifier the idler falls within the pass-band of the amplifier, and we have
the possibility of detecting this idler power in addition to the amplified
signal power. From the Manley-Rowe relations [see Eq. (1.11) and
(1.12) ] we know that the power transferred from pump to signal fre-
quency is equal to the power transferred from pump to idler frequency.
Thus at high gain the total power at the signal frequency is very nearly
equal to the power at the idler frequency, and if we detect the total power
in the pass-band which is due to the signal input, we will in effect have
3 db more gain. Going one step further, we can mix signal and idler with a
local oscillator at one-half the pump frequency. At i-f frequencies signal
and idler will then become identical and we can add their amplitudes,
obtaining a 6 db increase in gain. This latter technique is sometimes
called synchronous pumping.

Nozise Figure

The degenerate amplifier possesses the distinction of having two noise
figures, much like the broadband microwave mixer, which has a narrow-
band and a broadband noise figure. The reason for this situation lies in
the definition of average noise figure. This definition states in part:
“For heterodyne systems the tnput noise power . .. includes only that
noise from the input termination which appears at the output via the
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principal-frequency transformation of the system. . . .”’* As applied to the
degenerate parametric amplifier this implies that only noise power at the
signal channel should be counted as the input noise power. The noise
figure which results from this interpretation has often been called the
single-sideband noise figure. We may ask, though, what happens if there
are two principal-frequency transformations of the system. For example,
suppose that we have information coming into our device at both the
signal and idler frequencies of our degenerate parametric amplifier. The
information at the signal frequency will be amplified, and the informa-
tion at the idler frequency will be amplified and converted to the signal
frequency. Thus, we have two useful frequency transformations between
the input and output of our device: one being signal frequency to signal
frequency, and the other idler frequency to signal frequency. Under this
interpretation we should count noise power at both signal frequency
and idler frequency as the source of the output noise power at the signal
frequency. The noise figure which results from this interpretation has
often been called the double-sideband noise figure. The single-sideband
noise figure may be computed directly from Eq. (3.83) by setting
w = wy, T2 = Ty, and R: = R,. When the gain is high and the circuit
loss is small we may write the result in the following simple form:

Fub =2 [1 + —T'IE:]

To R, (3.99)

The desired value of B, when a circulator is used can be obtained from
Eq. (3.67), which in this case becomes
R,

vQ R+ R

1. (3.100)
Therefore

R, = R[vQ — 1]. (3.101)
Substituting this value into Eq. (3.99), we obtain

T 1
Fay =211 —
’ [+T07Q—1]

T/1 1
=2 [1 7, (TQ + (7@)2)]' (3.102)

It is interesting to note that the minimum noise figure in this case is 3 db.
This is a direct result of the restriction to single-sideband operation. We
may illustrate this by reference to Fig. 3.9. Here we have schematically

**IRE Standards on Electron Tubes: Definition of Terms, 1957;”" Proc IRE, vol.
45, p 1000; July 1957.
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illustrated the pass-band of a degenerate amplifier centered about half-
pump frequency. For single-sideband operation we will arbitrarily define
the signal input channel as that portion of the pass-band which is below
wp/2. Let us compute the noise figure of this amplifier under the assump-
tion of no internal noise contribution. The total output noise in this case
will consist of 2¢g.kToB where g, is the transducer power gain at signal
frequency; t.e., the ratio of output signal power to available input signal
power. The factor of 2 arises in the following manner: input noise power
in the signal band B/2 produces output noise power of gk Ty B/2 in the
signal band and also produces an equal amount of noise power in the
idler band due to the frequency-mixing action. The equality of signal
and idler noise power at high gain is a direct consequence of the Manley-
Rowe relations as was stated earlier. (We shall also derive this on page

“e
2
] |
2
S B
|
|
Frequency ——»

Fig. 3.9. Pass-band of idealized degenerate amplifier.

75.) In exactly the same manner noise power of value kT, B/2 enters
the idler pass-band and contributes g.k7To B/2 of noise power to both
signal and idler output pass-bands. Adding these four non-coherent noise
powers we obtain a total noise power of 2gkToB. The noise figure of this
ideal amplifier is not a function of its bandwidth; let us for convenience
focus our attention only on the signal pass-band of width B/2 and very
carefully compute the signal-sideband noise figure. We must take the toial
output noise power in B/2 (no matter from what source) and divide this
by the gain at the signal frequency multiplied by the noise from the input
termination at 290°K which appears at the oultput via the principal-fre-
quency transformation of the system. The principal-frequency transforma-
tion is defined in single-sideband applications as that which does not
change frequency; 7.e., idler-to-signal transformation is excluded. The
total output power in B/2 is gk ToB, and the input signal noise power in
B/2i8 kT, B/2. Therefore

g;kT(] B

Fuv = B2 =

(3.103)
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We can now rather easily evaluate the corresponding double-sideband
noise figure. According to the previously stated definition of double-
sideband noise figure, we now have two pincipal-frequency transforma-
tions: signal-to-signal and idler-to-signal. Since input at the idler channel
is now considered as part of the signal channel, we must include noise
at the input over the full bandwidth, B, of the device. However, since
any information arriving at either signal or idler frequencies will be
contained in a bandwidth of only B/2 at the output, it is still valid to
restrict our attention to an output bandwidth of B/2. The applicable
input noise is k7T,B and the output noise in bandwidth B/2is g.kT,B;
hence the noise figure is unity.

At first it appears that some illegal “sleight-of-hand’’ has been em-
ployed here to obtain a double-sideband noise figure. It should be
emphasized that we are in a sense just defining it by the above “deriva-
tion.” It so happens that it is this noise figure which one measures for a
degenerate parametric amplifier in practice with a standard broadband
noise source; in addition it is this noise figure (and corresponding operat-
ing noise temperature) which may be convenient to use in the eval-
uation of the sensitivity of some systems. In this double-sideband
mode of operation we are essentially taking information over a band B
and converting it so all the information is contained in a band B/2. If
this can be done without degradation of the desired information upon
detection, the double-sideband operating noise temperature may be a
useful measure of system sensitivity. (See Section 6.3.)

To compute the double-sideband noise figure for the general case of the
lossy degenerate parametric amplifier, we can use the same procedure as
for the single-sideband noise figure except that in this case the applicable
input noise power is fwice that for the single-sideband case. The output
noise power is the same, regardless of whether a single-sideband or
double-sideband operation is involved. It must then follow that the
double-sideband noise figure of the degenerate parametric amplifier is
one-half the single-sideband noise figure. Therefore:

T R,
Foo =1+ T, R, (3.104)

Recall that for operation with a circulator,
R, = R[vQ — 1] (3.101)

Therefore the double-sideband noise figure becomes

_’.ﬁ 1 T[l 1

TorG =1 T + ] (3.105)

vQ ' (vQ)?
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We will next derive the expressions for the operating noise tempera-
ture of both the single-sideband and double-sideband modes. Recall that
the operating noise temperature has been defined as the ratio of the
actual noise power output of the device under operating conditions to
the product of transducer gain, Boltzmann’s constant, and the actual
signal-channel noise bandwidth. In terms of the example of Fig. 3.9 the
signal-channel noise bandwidth for single-sideband operation is B/2,
while the signal-channel noise bandwidth for double-sideband operation
is B. So again we see that the operating noise temperature for double-
sideband operation is precisely one-half that for single-sideband opera-
tion.

We will follow the same derivation for operating noise temperature
as for the non-degenerate amplifier. From Eq. (3.80) we see that at high
gain the noise output power for the degenerate amplifier can be written
as

e? n Rl
4R, T (R — R)

Ny = (3.106)

where
el = e} = 4kB/2[T.R, + TR.].

The operating noise temperature for single-sideband operation can
thus be written as

_ R,

(Top)ub =2 [Ta + T —] (3107)
R,

Comparing Eq. (3.105) and (3.107), we see that the operating noise

temperature can be readily expressed in terms of the single-sideband

noise figure.

(Top) ssb — (Fssb - 2) To + 2T.. (3108)

By definition, if you will, the double-sideband operating noise tempera-
ture then is

(Top)aw = 3[(Fao — 2)To + 2T,] = (Fay — 1) To + Ta. (3.109)

It is of interest to compare the operating noise temperatures of the
optimum up-converter and non-degenerate parametric amplifier with
that of the degenerate amplifier. Recall that for the optimum up-con-
verter and non-degenerate parametric amplifier the operating noise
temperature is -

1 1

T = 2T [7—(2 + (‘)@'52] + T..
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Using Eq. (3.105) and (3.108), the corresponding expression for the
single-sideband degenerate parametric amplifier is found to be

1 1
N

For double-sideband operation we therefore have

(Top)ub = 2T[ ] + 2T,. (3110)

-1 1
(Top)dab = T [‘E + (‘)’Q)2] + Ta- (3.111)

Comparing the three expressions for operating noise temperature, we
see that the double-sideband degenerate figure is the lowest, and the
single-sideband degenerate figure is the highest. For systems where the
double-sideband operating noise temperature is appropriate it is thus
seen that the degenerate parametric amplifier is the logical choice for
best sensitivity; for systems where the single-sideband operating noise
temperature is appropriate, the choice would be either an up-converter
or non-degenerate negative-resistance amplifier. This comparison will be
discussed in terms of specific system applications in Chapter 6.

The Phase-coherent Degenerate Amplifier

We will next consider the special case where the pump frequency is
exactly twice the signal frequency of the degenerate parametric amplifier.
A simple method of accomplishing this is indicated schematically in
Fig. 3.10. Here we have a signal generator which is simultaneously fed to
the input of the degenerate parametric amplifier and to a frequency
doubler. The output of the frequency doubler is then used as a pump
source for the parametric amplifier. Under this ition the signal and
idler frequencies are identical and therefore coherent

Such a device is by its nature a singlefrequency device since no
departure from coherence with the pump is allowed. Bandwidth is
therefore of little interest. Also, strictly speaking, noise figure is not
defined for this case since the signal bandwidth is essentially4e;€. In

Frequency =
doubler - Pump
A
Signal Input Degenerate | Output
generator parametric |——»
amplifier

Fig. 3.10. Possible configuration for a phase-coherent degenerate
amplifier.
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7
en done on the basis of

fact, if we attempt to define noise figure as is
input signal-to-noise ratio relativ t signal-to-noise ratio, we
will find that a noise figure of =3 db is is implies that a 3 db
improvement in signal-to-noise ratio can be obtained by passing a signal
through a perfect phase-coherent degenerate amplifier! Before one jumps
to any conclusions regarding possible practical applications of this
seemingly wonderous property, it should be pointed out that the signal
frequency must be exactly half the pump frequency. This in turn means
that the signal frequency (or carrier frequency) must be known com-
pletely at every instant of time so that we can know how to pump the
amplifier. This point will be discussed further in the chapter on system
applications, with particular reference to phase-lock systems and AM

systems.
Y . 3% “€he coe Jic}eb\t DJC
e

W /vo\t/a\‘c'(uy %\/\rt\ ef

S€Vrieg

i'@ G, \'4 G, ;{C%{é‘n(wpti-op) (/th ”

Fig. 3.11 Circuit model used in the analysis of the phase-coherent
degenerate amplifier.

In the analysis of the phase-coherent degenerate parametric amplifier
we will depart from the use of the impedance matrix technique and use
a shunt circuit for analysis. This is done so that phase relations are ex-
plicitely stated in a manner which is convenient in subsequent anztlym
for possible system applications. The circuit model to be used is as shown Iy

< ; ~
in Fig. 3.11. For convenience the circuit is assumed to b@@a’o the ' © (U/ te
signal frequency, hence only the time-varying portion pacitance is 7’7 €

indicated. No results of consequence are lost by this assumption; off- ~ fowc«.u /a
resonance operation merely introduces a phase shift into the results.
For generality we will first assume signal and idler frequencies are not 7$¢ « lale
identical, and then later impose the condition of coherence. Using the

_linear time-varying capacitance approach, we can express the current
flow in the capacitor by the following equation:

e = d% [Cv] = C%; + v % (3.112)
We will assume that
C = 2yC, sin (wyt + 05)
v = Visin (wit + 61) + Vasin (wot + 62)
"o+ o= wp _ (3.113)

;/7/7(,\ /,)!"L(\ << !
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The capaclton:lfn!ew tbus becomes, for the componenq:é:g wy Qld wy!
/.-———-'_\
i =W@Wl sin (wt + 0, — @(3.114)

For the on-resomance circuit model used, the current at a given frequency
must be in phase with the voltage at that frequency. Thérefore

L\/L\ 6:t J(DQS 6 = 6, — 0, 0y =0, — 6, (3115)
or simply N
EIN - 1e50Mam @ Ve o g, (3.116)
From the circuit model, .
~io(ws) = Va(Gy + Gy) sin (wit + 65). (3.117)
Combining the results of Eq (3,137 and (3712) we obtain ‘
C, . .
- G"’*_’{_ GVisin (it + ) = Vaosin (it +6).  (3.118)
¢
Therefore
Co)?. .
Go(wr) = —‘%é—)vl sin (wit + 6,). (3.119)
g il
The transducer\gain at w is given by
2 p
U St 1T oy GGy
— ¢ = —"—V 3.120
¢ AvRﬁ ¢ ?L')(j(w" F "7 Tl P ( :
and
. . Co)t , .
i) = Va(G, + G sin (wit + 6) — 2200y i (nt + ).
Vs Gg + Gl
w/
= (3.121)
/Therefore ‘t/ T ((’\J|>
“le 29 curien g = 4G, . (3.122)
SN \ _ (4’1602(')’0'0)2:|2
oft -(rz%\/(u lff(} vx)l [Gg + G, —————Ga e

When the gain is high, the negative conductance term will be approxi-
mately equal to the total passive circuit conductance.

wiwe (¥Co)?

G+ G = G+ G (3.123)
Since wy = we we can further approximate Eq. (3.123) by
(5_, wyYCo = weyCo = G; + Gu. (3.124)

(=<
TR 1
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Combining Eqgs. (3.124) and (3.118), we find
Vi=V, ) (3.125)

e

which in turn implies that @pu%is/(ﬁ)tained from either the

signal frequencyor the idler frequency. As was previously mentioned, this

p y can sometimes-be-used to advantage in certain system applica-
tions. This point will be discussed fyrther in Chapter 6.

Let us now consider the ph@coherent case. Set w1 = w; = }w,. We
therefore assume that « s

C = 29Cosin (2t +8;) 7 ¢ (

e
v = Vysin (wit + ). Q. Redi26)

. . 7 &
The capacitor current at w; is . 6

ic(wl) = - w‘yCon sin (wlt + 01, bl 01). (3127)
The expression for the generator current then becomes 7, c( w,)

is = Va(Gy + G sin (wrt + 8= ayColisin (wt +0,— 6), (3.128)

" Note that in this case the two components are not necessarily in phase.
V Because of this phase difference, it is convenient to now use the exponen-
tial representation of sinusoids. In such complex notation we can write

ig = vl(G, + G;)e"’t - wyCone"(”r’l). (3129)
The transducer gain is then given by
2
g = 4G."(.;',,‘V‘ (3.130)
142g
_ 4G,G,
(Gs + Go)’[1 + 82 — 28 cos (20, — 6,) ]
—_— w‘)’Co
where B = G+ Gr

/
We therefore see thatétshe gain of the phase-coherent degenerate para-
metric amplifier is phase-dependent.) The maximum gain occurs when

] @d has the value
4G0Gl
max — . 3.131
0o = G T GO — B (3131

Going back to the expression for the gain of the non-phase-coherent
degenerate amplifier, Eq. (3.122), we see that this gain can be written as

~ 4G,G,
9+ =16, ¥ G:a — g

(3.132)
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The ratio of the value of the two gains for equal values of 8 is
1 - g
1-8
since for high gain 8 = 1. %Ve thus see that the phase-coherent amplifier
has 6 db more gain than the non-phase-coherent amplifier. We can picture

this result as arising from the fact that now signal and idler are coherent
so we can add the voltages in phase, doubling the output voltage for 6

ratio = [ ]2 =(1+B8)2=4 (3.133)

)

25

20

Gain (DB)

15

10

P4

AN

4008

e

|
-90° -60° -30° 0° +30° +60° +90°

Fig. 3.12. Gain characteristic of a phase-coherent degenerate
parametric amplifier.
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db more gain. If signal and idler add out of phase, these two voltages
approximately cancel and we get loss instead of gain.

This phase-sensitive gain characteristic is illustrated in Fig. 3.12,
which is a plot of Eq. (3.130) with G, = G,. Notice that the abscissa
is essentially the output phase relative to the pump phase. A quite
different curve is obtained when the gain as a function of the input
phase is determined. This is because there is a phase shift between
input and output which is a function of the output phase relative to the
pump. To compute this phase shift we can make use of Eq. (3.129).
Expressing 7, in terms of the quantity 8, we have

i = V(G + G) [t — Bei‘t—20], (3.134)

The load current is simply

’I:z = V1Gleiol. (3135)
The ratio is then
z._g = G + G [1 — Bei®~2007], (3.136)
(7 Gz
+90°
60° /7/”
% // /

\
N

AN

30° /

Ve
%

— %0 w° '300 0. 30. éo. 90'
Oin = %0 P

Fig. 3.13. Phase shift characteristic of a phase-coherent degenerate
parametric amplifier.
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To obtain the argument of Eq. (3.136) we will rewrite it as

b G—(';l—g-‘ (1 — Blcos (6, — 20)) + jsin (6, — 20)])  (3.137)

1)
Therefore
7 B sin (6, — 26,) ]
t{—) = tan! = Uin — U1 1
argumen (it) an [1 — 5 cos (6, — 20 6 6, (3.138)

A plot of Eq. (3.138) for several values of gain (with G, = G,) is shown
in Fig. 3.13). It is interesting to note that at high gain the input phase
can vary quite drastically relative to the pump phase without greatly
affecting the output phase.

Combining the results of Eq. (3.130) and (3.138), we can compute
the gain characteristic as a function of input phase; the result is shown
in Fig. 3.14. Here we see that a phase excursion of £45° will decrease the

40

N

MY N

30 / \

Gain (DB)
o
\
N

\.\
/

+
)

-90° -60° -30° 0 +30° +60° +90°

0.,. -';'OP

Fig. 3.14. Gain of a phase-coherent degenerate parametric ampli-
fier as a function of input phase.
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gain by only about 3 db. This is precisely the shape of gain response one
would obtain experimentally using the arrangement indicated in Figure
3.10, using a phase shifter between the signal generator and degenerate
amplifier. Because of the very sharp null which can be obtained at high
gain with 8,, — 16, = =+ 90°, such a scheme could have possible applica-
tion as a sensitive microwave phase indicator.

The result shown in Fig. (3.14) can be directly obtained in another
fashion. The load current can be expressed in the following form:

o il e
'T1-p6G,+G,

[e®in + Bei®sin) ] (3.139)

The power gain thus becomes

44,|%G, 47,G; 1 + 8% + 28 cos (201, — 0,)
Tl T G+ G A+ -8
which is plotted in Fig. (3.14) with G, = G..

g (3.140)



4

Additional Theory

of Parametrie Devices

Now that we have formulated the basic characteristics of the two funda-
mental parametric amplifiers, the up-converter and the negative-resist-
ance amplifier, we will consider a variety of more specialized topics which
are of interest. The problem of broadbanding the negative-resistance
amplifier will be discussed, and some of its large-signal characteristics
determined. A theory of harmonic generation will be developed which
indicates the efficiency of higher-harmonic generation with semiconduc-
tor diodes. The chapter will conclude with a very brief description of
several examples of more sophisticated or more specialized parametric
devices which can be constructed.

4.1 Broadbanding the Negative-resistance Parametric Amplifier

One of the disadvantages of negative-resistance parametric amplifiers
using single-tuned circuits is narrow bandwidt” Typical bandwidths of
experimental amplifiers at useful values of gain have often been on the
order of 19,. The theory developed in Section 3.2 indicates that even if
we have a perfect amplifier we could not hope for bandwidths much
greater than about 59, at 20 db gain when single-tuned circuits are

80
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used. Two approaches have been used in an attempt to increase the
bandwidth of these devices: the use of traveling-wave circuits, and the
use of multiple-tuned circuits. The traveling-wave parametric amplifier
consists typically of a multitude of parametric diodes periodically
placed in a propagating structure. Bandwidths of the order of 259, with
modest gain have been obtained from such amplifiers. The traveling-
wave approach to broadbanding will be discussed in Section 4.2; in this
section we will briefly examine the multiple-tuned circuit approach,
which uses but a single diode in a suitably designed circuit.

It was previously pointed out that an amplifier which can be charac-
terized by a negative resistance in a single-tuned resonant structure
possesses a voltage-gain bandwidth product which is a constant deter-
mined by the parameters of the resonant structure. For low-loss ampli-
fiers, the expression can be written approximately as

g% = 1/Q (4.1)
where g = transducer power gain,

b = fractional bandwidth,
Q: = loaded @ of amplifier resonant circuit.

We can graphically derive this relation in a manner which is useful in
explaining, in qualitative terms at least, how it is possible to increase
the bandwidth of such a negative-resistance amplifier.

The gain of a general negative-resistance amplifier can be expressed
in the following form:

K2
! R =R+ X
K
or 12 = - 4.2
" = TR =R+ X.] “2)
where K = a constant independent of frequency,

R = negative resistance of amplifier,
R, = circuit resistance of amplifier,

X, = circuit reactance of amplifier.

For high-Q single-tuned circuits, the impedance R, + jX, can be
approximated as R,(1 + 52 (Af/fo) Q). The locus of this impedance as a
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function of frequency is a straight line as is shown in Fig. 4.1. The gain
of a negative-resistance amplifier can be conveniently plotted on such an

! R. Ry /_R“Z(éfoL)Q

X

R—>»

—— — — —f

Fig. 4.1. Impedance plot of a high-Q single-tuned circuit.

impedance plane, as shown in Fig. 4.2. The length [, is seen to be equal
to| R — R + jX.|, and therefore the square root of the power gain is
equal to

K
g2 = —. (4.3)

b
When the angle 6 in Fig. 4.2 is equal to 45°, the length [, is equal to v2
times its length when 6 = 0°. Therefore, when 8 = 45° the gain is 3 db

R, >

Fig. 4.2. Impedance plot illustrating gain of a negative-resistance
amplifier.

less than the mid-band gain (6 = 0°). The fractional bandwidth at this
point is then proportional to the length l,. We see then that the gain-
bandwidth product is proportional to the ratio of I, to l; with § = 45°.

g'% o k (4.4)
h

If we increase the gain of the amplifier, the length [, will decrease, but so
will [, since @ is constrained to be 45° in this example. The ratio l;/l; will
remain constant; therefore the gain-bandwidth product is a constant

for a given (single-tuned) circuit.
From this graphical explanation of gain-bandwidth product, we can
readily see the effect of the shape of the impedance function on the band-
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width of negative-resistance amplifiers. The existence of a constant gain-
bandwidth product, is seen, for example, to depend solely upon the
straight-line locus which characterizes the high-Q single-tuned circuit.
We may radically alter the gain-bandwidth characteristics of negative-
resistance amplifiers then by changing the shape of the circuit impedance
function. If it were possible to obtain a circular impedance locus as in
Fig. 4.3, we would have an amplifier approaching infinite bandwidth. Of
course we cannot obtain such functions, nor can we obtain a constant
negative resistance over extreme frequency ranges, but we can certainly
do better than with simple single-tuned circuits. For example, it has been
shown experimentally that large bandwidths can be obtained with dou-
ble-tuned circuits. A possible impedance plot of such a circuit is in-
dicated in Fig. 4.4.

|
|
\
T T \
X R i X \\
T \\
/ 1
d l./h}\\ R Lll’\‘.
\ | R—> l // R—»
\\_// /,
/
/
I
Fig. 4.3. Impedance plot of ‘“ideal” Fig. 4.4. Possible impedance plot of a
wide-band negative-resistance ampli- double-tuned negative-resistance am-
fier. plifier.

The above qualitative reasoning indicates the general philosophy
involved in the broadbanding of single-diode, negative-resistance para-
metric amplifiers. As one becomes quantitative, however, the discovery is
soon made that broadbanding of parametric amplifiers is not as straight-
forward as is implied by the above qualitative arguments. This is because
in the general parametric amplifier we have not one, but two circuits to
worry about: the signal circuit and the idler circuit. Moreover, these two
circuits cannot be treated independently, for they interact with each
other through the mixing action in the nonlinear reactance. The problem
is somewhat analogous to the construction of a wideband filter to match
a load impedance when this load impedance is a function of the char-
acteristics of the filter under consideration.

The detailed analysis of such amplifiers unfortunately is rather com-
plex, and consequently no attempt will be made to pursue the subject
much further. We can, however, make some brief qualitative comments
regarding this technique. Matthaei®® has shown, for example, that in order
to avoid excessive variations in gain the filter circuit used for broad-
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banding must have only very small variations in impedance over the
pass-band. This is perhaps obvious from our previous discussion of the
negative-resistance amplifier which pointed out that for gain stability the
amplifier loading must be constant. Another interesting result of Mat-
thaei’s work is that the maximum theoretical bandwidth obtainable
from multiple-tuned circuits is directly proportional to v, a result
which has previously been stated in Section 3.2 in connection with
single-tuned amplifiers. Thus it is again highly desirable to pump the
diode as hard as possible.

There appears to be no theoretical reason why a multiple-tuned
degenerate parametric amplifier should have a higher noise figure than a
comparable single-tuned amplifier. However, in practice one must work
with circuits of finite loss, and a complex multi-stage filter structure will
have higher loss than a comparable single-tuned circuit. Such loss will
deteriorate noise figure, hence care must be taken in the circuit design to
minimize this loss. Even if it were possible to eliminate all loss, however,
the single-sideband noise figure of the degenerate parametric amplifier
can never be less than 3 db. Often in order to realize the inherent low-
noise properties of parametric amplifiers, it is necessary to use pump
frequencies several times higher than the signal frequency. When this is
done, separate circuits for signal and idler frequencies must be provided.
To broadband a non-degenerate amplifier, a broadband filter structure
could be provided at the idler frequency, as well as a filter structure at the
signal frequency. Such an arrangement necessitates the use of a resistive
termination of the idler filter circuit if the diode is to see a constant real
impedance, R, looking into the idler filter. (See Fig. 4.5.) From the
standpoint of noise performance, the addition of resistive loss to the idler
circuit is definitely undesirable.

One possible approach which would avoid this loading would be to use
a simple single-tuned resonant circuit at the idler frequency with no
added loss, and to compensate for the resulting impedance variation at
the signal frequency with a suitable circuit. By such a method some
broadbanding should be possible without degradation of noise figure.

Broadband [ | 1
filter Broadband
at signal Diode filter at idler
frequency frequency
h
Idler filter
Ros resistive
termination

Fig. 4.5. A possible configuration for a broadband non-degenerate
parametric amplifier.
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4.2 The Traveling-wave Parametric Amplifier

Up to now we have considered parametric devices which utilize
essentially resonant structures. Such circuits suffer from certain draw-
backs which can be minimized by resorting to nonresonant propagating
circuits. For example, the negative-resistance parametric amplifier was
shown to be a potentially unstable device with bilateral characteristics.
However, if we replace the resonant structure by a suitable propagating
structure, it is possible to achieve a measure of unilateral gain with
improved stability and bandwidth. A variety of configurations are
possible, each with its own characteristics. Perhaps the simplest is the
case where all three traveling waves—signal, idler, and pump—have
positive phase and group velocities. In the following section such an
amplifier will be analyzed for the case where the propagating structure,
including the associated nonlinear reactive medium, is lossless and uni-
form in the direction of propagation, following the method of Tien and
Suhl.’?® This is the simplest case to analyze, but is perhaps not the most
useful case since quite often the nonlinear reactance is concentrated at
discrete intervals along an otherwise linear transmission line. A coaxial
line periodically loaded by semiconductor diodes is an example of such a
configuration. Several analyses of such periodic structures are in the
literature.””" Following the analysis of the uniform line we will present
in abbreviated form the analysis of Bell and Wade? for the iterated para-
metric amplifier. Finally we will simply state some of the characteristics
of allied traveling-wave amplifiers with other combinations of phase and
group velocities.

The Uniform Traveling-wave Parametric Amplifier Without Loss

The circuit model of the uniform traveling-wave parametric amplifier
is shown in Fig. 4.6. It is essentially a transmission line with a distributed
nonlinear dielectric. If we impress a strong traveling-wave on the struc-
ture at the pump frequency we will effectively have a capacitance which
varies with time and distance. Using the small-signal approximation we
may thus replace the nonlinear capacitance at signal and idler frequencies

i
N e iRt Transmission
\v Nonlinear dielectric: line

Fig. 4.6. Schematic representation of the distributed parametric
amplifier.
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by an equivalent linear time-varying capacitance. We may then write the
governing differential equations for the traveling waves which exist at
the signal and idler frequencies. It will be assumed that no frequencies
above the pump frequency propagate in phase with the pump; in fact,
Boyd and Roe!' and Landauer™ have shown that the gain will be seri-
ously impaired if such components are allowed to propagate in syn-
chronism. The equations for the waves at w; and w;, = w, — w, are:

di(z,t) 9 :
= =5, L(Ci 4+ Clz, 0)n(z )]
m(zt) _ _; 90
o0z Y
%%¥2=-£[wr+manm&wn
(2, 1) 91z (2, t)
— = L — . (4.5)

Combining these equations, we have

o (z, t) 0 (z, t) 92

T = C1, “or + Ly o [C(z, )ve(2, 1) ]

. (z, t) 0, (z, t) a2

7— = 02L2 - o + L2 Ez [C(zy t)vl(z, t) ]' (4°6)

Let us now assume that the voltages v, and v, are traveling waves with
propagation constants 8; and 8. respectively. That is,

V= Vlei(th—Bu) + Vl*e—i(wlt—ﬁlz)

vy, = Veilwat—B3) L V,¥p—ilwat—Pa) (4.7)

The quantities V; and V; are thus the amplitudes of the voltage traveling
waves at the signal and idler frequencies. As we expect to have growing
waves, we will assume that V; and V, are slowly-varying functions of 2.
It will be further assumed that the capacitance varies in a like manner:

C = Cofeitent=b 4 e=itwpt—hnT], (4.8)

The simplest case and the one which results in the maximum gain is
when

Br+ B = B. | (4.9)
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Using these assumptions and neglecting terms involving 6%/dz® Eq.
(4.6) can be written as

., oV
~2i81 —— = BiV1 = —wiLCVy = WiCLiVy*
. oV,* 277 % 2 * 2
2]152 9z - /32V2 = —w202L2V2 - wchle (4.10)

and similar equations for V;* and V.. It is convenient to define
C = 7101 = ‘7202. (411)

‘Noting that the propagation constant of a uniform transmission line is
given by 8 = wA/LC, we can now write Eq. (4.10) as

v .
"52—1 = —%]’Ylﬁlvz*
aVy* )
= WbV (4.12)
Combining these equations we have
.V
;z; —invaBBV1 = 0 (4.13)

which has the following exponential solution:
Vi = a1e** + be* (4.14)
where a = 3(y172818:) 12

Exactly the same solution is obtained for V,*. It is thus seen that
exponentially growing and decaying waves will exist on this transmission
line. The gain per unit length of the dominant growing wave is given by

gain of growing wave = % (y1v2818:2)> nepers/meter (4.15)
If we impose the boundary conditions at the input of the line
v = acos (wl + ¢)
vy = (4.16)

we obtain the following relations for the voltage at signal and idler fre-
quencies:

vi(z, t) = a cosh az[cos (wit — Bz + ¢) ]
v(z, ) = ay /7—2 % sinh az[sin (oot — Baz — 9) ] (4.17)

Y1 b1
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The power gain at w, is then given by
Power gain = cosh? az (4.18)

When the gain is high, the decreasing wave can be ignored and we can
write the gain in a somewhat simpler manner.

Power gain = }e2s:, (4.19)
Bandwidth

The bandwidth of the traveling-wave parametric amplifier is deter-
mined in large measure by the range in frequency over which Eq. (4.9)
remains approximately satisfied. It is useful to have some measure of what
deviation from synchronism will produce a given decrease in gain. Tien!??
has shown that for the case just treated, a deviation from synchronism
by the amount AB results in a gain constant given by

alL =} [‘Yl‘Yzﬁlﬂz — AB*]V2 L nepers
= 434 [71‘)’23132 - ABZ]II? L db

1/ AB?
= 434 EYl’Yzﬁlﬂzjl/z [1 - = ( )] L db (420)
2 \v1v26:18:

where L is the length of the amplifier. A 3 db decrease in gain will thus
occur when the following relation is satisfied:

ABEL

3db = 217 ——— db. 4.21
\/71‘723132 ( )
Solving for AB we obtain
A8 = 1.18, /‘Y_I‘j (4.22)
where 8 = /1178182

For large bandwidth it is desirable to have AB as large as possible,
since this means that we can then depart an appreciable amount from
synchronism without suffering loss in gain. Therefore it is desirable
from bandwidth considerations to pump the amplifier as hard as possible,
a result again in agreement with that obtained for resonant-circuit
parametric amplifiers.

The Iterated Traveling-wave Parametric Amplifier

The circuit model used by Bell and Wade” consists of a uniform
transmission line periodically loaded with shunt admittances, Fig. 4.7.
From our previous experience with the negative-resistance parametric
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l-(——-Transmission line —’l
—»In 1 f ] | =L,

I Yl 2 ] 0
GY, ]

v, iBYy== % Y+ V] [ Vet Vo] 11_2’;1_@ GY,

o Py —)

Fig. 4.7. Circuit model for one section of the iterated traveling-
wave parametric amplifier (after Bell and Wade).

amplifier we might anticipate that the real part of this shunt admit-
tance will be negative for the lossless case. The method of analysis to
be used will be to evaluate the gain of an infinite line in terms of such
an admittance, and then calculate the value of this effective admittance
which the nonlinear mixing process creates.

The model of Fig. 4.7 can be described by the following equations:

Y,
In = [Yll + (G +]B)?]Vn + Y12Vn+l

In+1 = = Y12Vn - I:Y22 + (G +]B) Yo/2_-_|Vn+1. (4.23)

We can now employ a simple but very powerful theorem which is in-
dispensable in the analysis of periodic structures. This is the theorem of
Floquet which states that in a given mode of propagation in a periodic
structure at a given steady-state frequency, the fields at one cross section
differ from those a period away only by a complex constant. The real
part of this constant will denote the change in amplitude of the fields
while the imaginary part will denote the change in phase between sec-
tions. It will be convenient to write this complex constant as e~T%, where
L is the period of the periodic structure. We can thus write an expression
for the voltage and current at the nth section of line in terms of the
input voltage and current:

Vn =V Oe—I‘Ln
I, = Ie i, (4.24)
Substituting these relations into Eq. (4.23) we obtain

I oo Yo
7 = Yu+ (G+jB)5 + YuerT™

0

Y,
= —I:Yue”‘ + Y+ (G + ]B) ?] (4-25)
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Combining these two equations for I,/V, and rearranging the terms, we

arrive at a transcendental equation for I'L.

Yu+ Yo + (G+]B)Y
- 2 Y12

For a uniform transmission line of characteristic admittance Y,, and
propagation constant 8, the admittance parameters are

coshT'L = (4.26)

Yu= Yu=—jY,cotB,L
Y. = jY,cscB,L. (4.27)

Substituting these values into Eq. (4.26), we arrive at the following
result:

G — B .
cosh 'L = cos B,L + J sin 8,L. (4.28)
So far we have not specified the nature of the constant I'. In general T
will be a complex number; to explicitly express this fact, let us write T’
as

'=a+jB (4.29)

where now « and 8 are real quantities. Using this definition we can write
Eq. (4.28) as two equations, one obtained by equating all the real
quantities, and one obtained by equating all the imaginary quantities.

cosh aL cos BL = cos B,L. — B/2 sin 8,L
sinh aL sin BL = G/2 sin B,L. (4.30)

These are the general equations for the propagation constant of an in-
finite uniform transmission line which is periodically loaded by the gen-
eral admittance Yo(G + jB). The real part of the propagation constant,
aL, gives the gain or loss of the line per period, while the imaginary
part, BL, gives the phase shift of the line per section.

In order to use Eq. (4.30) in the analysis of the iterated parametric
amplifier, it is necessary to evaluate the effective admittance G + jB.
Assuming that we allow voltages only at frequencies wy, ws, and w, = @1 +
ws to propagate, we can use the small-signal admittance matrix, Eq.
(1.33) to determine G and B. We have by Eq. (1.33)

*

I V.
Yo (G +jB1) = — = jonCo + jonyCo —— v
1

I, V.*
oa(G2 + jB;) = = = jwCo + jwryCo —— (4.31)
Ve Ve
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In order to obtain gain, we will need a negative real part of Eq. (4.31).
This requirement means physically that we must have the proper phase
relation between signal and idler frequencies at all times. We can express
the required phase as

Ve*

_ = A ir/2

Vi ¢

Vi*

—Vl; = Deir? (4.32)

where A and D are real quantities. Just as in the single-diode case, the
mixing process automatically insures the correct phase for gain at the
tnput to the line.* Thereafter the phase velocity of the transmission line
must be proper in order to maintain this correct phase, relative to the
pump phase. Recall that in the case of the single-diode amplifier, the
phase relation was

01 + 02 = 03. (3.114.)

The analogous relation here is

eiB1L+BsL) — piBsL, (4.33)

Therefore
Br+ B = Bs (4.34)

must be satisfied for maximum gain in the traveling-wave amplifier.

There remains to be evaluated the magnitude of the voltage ratio
V1/V2. This can be done on physical grounds with the aid of the Manley-
Rowe relations. The Manley-Rowe relations tell us that the ratio of the
power flow from the nonlinear reactance at signal and idler frequencies
is dependent only on the frequency ratio wi/we. This ratio must be the
same for every diode along our iterated parametric amplifier. Let P,!
be the power flow from the nth diode at w; and P,? be the power flow from
the nth diode at w.. For this infinite periodic line all the power will flow
in the forward direction and be increased by the additional power at the
n + 1 diode. We can express this mathematically as

Pi,, = Plowt
P2, = Plgil, (4.35)

* This phase relation is a result of the assumption of a real iterative impedance
as seen by the time-varying portion of the capacitance.
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But from the Manley-Rowe relations we have

PL, P
P, P

(4.36)

since the ratio must be independent of which diode we are considering.
This can only be true if &1 = a;.

We can now use the additional information that ay = a; to eliminate
the remaining unknown, V,/V,. Assuming that the gain per unit length
is small, we can say that sinh aL = aL. Eq. (4.30) then becomes

G sin 8,L
aL 2 sin L (4.37)
Using the derived value of G, we obtain
_ wl‘yCo Vg sin BoL
al = ol = 2 |V [ sin ,EIL]IZ“l
_ w2yCo | V1| [8in BoL
BRERAZ [ sin 6L]2Z°" (4.38)

For convenience let us introduce the image impedance of the loaded
line, Z,:

sin B8,L
sin 8L’

Zy =2, (4.39)

Eliminating the voltage ratio | V1/V: | from Eq. (4.38) we obtain

C
aL = :f::y2_0 ‘\/ (55100 ‘\/ Z,nZ,,g. (440)

We therefore will have both a growing and a decaying wave on the line.
To obtain an expression for the power gain of a finite line, we must im-
pose boundry conditions. Let us assume that the line is perfectly termi-
nated at input and output, and that the idler voltage is zero at the input
before the first diode. Under these assumptions the power gain becomes

gain = cosh ? |a | LN (4.41)
where N is the number of diodes used. We thus see that there is great

similarity between the uniformly-distributed traveling-wave parametric
amplifier and the iterated traveling-wave amplifier.
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The use of an array of discrete diodes does introduce another param-
eter, however: the spacing of the diodes. One effect of this discrete load-
ing is to alter slightly the phase requirement between pump, signal, and
idler frequencies. In the continuously-distributed amplifier the phase must
be correct at every point along the amplifier; for the iterated amplifier
the phase need be correct only at the points where the diodes are located.
Mathematically this means that for the distributed amplifier we have

Br+ B: = Bs (4.34)

while for the iterated amplifier we have

2nw

B+ B = B3 + A (4.42)

where 7 is an integer. We see that Eq. (4.42) is equivalent to Eq. (4.34)
only when the distance z is a multiple of L, the spacing between diodes.

Another consequence of the discrete nature of the iterated amplifier is
that the reverse gain will be a function of the diode spacing. Bell and
Wade show that the minimum reverse gain for a lossless amplifier is
unity, and is obtained when the phase shift between diodes at the pump
frequency is equal to an odd number of quarter cycles.

The Iterated Amplifier with Loss

The previous treatment of the traveling-wave parametric amplifier
has ignored all loss in the line and diodes. In practice, diode loss cannot
usually be ignored; both gain and noise figure will be altered because of
such loss. In the model used by Bell and Wade it is convenient to repre-
sent loss as a shunt conductance which then becomes a part of GY,. (See
page 96 for a discussion of the error involved in this approximation.)
With this approximation it is a relatively straightforward but tedious
matter to derive an expression for gain in exactly the same manner as
before. The result is:

a2 — Qg

gain = e 2%lN [cosh ap LN + sinh ap LN]“ (4.43)

ap

where a;L = attenuation constant of line at signal frequency,
a L. = attenuation constant of line at idler frequency,

a,L = L(azsL + a1 L) = average of attenuation at signal and idler
frequencies,

ayL = 3/ (L — a3L)? + 4(aL)2
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We can obtain a useful approximation by assuming that the gain per
unit length is large compared to the loss per unit length, or that w; = w..
In either case we have approximately the following expression for gain:

gain = ¢~2aL¥N cosh 2a LN (4.44)

which states that the net gain is equal to the lossless gain minus the
average cold loss of the actual line.

Noise Figure

Four noise contributions must be considered in the evaluation of the
noise figure of the traveling-wave parametric amplifier. They are:

1. noise at the signal frequency due to input noise at the signal
frequency,

2. noise at the signal frequency due to input noise at the idler fre-
quency,

3. noise at the signal frequency due to internal noise generated at
the signal frequency,

4. noise at signal frequency due to internal noise generated at the idler
frequency.

The first two contributions are readily evaluated, for they are simply
the available noise power at the generator multiplied by the power gain
and conversion gain, respectively. In the evaluation of the last two con-
tributions, we will assume that all internal loss consists of lumped shunt
loss, which we will relate in an approximate manner to the loss in semi-
conductor diodes. This internal noise contribution can thus be repre-
sented by a noise current generator with mean square current

2= 4kTBG, (4.45)

where @, is the passive shunt conductance periodically loading the line.
It is then a straightforward process to compute the output noise power
from the amplifier due to this current generator. The result is simply the
available noise power of the current generator multiplied by the power
gain (or conversion gain for the idler contribution) for N-n sections of
line. N is the total number of diodes in the amplifier and = is the position
of the current generator being considered. The total noise output due
to the internal loss is then obtained by summing over all the N indepen-
dent current generators. Since little is gained from going through the
somewhat tedious algebra, the full derivation of these contributions
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will be omitted. The resulting expression for noise figure is

Feld4 22 g( a>2 sinh? ay LN

Ty w,

(04
b a; — ay

20

2
[cosh ayLN — sinh ap LN ]

Ta § ( )LN
— 3" 2a;Letarta

+ TO n=1

Qg —

2
[cosh awL(N — n) + ™ sinh ey L(N — n)]

ap

ay — ay

2
sinh abLN]

oy

[COSh abLN +

N

+ 2 T4 3 2asL (_a.)z elar+an LN
ay

w2 TO n=]

sinh? ey, L(N — n)

(4.46)

a — a1

p

2
[COSh abLN + sinh abLN]

This is indeed a rather formidable expression. To obtain a simpler and
hopefully more useful expression, we will make three further assumptions:

1. the amplifier gain is high,

2. the @ of the diodes used is relatively high,

3. the image impedance of the line does not change radically with
frequency over the pass-band.

With these assumptions we can show that

Qs — aq

< vQ (4.47)
2ap

for we/w1 < 2. We are saying in effect that the gain is large compared

to the difference in line attenuation at idler and signal frequencies. The

high gain assumption allows us to say that

cosh § = sinh 6 = ¢°. (4.48)
With these two approximations the expression for noise figure becomes:

Foel42eny 2

N
——[alL + 2 azL] Z e2n(aa—ap) L, (449)
To we To w2

ne=1
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The sum can now be readily evaluated since it is a simple g=ometric
series.

N — p—2NL(ap—ag)

Z e2n(ag—ap) L — 1 € °

n=l

(4.50)

eav—adl — ] °

Because the overall gain is high, the numerator is approximately unity.
The gain per section will be relatively low, however, so we can approxi-
mate the exponential in the denominator by the first two terms of its
series expansion.

2@l = 1 + 2(ap — aa) L. (4.51)

Incorporating these expressions into Eq. (4.49), we have finally

a1L + ‘:"} a2L

Ty an w2

Fe1422yle

_—. 4.52
Tow To|(asl — a,L) (4.52)

At this point we should recall the physical significance of the various
quantities which comprise the last term of this expression:

a1, = attentuation per unit length at signal frequency,

as L, = attenuation per unit length at idler frequency,

ayL =~ gain per unit length,

a,L = (auL + a2L) /2 = average of attenuation per unit length.

Through further approximation we can relate noise figure directly to
the diode characteristics. We will make the approximation that the shunt
line loss can be related to the diode series loss by the standard transfor-
mation between series and shunt equivalent circuits.*

G = (@R _ 1

T+ @CR): ~ R (4.53)

* We can evaluate the error involved in using this approximation by taking the
matrix of Eq. (3.46), adding a series resistance, and reinverting to form an admittance
matrix. In so doing we find, for example, that the effective capacitance which we
should use is not C, but C(1 + v?) while the effective series resistance should be
R.[1 4 (wz/wi)v?. Of more importance is the fact that the off-diagonal elements of
~ the “exact” admittance matrix contain a real component which is smaller than the
imaginary component by the factor 2/Q, where @ is the diode Q evaluated at half-
pump frequency. Thus, we can say that the approximation used in Eq. (4.53) is
valid when w; = w; and the diode @ is moderately high.
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The attenuation constant is related to the shunt loss as in Eq. (4.54).

Gz,
2

(4.54)

ar

If we now invoke the assumption that the image impedance does not
change radically over the frequency range of interest, the expression for
noise figure can be written approximately as

1+ =
Fe14 2oy 20 -

To (6] To 2
2vQ [ — [1 + (3’3)]
wy

)]

B (4.55)

It is of interest to note that for degenerate operation, Eq. (4.55) re-
duces to

1
F=2[1+7Q—1] (4.56)

which is identical to the expression obtained for the resonant-circuit
degenerate parametric amplifier.

Note that Eq. (4.55) shows that if the idler channel of the amplifier is
terminated by the antenna, the noise figure will be a function of antenna
temperature. The proper expression for the operating noise temperature
will be

[alL + ﬂ azL
w2

T = =T, + T, (4.57)
w2

awL — aoL |’

Since noise figure is measured at room temperature, it is useful to express
T., in terms of measured noise figure.

Top = (Fr — 1)To + Ta + % [T. — Ts] (4.58)
2

where Fr, = spot noise figure measured with idler terminated at 290°K.
Equation (4.58) applies only for single-sideband application with the
idler matched into the antenna. Also note that Fr, is the spot noise figure,
which is essentially the noise figure measured at a particular frequency,
rather than an average over a large range of frequencies. When w; = w,,
Eq. (4.58) reduces to Eq. (3.108) which was obtained for the resonant-
circuit degenerate parametric amplifier.
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Other Types of Traveling-wave Parametric Amplifiers

In the case of resonant-circuit parametric devices, several modes
of operation are possible; the same is true for the traveling-wave ver-
sion of parametric devices. For example, it is possible to obtain a dif-
ferent mode of operation merely by introducing the signal power into
the output of the amplifier. This reverses the direction of propagation of
the signal with respect to the pump and in so doing completely changes
the operating characteristics of the amplifier. In the investigation of such
devices it is of interest to determine the existence and nature of gain,
together with the bandwidth characteristics which they may have. A de-
tailed picture of the gain behavior can be obtained only from an analysis
of the particular case, but it is possible to make some useful generaliza-
tions. If the direction of energy propagation in the signal and idler waves
is in the same direction, for example, we would expect that regeneration
could not occur, and hence the device would be stable. If the direction of
energy propagation is not the same for signal and idler, the idler can form
a feedback loop which causes regeneration, instability, and even oscilla-
tion. We may illustrate these two possible modes of operation con-
veniently with the aid of a Brillouin diagram, which is simply a plot of
the phase-shift characteristics of the circuit as a function of frequency.
The Brillouin diagram conveniently displays both the phase velocity and
group velocity of the structure as a function of frequency. We recall that
the phase velocity is given by

. 4.59
v = (4.59)

while the group velocity, which is the velocity of energy propagation, is
given by

_dw

=9 (4.60)

2]
Thus on the Brillouin diagram the phase velocity is given by the ratio of
ordinate to abscissa while the group velocity is given by the slope of the
curve.

In Fig. 4.8 we show a possible Brillouin diagram for the traveling-
wave parametric amplifier which we have analyzed in some detail. We
recall that for operation at maximum gain we must simultaneously
satisfy the two relations

w + w = w3, B1 + B = Bs. (4-61)

We may indicate this relation graphically on the Brillouin diagram by
insisting that the points of operation at signal, idler, and pump frequencies,
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together with the origin, must form a parallelogram. That is, we must
vectorially add the points corresponding to signal and idler to obtain
the point corresponding to the pump. This restriction will indicate very
quickly what the bandwidth capabilities of the device can be. It is obvi-
ous that the circuit of Fig. 4.8 is broadband, for we may change the signal

Frequency —»

Phase shift per section —»

Fig. 4.8. Brillouin diagram of a broadband forward-wave para-
metric amplifier.

vector to a new position along the line forming the locus of the propaga-
tion characteristics of the structure, and still find a new idler vector
along this same locus which adds vectorially to the original pump vec-
tor. Fig. 4.9 shows another example of this same mode of operation which
is not broadband, for here the pump frequency must be changed when the
signal frequency is changed in order to arrive at a condition satisfying
the vector addition requirement.

T :
oy fy
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.Phase shift per section —»

Fig. 4.9. Brillouin diagram of a narrow-band forward-wave para-
metric amplifier.
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Phase shift per section —»

Fig. 4.10. Brillouin diagram of a broadband backward-wave
parametric amplifier.

In Fig. 4.10 we show another mode of operation closely related to
the one we have studied above. Here the signal and idler circuits use
so-called backward waves; waves which have group and phase velocities
in opposite directions. Since energy propagation is in the same direction
for signal and idler, we would expect no regeneration of the type leading
to oscillation. This mode can also be broadband if the Brillouin diagrams
of the signal and idler circuits are approximately parallel lines.

Another possible mode is shown in Fig. 4.11. Here we have signal
and idler energy propagation in opposite directions, hence instability is
possible. The device is also narrow-band as is indicated the vector addi-

Frequency —»

Phase shift per section —>

Fig. 4.11. Brillouin diagram of a regenerative traveling-wave
parametric amplifier.
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tion test. This mode could be used in the construction of a tunable
amplifier since synchronism could be maintained over a wide range of
frequencies merely by changing the pump frequency.

4.3 Some Large-signal Properties of the Two-port Negative-resistance
Parametric Amplifier

The method of analysis which has been used to this point has em-
ployed the assumption that the signal level is small compared to the
pump level. With this assumption it is possible to separate the pump and
signal circuits. At the pump frequency the effect is simply one of changing
capacitance with any mixing effects due to the signal circuit ignored.
This changing capacitance is then treated as a linear time-varying
capacitance at the signal and idler frequencies. With the circuit reduced
to such a linear approximation it is impossible to predict what happens
to the amplifier performance when the signal level becomes significant.
However, by taking a somewhat different approach it is possible to
obtain some large-signal properties without any additional mathematical
complexity. This method was briefly discussed in Section 1.3 as the so-
called large-signal approach. Let us apply this method to the analysis of
the negative-resistance parametric amplifier.

For convenience as well as variety we will analyze the shunt version of
the two-port negative-resistance amplifier. This type of amplifier is
essentially three parallel-resonant circuits placed in series with a non-
linear capacitance, as indicated in Fig. 4.12.

in(D G L €3

1l
9
8

—

i13<T> Ges L, § Cs1~ Gy

Fig. 4.12. Equivalent circuit for the large-signal analysis of the
negative-resistance parametric amplifier.
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One circuit is resonant at w(w; = 2xf)), the signal frequency; one
at w,, the idler frequency; and one at w3, the pump frequency. For re-
generative gain at w,, the three frequencies must satisfy the usual re-
lation

o+ @ = w. (4.62)

It is assumed that all resonant circuits are high-Q so that significant
voltages are developed across them only at frequencies close to their
resonant frequencies. Input power sources are indicated at the signal
frequency and the pump frequency by constant-current generators and
associated-shunt conductances.

The defining relation between current and voltage which will be
used in this analysis is as given in Eq. (4.63).

. _dg _dgdv _ v
s wa- Wy (4.63)
where C(v) = dg/dv.

As will be shown in Sec. 5.1, the small-signal dynamic capacitance,
C(v), is directly applicable to the case of the back-biased semiconductor
diode where the capacitance as defined and measured is C = dg/dv. For
the planar abrupt-junction diode, for example, '

Cl) = 00(1 - g)_m. (4.64)

It is assumed that the voltage across the nonlinear capacitor consists
of a d-c bias voltage, V,, and of r-f voltages at frequencies w;, ., and
ws. Assuming that the r-f voltages are small compared to the bias voltage,
we can expand the quantity C(v) in a Taylor series about V, and retain
only the first few terms.

aC (Vo) . +13¢C(V0)
v T g g

C(w) = C(Vo) + (90 + <+ (4.65)
It should be noted that in this expansion no assumption is necessary
regarding the magnitude of the voltage at the pump frequency relative
to the voltages at the signal or idler frequencies. However, the analysis
is still mathematically a small-signal analysis since the restriction is
made that v,, K V,. '

First-order Effects

The first term of Eq. (4.65) is a constant linear capacitance and does
not contribute to any large-signal effects. The second term yields the
mixing effects which result in parametric amplification, while the third
term contributes an effective capacitance whose magnitude is a func-
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tion of the magnitudes of the voltages present across the capacitance.
To facilitate the analysis the approximation is made that this last
term of Eq. (4.63) may initially be neglected and introduced later as a
perturbation. The mixing effects can then be shown to be equivalent
to the introduction of additional admittances in the circuit as indicated
schematically in Fig. 4.13. These admittances are calculated by evaluat-
ing the current flowing through the capacitor with the aid of Eqs. (4.63)

@and (4.65), assuming that the only voltages present are at frequencies
wy, wy, and w;. The resultant current at a particular frequency is then
divided by the assumed voltage at that frequency, giving an effective
admittance.

W® [ v [D]va= in(D Y] v [0 [Va=

H(Va) ftVh)

(a) Equivalent circuit at signal frequency (b) Equivalent circuit at pump frequency

Fig. 4.13. Effective equivalent circuits at signal frequency and
pump frequency.

The admittance at the signal frequency introduced by parametric
mixing is seen to possess a negative real part (i.e., a negative conduc-
tance). At the pump frequency, however, a similar admittance is intro-
duced which possesses a positive real part. This is of course to be ex-
pected from simple energy considerations as stated by the Manley and
Rowe relations: the power introduced at the signal frequency (produced
by the negative conductance) is derived from the pump power (ab-
sorbed by the positive conductance), these two powers having a ratio
equal to the ratio of their respective frequencies. The signal circuit and
the pump circuit are thus inevitably related; and it is this interrelation
which produces a first-order Saturation effect

How this interplay of admittances causes saturation can be seen by
again referring to Fig. 4.13. The gain of the device at w; depends on the
magnitude of the negative conductance at w;, which in turn depends on
the magnitude of the pump voltage V;. If V; were to decrease only
slightly under conditions of high gain, the gain would drop appreciably.
Referring to the schematic circuit at ws shown in Fig. 4.13, it is seen that
with a constant available pump power (constant i,), the voltage V;
will indeed drop as more admittance is introduced to the circuit through
the presence of voltage V,. Hence, the gain of the parametric amplifier
will decrease as the signal level increases; that is, the amplifier will
exhibit saturation effects.

(/\/lqa N

Ay 7
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The effective conductance introduced in the signal circuit at reso-
nance by the action of the nonlinear capacitance is given by the following
expression.

K2P
G = intinialiult (4.66)
Gn wme2P(wl) 2
G, [G" T T 4GmG ]
where K = aC(V,)/dv,

P, = available pump power,
P(w) = power output at w,

Gr; = G, = total circuit loss at w,,

Grs = Gy + Gs.

With the aid of Eq. (4.66) for the effective negative conductance, it
is now a straightforward matter to obtain the power gain of the amplifier
under conditions where the signal power level is significant. '

Defining transducer gain as the ratio of power output to available
power input, the following expression is obtained:

g = 4G, (4.67)

(6~ ETer@T)
(1 + aP(w)F
where g = transducer gain,
Gr1 = G, + Gy + G = total circuit loading at w,,
G, = small-signal value of negative conductance,
= (w:K*GysP,) / (GraG%;),
a = (wwK?) /(4G GroGrs).

A plot of Eq. (4.67) for a constant value of @ and several values of
small signal-gain is shown in Fig. 4.14. It is useful to define a quantity
which will be called the saturated power output. A convenient definition
is that value of P(w;) at which aP(w,) =1. For this value of P(w) the
negative conductance is decreased to } its small-signal value, at which
point the power gain is always less than 2.5 db, regardless of the value
of the small-signal gain. Using this criterion for defining the saturated
power output, the following result is obtained:

4G .G 1:G,

o = kT

(4.68)
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Fig. 4.14. Some theoretical first-order gain-saturation curves.

To achieve a high saturated power output, we thus see that it is desirable
to do the following: ’

1. Load the circuits heavily.
2. Decrease the degree of nonlinearity, K, such as by increasing the
reverse bias on a semiconductor diode:

An increase in saturated power output, however, is accompanied by a
corresponding increase in the pump power required for a given value of
gain as well as an increase in noise figure. To see this, consider Eq. (4.67).
For a given value of small-signal gain, the negative conductance will
be some definite fraction of G, the total passive circuit loading at w.
Therefore, we can write the relation:

G = bGn (4.69)

where b is a parameter ranging from zero to one, corresponding to condi-
tions of no gain and oscillation, respectively. Using (4.67) and (4.69),
we can solve for the available pump power, P,, required to give a speci-
fied value of small signal-gain by setting P(w;) = 0.

_ bG1Gr:Grs (@)
w1w2K2 G,,s )
The ratio of the saturated power output to the required available pump

power is a quantity of some interest. For cases of interest, b = 1, this
ratio becomes

P, (4.70)

P,  wGnGrs

Psat 4 lelG(ﬁ_ (471)
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Operation As an Oscillator

As the pump power supplied to the device increases, oscillation will
occur. It is of interest to determine what limits the level of the resulting
oscillation. Again, Eq. (4.67) can be used to yield a first-order approxi-
mation to the answer. The condition for oscillation at resonance is

G = Grl (472)

Under this condition, Eq. (4.67) can be solved for the resultant power
output, P(w).

4GnG K'G,s  \M2
P(w) = —" ;[(“"(‘;;G””’ P,) - Gm]. (4.73)

The physical explanation of the existence of such a first-order limit on
the oscillation level is similar to that used to explain saturation: The
pump produces a voltage resulting in sufficient capacitance swing to
cause the effective negative conductance to equal (or momentarily
exceed) the total positive conductance at the signal frequency. The
thermal voltages present start a buildup of oscillation, but as the oscilla-
tion increases, the effective negative conductance decreases because of
the same interaction between signal and pump described earlier. As a
result, the oscillation will reach an equilibrium value which is sufficient
to cause the negative conductance to precisely equal the positive conduc-
tance.

Second-order E ffects

The foregoing analysis would explain most on-resonance, large-signal,
steady-state phenomena of the cavity-type parametric amplifiey if the

capacitance variation were linear ortional to the pump voltage. In
practice, however, the relation between capacitance and volt is
usually not a linear one. Because of this nonlinearity, it is necessary to

examine the next term in the Taylor series expansion, Eq. (4.65). Under
<the assumption that wi, w,, :?::3 are the only frequencies at which

significant voltages are produced, hnalysis shows that the effect of this
term is o introduce an additiefial capacitance into each of the tuned
circuits| The value of this capacitance is a function of the magnitude of
the voltages present across §This effect is analogous to the shift in d-c
bias across a nonlinear resistor (such as a diode or vacuum tube) due to
the presence of an a-c voltage. The magnitude of this capacitance is
given by the following relation:
_10*C(Vy)

Ci= 3o GVI+ Vi+ VD) W\%q (4.74)

where V, is the magnitude of the voltage at frequency w;.
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The effect of this capacitance is to gééne the resonant circuit® If
high-@Q circuits are used in the device, the €ffect can be quite pronounced,

causing saturation at power levels lower than predicted by the first-order
analysis. To compute the magnitude of this detuning capacitance, it is of
some assistance to evaluate the voltages present in terms of the available
pump power and signal power output. A somewhat tedious algebraic
computation yields the following result.

s

vt @KGuP@)P,
GGl [Gm + ————‘“2“’155;“")]2

yi— — 3GaPs (4.75)
O+

A plot of a typical variation in circuit voltages as a function of power
output for an experimental microwave parametric amplifier is shown in
Fig. 4.15. It should be pointed out that in practice the use of Eq. (4.74)
is difficult and laborious. It is laborious because a trial and error pro-
cedure is necessary: the amount of detuning capacitance present de-
pends on the magnitude of the voltages present, and conversely the
magnitude of the voltages depends on the amount of detuning capa-
citance present. In addition, the voltages present depend on the power
output, which is in turn dependent on the amount of detuning present.
However, Eq. (4.74) is useful in estimating to what extent detuning
capacitance is a factor in parametric amplification. The concept of
detuning capacitance itself is also useful in helping to qualitatively ex-
plain experimental results.

20
) _____Y—%——— /
210 \ — —
5 ~ Vi _—+—
: e
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Power output at w,— Mw

Fig. 4.15. Typical variations in circuit voltages with change in
power output.
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4.4 Harmonic Generation by Nonlinear Reactance

The subject of harmonic generation is in a sense out of place in a book
on amplifiers. From a practical standpoint, however, the consideration
here of harmonic generation by nonlinear reactance is appropriate for at
least three reasons:

1. The methods of analysis are quite similar to those used in the
analysis of parametric devices.

2. Harmonic conversion by this method provides a means of con-
structing an all-solid-state pump source for parametric devices.

3. Such harmonic generation appears to be an important method of
generating moderate amounts of microwave power efficiently and
reliably from a small all-solid-state package.

It seems reasonable that harmonic generation by nonlinear reactance
should have high efficiency, for a perfect reactance can only transfer or
store energy.

Indeed, it can be shown from the Manley-Rowe relations that the
efficiency of generation of any harmonic can approach unity. For exam-
ple, let us assume that we have a perfect nonlinear reactance with power
flow allowed only at the fundamental frequency, f, and the nth har-
monic, nf. The Manley-Rowe relation, Eq. (1.9) then becomes

P, nP,
— +

= (4.76)
fn
where P, = power flow in at f,
P, = power flow in at nf.

Therefore

P,

— = -1 4.77

P (4.77)

which indicates a conversion efficiency of 1009, regardless of the order of
the harmonic involved.

In practice, however, power flow at unwanted frequencies, and the
inevitable loss of realizable circuit elements, will reduce the efficiency.
It is desirable to have a suitable theory for harmonic generation to in-
dicate how much conversion loss we can expect in a given circuit when
semiconductor diodes are used as the nonlinear reactance.
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An approximate solution for the conversion loss of a nonlinear
reactance harmonic generator is not too difficult to obtain, provided we
restrict ourselves sufficiently. Even though high efficiencies can be ex-
pected in many instances, we will use a small-signal analysis in order to
keep the mathematics under control. Experimental results indicate that
the error involved will normally be small in designs of practical interest.
We will start with the fundamental equation for current:

_dg _dgadv
T odt dv dt
dv
= C(v) = (4.78)

We will assume that the a-c voltage is composed of a large fundamental
voltage, v, and small harmonic voltages, v.. With this assumption we
can expand the capacitance function, C(v), in a Taylor series about v;:

dC
C(v) = C(v) + N (n)ve + <--. (4.79)
We can also write the identity
dC dC dv
@i (4.80)
therefore,
dC
— (n)
dc dt
— () = (4.81)
df) dv
Et- (1)
Substituting Eqs. (4.81) and (4.79) into Eq. (4.78), we get
. dn | dv, dC(n) [ dvz/dt]
i = C(n) [dt + dt] + TE 1+ dor/dl + .- (4.82)

To obtain linear equations, we assume that dv,/dt/dv,/dt is small
compared to unity. With this approximation, the expression for current
becomes

i @] +4e@ (4.83)

1= Cl [_di ta dt
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In the evaluation of Eq. (4.83) we will use exponential representa-
tions. Let

v = Vle;'wlt + Vl*e—fwll’ Vl = Vl*

fed
Vg = E Vet et

ne=_—co

*+1

C(n) = C E Yneimelt, In = VY-

Re==—0

i= 3 Temw, : (4.84)

N==—a:Aa0 .

Substituting these values into Eq. (4.83), we obtain the following ex-
pression for the nth harmonic current:

In = ijOE‘Yn_.l - ‘Yu+1:|V1 + jano k-z_: 'Yn—ka- (4.85) :

F+1

From this equation we can construct an admittance matrix which will
describe the small-signal harmonic generator. Before carrying the analy-
sis further, let us assume that our circuit is so constructed as to allow
significant voltages to exist across the capacitor only at the fundamental
and nth harmonic. This is a reasonable assumption for many practical
circuits, since the diodes will be of relatively high Q. With only V, and
V. not equal to zero, we can then obtain from Eq. (4.85) the following
equations for I; and I,:

I, = jwCo[1 — %2]V1 + jwCoyn1Va
I, = jwCo[¥a1 — Yat11V1 + jnwCoV,. (4.86)

In matrix notation we have,

I 1] . [ 1 — Yn—l][ Vl]
= jwC . 4 .87
[I n oo Yn—1 — Yn4l n Va ( )

This matrix represents the admittance of the lossless, small-signal har-
monic generator. We will approximate the effect of series loss by inverting
the admittance matrix and by adding a series resistance. The lossless
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inverted matrix equation is:

V. [Zu le][Il]
= : 4.88
[Vn] Zyn Znlll. (4.88)
n
where Zy = - CD’
- Y1
Zn = jwCoD’
_ __'Yn—l = Yn+l
) Zzl ja}Co,D )
11—
Loy = ——
27 jwCoD’
D =n(l — v) — Ya1(¥na1 — Yn41), .
=n(l — ys).
XTl _/={/- XT’I
C R,
R

Eta Filtezl Ry

Fig. 4.16. Circuit model for harmonic generation.

The circuit model for Equation (4.88) is shown in Figure 4.16. We can
now write down the transducer gain for this circuit as

_ 4R,Ri| Zu |*
9 = 1 (Zu + Zr) Zn + Z1w) — ZuiZa [P

Substituting the matrix values we have,

Yn—1 — Yni1 2 1
4R"R‘( 1 — v ) (nwCo)?

___1— 1 Yuo1(Yno1 = Ynt1) 1 2
!(iwCo(l — 72) + Zn)(f“mCO + ZTn) + (1 — v2)? (nwCy)?

(4.90)

(4.89)
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Now, let us assume that we impose the tuning conditions

1 1

Xn=——F717—"< d Xr. = .
t wCo(l - ‘Yz) an T ano

(4.91)

Further, let us assume that all circuit loss, exlusive of source or load
resistance, is series loss associated with the nonlinear capacitor. There-
fore,

RTI = Rg + R. &nd RT" = Rl + R.

Equation (4.90) then becomes

Y1 — Yana)? 1
4R°Rl( 1 — 7 ) (nwCo)?
gt = . (4.92)

'Yn—l(‘Yn—l - 7n+1) 1 ]2
[+ R (i 4 Ry + 220 o)

We can maximize the gain by choosing the proper values for the source
and load resistances. A little calculus will show the values to be

R, = Ri = R\/1T +7Q.2 (4.93)

— 'Yn—l(‘)’n—l - ‘Yn+1)
(1 — 7v9)?

where ¥?

and
1
" nwCoR,

Qn

Substituting this optimum value into the expression for transducer gain
we get, after some manipulation,

—_ o2() 2
_ Yn—1 Yn+1 Y Qn (494)

= L O+ VIt7Q.:F

Notice that as we allow the loss to approach zero (by making Q larger),
the transducer gain approaches unity. That it will never quite reach unity
may be attributed to our initial small-signal approximations.

Using computed values for the capacitance Fourier coefficients, we
can readily obtain curves which show how much loss can be expected in
harmonic generators using semiconductor diodes. The actual capacitance
Fourier coefficients for the sinusoidal pumping of such semiconductor
diodes are presented in Sec. 5.1. Here we will merely make use of these
results in order to obtain the desired design curves. In Figs. 4.17 through
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4.20 we show curves of conversion loss as a function of diode @ at the
fundamental frequency for various harmonics using both abrupt-junction
diodes and linearly-graded junction diodes. The parameter a is the ratio
of a-c voltage amplitude to d-c bias (including contact potential). The
maximum value of a cannot at this time be stated precisely; however, a
combination of theory and experiment indicates that a < 0.98 is ap-
propriate. Notice that these results indicate that an abrupt-junction
diode will have a somewhat better conversion efficiency than a diffused-
junction diode. This assumes that such diodes have capacitance varia-
tions as noted on the figures. In practice these diodes are driven into
forward conduction where the so-called diffusion capacitance may be-
come important. The difference is often small, however, and a small im-
provement in diode @ will often be sufficient to compensate for this
predicted difference in conversion efficiency.

Several useful conclusions may be drawn from Figs. 4.17 through 4.20.
One is that for efficient generation, particularly at the higher harmonics,
diode and circuit @’s must be quite high. It should be noted here that the
generation of higher harmonics with this type of circuit is best accom-
plished in stages. As an example of this, let us assume that we wish to
generate the sixth harmonic with an abrupt-junction diode of @ = 100
at the fundamental frequency in circuits having negligible losses. Figs.
4.19 and 4.20 show that if we go directly to the sixth harmonic we should
expect a conversion loss of 15.5 db when a = 0.90. If we choose to
double and then to triple with two diodes of same quality used in the
previous example, we find a conversion loss of 1.8 db in doubling, and
4.5 db in tripling (Q = 50 for the tripler), which gives a total conversion
loss of only 6.3 db, an improvement of 9.2 db over the single-stage con-
version efficiency. If we triple first and then double, we get even better
efficiency: only a 5.4-db conversion loss. This is an order of magnitude
improvement over the single-stage conversion efficiency.

4.5 Other Parametric Devices

There are many parametric devices in existence other than those
treated in the previous sections, and the number is certain to increase
greatly with the passage of time. It would be a hopeless task to attempt
to include full treatments of all the devices which have been built or
proposed ; on the other hand the techniques and results already at hand
are sufficient to enable one to analyze the large majority of these devices.
The intent of this section will be to discuss briefly several such para-
metric devices and to point out how the methods previously used can be
employed in their analysis.
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Four-frequency Parametric Devices

One can conceive of innumerable complex parametric amplifiers with
power flow allowed at various frequencies other than the usual sum and
difference frequencies encountered in the operation of up-converters and
negative-resistance amplifiers. While these may be of some interest,
devices of significantly greater interest can be obtained by simply com-
bining the up-converter and negative-resistance amplifier to obtain so-
called four-frequency devices. These devices allow power transfer among
four frequencies: the signal frequency, w;; the difference frequency, w.;
the pump frequency, ws;; and the sum frequency, w,. Without resorting
to any mathematics we can deduce some of the important properties of
this device. We would expect, for example, that the conversion gain from
w; to w, could be greater than w,/wi, since the power dissipation at the
difference frequency introduces a negative resistance at the signal
frequency, causing regeneration. On the other hand we would expect that
the stability of such a converter would be better than that of the negative-
resistance amplifier since power dissipation at the sum frequency intro-
duces an effective positive resistance.

The appropriate Manley-Rowe relation for this situation is

2y 2o oy (4.95)

Recalling that the sign convention is such that positive power is power
flowing info the nonlinear reactance, we have that the power gain be-
tween w; and w, is

P 4 W4 P 22

Ju = ——/— =

Pl w1 lel.

(4.96)

P, will be positive since we are supplying energy (the signal) to the
reactance at w;. If we have a passive resistive termination at w,, P, will
be negative. Therefore we see that the gain is indeed increased by the
presence of dissipation at f;, which is the condition for regeneration.

To compute the gain of this parametric device we can use the small-
signal matrix, Eq. (1.31). Note that in this case the second harmonic of
capacitance variation is important. The physical reason for this can be
illustrated with the aid of Fig. 4.21. Here we show the significant fre-
quency spectrum, together with a dotted line reminding us of a second-
harmonic component of the capacitance variation at w;. For convenience,
we will artificially divide the amplification process into two phases: one
due to the capacitance variation at w; alone, and one due to the capaci-
tance variation at 2w; alone. The former gives rise to up-conversion gain
and regenerative gain, as has just been discussed. For the second phase
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of amplification, let us ignore the signal frequency and the capacitance
variation at w;. What remains is seen to be simply another negative-
resistance amplifier pumped at 2w;. (The fact that there is no resonant
circuit at 2w; is of no concern since it is only the capacitance variation
which is significant, not any voltage or current which might be present
at 2ws.) This second negative-resistance parametric amplifier will pro-
duce additional gain, hence it must be considered whenever the non-
linear reactance is such that a significant second harmonic component
exists. A glance at Figs. 5.4 and 5.5 will show that when semiconductor
diodes are used as the nonlinear reactance significant second harmonic
will be present.

Many different devices can be constructed using this four-frequency
principle. We can consider, for example, amplifiers at w1, ws, or ws, as well
as up-converters and down-converters. In some cases interesting combin-
ations can be formed by cascading two or more different devices!.

Amplitude

2
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|
|
|
|
|
|
!

N AN

fy Iy fe
Frequency

Fig. 4.21. Frequency spectrum of a four-frequency parametric
amplifier.

Harmonic Pumping of Parametric Devices

It was pointed out that pump power supplied to a parametric de-
vice need not be at the effective pump frequency if harmonic capacitance
components are present. For example, suppose we have a negative-
resistance parametric amplifier with signal, idler, and pump frequen-
cies w1, wy, and w3 = w; + wp. In practice, it is not necessary that we
supply pump power to the amplifier at w;, for we can alternatively
supply power at w3/2 and rely upon the second harmonic of capacitance
to give us our effective pump at w;. No change in any of the small-signal
analysis is needed for such harmonic pumping; we need only remember
to use the correct value of y appropriate to the harmonic being used.
Since the harmonic components of capacitance for a given value of a
decrease with increasing harmonic number, the optimum harmonically-
pumped amplifier can theoretically never have as good a performance as
the corresponding amplifier pumped directly.
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Parametric Limiting

The negative-resistance parametric amplifier has a definite threshold
characteristic since it will suddenly break into oscillation as the pump
level is increased. This phenomenon can be used to build a passive
limiter, where the signal being limited is the pump supplied to the
amplifier. Such a device could consist of a conventional one-port nega-
tive-resistance parametric amplifier with the pump circuit modified so
as to have external loading. This loading will represent the output of our
limiter, with the input of the limiter being the conventional pump input.
If we introduce no signal into the amplifier at w; or wy, the presence of
the nonlinear capacitance in the pump circuit will produce only a con-
stant load independent of pump power, whenever we stay below the point
of oscillation (neglecting detuning effects and the presence of noise
voltage). It therefore follows that in this region the output of our limiter
will be directly proportional to the input. As we continue to supply pump
power however, the effective negative resistance will increase until the
point of oscillation will occur. At this point the loading of the pump cir-
cuit will change since the power at w; will increase from noise level to
oscillation level. As the pump power is further increased, the effective
loading will increase. This additional loading represents pump power
which is being parametrically converted into oscillation power at w; and
we. The consequence of this increasing loading is to tend to stabilize the
output power of our limiter as the input power is raised above the oscilla-
tion point. The ideal and actual characteristic of one such limiter*® is
shown in Fig. 4.22. To control the power at which limiting occurs we
need only control the external loading at w; and w; as is indicated in Eq.
(4.70).

Another type of parametric limiter is possible. This limiter is again
essentially a negative-resistance parametric amplifier, except that now

12

Tideal” imiter
: S

e 8 /, 47
g,

§ Js
§ 0 3%

[4] 4 8 12 16 20 24 28
Peak input power (DBM)

Fig. 4.22. Ideal and actual characteristics of a passive parametric
limiter (after Wolf and Pippen).
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wy is the signal to be limited. The mechanism of limiting is precisely the
same as described in the section on gain limiting. To avoid the straight-
through transfer of signal power which will occur above gain saturation,
this limiter is operated as a frequency converter with the output taken
at w;. To come back to w,, a second down-converting negative-resistance
stage can be used with additional limiting. This type of limiter has the
advantage of giving gain as well as limiting, but has the disadvantage of

requiring a separate pump for operation. The experimental characteristic
of such a limiter is shown in Fig. 4.231°2,
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Fig. 4.23. Measured saturation characteristics of a parametric
limiter (after Olson and Wade).

A Possible Frequency Stabilizer or Q Multiplier

We can use the oscillation characteristic of the negative-resistance
amplifier in yet another fashion. One condition for oscillation which we
have more or less ignored is the phase relation involved. From Eq. (3.49)
we can see that the condition for oscillation is

‘y2
Z Zn = . 4.97
ut Zn wiwy(Ze + Z12¥) (4.97)

Employing the high-Q approximation of Eq. (4.97), we can express
this as

) ?/wwe v? )
Rri(1 + 526,Q)) = —— ~ 1+725Q,). (4.98
(1l + J 1Q1) Rra(1 — j26:Q0) ool (14 J 2Qz2) ( )
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Equating the real and imaginary parts of Eq. (4.98) we arrive at the
two conditions for oscillation:

2
Rn=——, 6@ = &Q (4.99)
wweRrs

For convenience let us assume that we are pumping at the correct
frequency so that oscillation is occuring at w; and w; at precisely the
resonant frequencies of the tuned circuits. Therefore & = 8, = 0.
Now let the pump frequency change from w; to w3 + Aw. The oscillation
frequencies must also change, say to w; + Aw; and w2 + Aw,. We still
must maintain the relation

ws + Aw = wn + Awr + w2 + Awy (4.100)

therefore

Aw = Aw; + Aws. (4.101)
We also have the relations

A A
o= 2 gy = 2 (4.102)
w1 w2

Using Eq. (4.99), (4.101), and (4.102), we can solve for Aw; in terms
of Aw.
w

o+ @ (Q/Qs)’ (1109

Of more interest is the fractional change in frequency. Rearranging, we
have

Aw1 = Aw

Awy _ Aw w1 + wo

= — . 4.104
w1 ws w + wz(Ql/Qz) ( )
For any net “frequency stabilization’ we thus require that
o + wy < w4 w2(Q1/Q:) (4.105)
or therefore
Q1 > Q.. (4.106)

This inequality can be satisfied by the addition of external loading to
the “idler”’ circuit, and only lightly loading the signal circuit. As an ex-
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ample, assume w; = 2w; and Q, = 20Q.. Then Eq. (4.104) becomes
Aw1 Aw

— = 0.073 —. (4.107)
w1 w3
[n]
Y Pump
Non-degenerate k 3 fl ~ ['
parametric +—m—>
oscillator -

Fig. 4.24. A possible parametric frequency stabilizer.

In Fig. 4.24 we show a hypothetical arrangement for using this
principle to increase the frequency stability of a signal. The input signal
is used as the pump of a negative-resistance oscillator tuned so that

w2 = 20)1. (4108)

A small amount of power is removed at w; and tripled. The result is a
signal approximately equal to the input signal, but with increased sta-
bility. In practice this increased stability might not be easily realized,
however, because of detuning effects caused by amplitude variation.
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Semiconductor Diodes

We have thus far tacitly assumed the existence of a nonlinear capacitor
characterized by a @ and a quantity called ¥ which was defined as the
fractional change in capacitance due to the pump voltage. Until the
discovery that a back-biased p—n junction could be made to perform as
an almost ideal electronically-variable capacitor even at microwave fre-
quencies, discussions of parametric amplification remained largely
academic. Since semiconductor diodes have been and are likely to remain
the heart of most parametric amplifiers, this chapter will present a brief
discussion of the theory of their operation, the influence of semicon-
ductor properties on their performance and techniques for measuring
their quality.

5.1 Elementary Theory of p-n Junctions

It would perhaps be in order before beginning a discussion of semi-
conductor diodes to review in a qualitative way the physics of a p-n
junction. A physical picture of the processes involved will be quite help-
ful. The reader, however, may want to refer to one of the many excellent
books on semiconductor physics or transistor technology for a more de-
tailed and quantitative treatment of this important subject.

Electrons in all crystalline solids may, as a consequence of certain
quantum-mechanical principles which need not concern us here, be

122
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identified with energy bands within the crystal. There are three types of
energy bands: empty, partially filled, and completely filled. The regions
between these allowed bands are energetically forbidden to the electrons.
The highest occupied band may, therefore, be either partially filled or
completely filled. The former is called a conduction band because when
an external electric field is applied, these electrons are free to drift,
creating an electric current. In the highest completely filled band, known
as the valence band, there can be no net flow of electrons in an electric
field and consequently no current. If the highest occupied band is a
valence band, the material is either an insulator or a semiconductor. A
semiconductor differs from an insulator in the energy required to elevate
an electron from the valence band across the energy gap of the forbidden
region to the conduction band. In an insulator, this gap may be several
electron volts so that at room temperature virtually no electrons may
make this transition. In many semiconductors this gap is less than an
electron volt, so that there is a high probability that thermal agitation
will elevate sufficient numbers of electrons into the conduction band
to make the material a fair conductor. This qualitative description
predicts, for example, that the resistance of a semiconductor decreases
with an increase in temperature while it is well known that the resistance
of normal conductors increases with temperature.

In the intrinsic semiconductor described above, there are two pro-
cesses which contribute to the conduction of current. The first is the
normal drift of the electrons in the conduction band when an electric
field is applied, and the second is the drift of positive charge carriers
(called holes) in the now incompletely filled valence band. In the in-
trinsic semiconductor referred to here, for every electron that enters
the conduction band, a hole is created which moves in a direction oppo-
site to the electron under the influence of the applied field (not neces-
sarily, however, with the same average velocity). This phenomenon of
having two kinds of carriers is responsible for many of the unique and
highly useful electrical properties of semiconductors.

Elemental semiconductors such as silicon and germanium, with a
valence of four, and some of the III-V intermetallic compounds have
found the widest application in semiconductor devices. Let us consider
now the effect of adding an element of valence five such as arsenic or
antimony to a pure semiconductor such as germanium. Let us assume
that the impurity concentration is small, say one part in 10° so that the
band structure of the original perfect semiconductor remains essentially
the same. The effect of the impurity atoms is to introduce new energy
levels in the forbidden region near the conduction band. At room temper-
ature these impurity atoms are easily ionized, giving off an electron
to the conduction band and leaving behind a fixed ionized positive charge.
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Here we have one important difference between the intrinsic semicon-
ductor discussed previously and the impurity semiconductor considered
here. In the impurity semiconductor no hole is created when an electron
moves into the conduction band, but rather a fixed charge which cannot
contribute to conduction is produced. The impurities mentioned above
donate electrons and hence are called donor impurities. Since electrons
are primarily responsible for the conduction process, the material is
called n-type. Even for small impurity concentrations the electrons far
outnumber the holes and are therefore sometimes called majority carriers.

When an impurity of valence three such as gallium is introduced into
a germanium crystal, impurity levels near the valence band are created.
These acceptors as they are called have an affinity for electrons and at
normal temperatures, electrons are thermally excited from the valence
band, becoming attached to these impurity centers. Fixed centers of
negative charge within the lattice are thus created, leaving hole carriers
within the valence band. This type of semiconductor is called p-type.

Although p-n junctions in practice are not formed in this manner, let
us visualize what would happen if two pieces of semiconductor, one of p-
type the other of n-type, were brought into intimate contact. We would
expect that upon contact electrons would diffuse from a region of high
concentration (n-type material) to the region of low concentration (p-
type material). Similarly, holes would diffuse from the p-region into
the n-region. Remembering the presence of the fixed positive charges of
the donor impurities in the previously neutral n-region and the negative
acceptor impurities in the p-region we can see that as the diffusion pro-
ceeds, an electric field is set up at the junction which retards and finally
stops the diffusion of charge carriers across the junction. After this
equilibrium is established, a narrow region called the depletion layer is
left at the junction which is swept completely free of carriers by the
electric field. We now have all the essentials of a parallel-plate capacitor,
with the depletion layer forming the separation between two conductive
regions.

If a small reverse bias voltage is now applied across the junction, the
electron distribution and the hole distribution will be pulled in opposite
directions, widening the depletion layer. A small voltage of opposite
polarity applied to the junction would push the two regions together,
narrowing the depletion layer. We have then an easy means of varying
the width of the depletion layer and consequentially the capacitance of
the junction.

The discussion above gives a fairly accurate physical picture of how a
p-n junction behaves as a voltage variable capacitor. It would be useful,
however, to have a more quantitative relationship between the voltage
across a junction and its capacitance for the several types of impurity
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distributions. Such information is necessary in order to predict how this
and other properties of the semiconductor influence the quantity v.
There are two fundamental types of impurity distributions which are
characteristic of most p-n junctions. They are the abrupt or step junc-
tion and the linearly-graded junction. The former is a good approxima-
tion to the impurity gradient of an alloyed junction. The linearly, or
uniformly-graded junction is, strictly speaking, that pictured in Fig. 5.1
where the difference in the acceptor and donor population changes
linearly with distance. Practically, however, this is very nearly the

N,

Na-Nd

n-type p-type
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Fig. 5.1. Impurity and idealized space charge distribution for a
linearly graded junction.

situation at the depletion region whether the distribution be exponential,
hyperbolic, or any smooth function of distance. To a very good approxi-
tion then this is the distribution for grown or diffused junctions.
Referring to Fig. 5.1(a) for a uniformly-graded junction in which the
impurity concentration is assumed to vary linearly with distance, we

have
N,— Nag=kzx (5.1)

where N, and N, are the excess acceptor and donor concentrations,
respectively, and k is a constant. We will further assume that the charge
density p varies linearly with distance over the depletion layer of thick-
ness d as shown in Fig. 5.1(b). Therefore

d d
= — — - 5.2
p gkz, 5 <%<3 (5.2)
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where ¢ is the elementary charge. Poisson’s equation then becomes

Td;’ =-=— (5.3)
where ¢(z) is the electric potential and e is the permittivity of the semi-

conductor. Integrating Eq. (5.3) twice and using the boundary condi-
tions,

de d
PP 0 at =z = :!:5 (5.4)
and
¢e=0 at z=0 (5.5)
we obtain
= Tz (”_’ _ f)
@ 2 \3 1) (5.6)

The total potential difference across the junction is the sum of the nega-
tive bias — ¥V and the contact potential ¢o. Equating this quantity to the

difference in potential across the depletion layer given by Eq. (5.6),
we get

b0 — V=¢|z-—d/2—¢|z-d/2
which becomes

_ gkd?
¢ —V = 12 (5.7

The total charge @ on either side of the origin may be found by inte-
gration

ka?

d/2 kx2

= — ok = 1
Q A gkx dx 5

Using Eq. (5.7) d may be found and substituted into Eq. (5.8) yielding

d/2

gk [12¢(¢o — V)]*”
==|—"]| . 5.9
o~ &2 (59
The capacitance per unit area C’ may now be found by differentiation
dQ qk ]1/3
s = | | . 5.10
¢ = oy~ lmm = (510

We have the important result then that for a linearly-graded junction
the capacitance varies inversely as the cube root of the applied bias.

An analysis similar to that given above yields for the capacitance
per unit area of an abrupt junction .

r_ _LN"_]M 511
¢ [2(¢o - V) (5.11)
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where Ng < N,. We have then an inverse square root variation of
capacitance with voltage for the abrupt junction. Differentiation will
show that for a given voltage change this relationship will produce a
greater capacitance change than Eq. (5.10) for the linearly-graded junc-
tion. This may be more easily seen by the expression of the respective
capacitance functions in Fourier series and an examination of the coef-
ficients.
Let us write Eq. (5.11) in the form
A A 1

C V ;0 + Us-c '\/V— V]- + vn-o; ; (512)
where V, is the “total” d-c bias including contact potential and
and 7=V cos«wi-the-applied-a-e-or-pump-voltage Ibwe |
Eq. (5.12) becomes

wm (7474 (1
pep G

oo A 1
VVo T+ acoswl 10 PC bios

@ Expanding into a Fourier series we get

Jf VAvee of

C=Co— Cicoswt+ Cycos2wt — C3co83up/+ «-- (5.14)

where
1 cos nx
Co = C(Vo) ; ,/:, V1 +Za %os x ‘
and > Con 75 r¢(o:(¢c’
C(VO) = /VO 0 'CL\‘ er
Figures 5.2 to 5.5 show the results of the computatlonmf theT :
citance coefficients for both the inverse square-root and the inwerse
1.7
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Fig. 5.2. Ratio of first Fourier Coefficient to d-c capacitance as a
function of a.
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Fig. 5.3. Ratio of the second Fourier Coefficient as a function of a.

cube-root variation. The normglized coefficients are plotted against a.
It can be easily seen that thq square-root variation produces greater
capacitance change for a given pump voltage swing.

Let us now consider an encapsulated semicopductor diode and the
factors which influence its performance in a parametric amplifier.

For high frequency operation it is assumed that the high reverse
leakage resistance shunting the junction capacitance can be neglected.
The package capacitance C, and inductance L are parasitics whose
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Fig. 5.4. Normalized higher-order Fourier Coefficients for an
abrupt junction.

effect can sometimes be minimized but not completely removed. They
may be in principle completely tuned out by the addition of a suitable
matching network but the reactance added to the circuit will in general
further restrict its bandwidth. Proper design of the diode package to
minimize parasitics, as will be discussed later, appears the only practical
solution to this problem short of eliminating the package entirely.

In order to determine the effect of the parasitic case capacitance of a
particular diode on the performance of an amplifier, consider the equiva-
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lent circuit shown in Fig. 5.6. This repre-
sentation which is slightly different from
that which is usually assumed was found by
careful measurement to be quite accurate
throughout the microwave region. The car-
Fig. 5.6. Equivalent circuit tridge capacitance C. was 0.4 pf and the
of parametric diode. inductance L was 0.7 nh for this diode.
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It is useful to transform the circuit of Fig. 5.6 to a series equivalent
and to neglect for the moment the inductance. We obtain then

C*R,

/ =
R (RwCCo)? + (C + C.)? (5.15)
" (wR,C)2C. + C + C
y _ Wi, c .
X w(wR,CC.)? + w(C + C.)? (5.16)
We will define Q' as
, X' @RCC.+CH+C. { L e
Y F®~ wC?R, = wBCo+ —op + —op o (517
Assuming that wRC. < 1, Eq. (5.17) becomes
' = C\ _ ofCF Cc)
o= Q(l + C) - Q( C (5.18)

where Q is the junction Q[(Q = (1/wR,C)].

We see therefore that the presence of the cartridge capacitance C.
has effectively increased the diode @ by the factor (C + C.)/C. The
capacitance variation factor C;/C, = %' has become

,_ G G G C
YECG+C  CCtC Mo+

We see then that in this example the parasitic cartridge capacitance C.
has increased the Q of the diode and decreased v, by the same factor so
that the figure of merit vQ remains unchanged.

This leaves then for our discussion the inevitable junction losses
characterized by a series resistance R,. For the usual semiconductor
diode designed for parametric amplifier applications the series resistance
is almost completely due to the bulk resistivity of the base region. The
series resistance for a simple planar structure would be

t
R, =
quNdA

where ¢ is the thickness of the base, u is the electron mobility, N4 the
donor impurity concentration in the base region, and A is the area of
the junction.

Since the junction capacitance given by Eq. (5.11) is proportional to
4, the @ of the junction is independent of area and is
1 2¢"%uNy?(¢o — V)2

- wR.C wlel/? (5.21)

(5.19)

(5.20)

Q
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at the operating bias for an abrupt junction diode. One might be tempted
at this point to define a figure of merit as the product of the Q at break-
down voltage and the ratio of maximum to minimum junction capa-
citance. The product of these two quantities might be expected to be
proportional to the quantity ¥Q and be useful as a guide to materials,
doping levels, etc. Unfortunately, the ratio Ci.x/Cmin is not directly
related to v and the value of such a figure of merit is questionable.

By inspection of Eq. (5.21), however, a material figure of merit can
be written:

uNy?
€l/?

M

(5.22)

For highly doped materials, u is related to N4 but the product pnN,!/2
generally increases with impurity concentrations. In the light of Eq.
(5.22) little can be said in favor of either silicon or germanium over each
other. However some of the intermetallic semiconductors such as indium
antimonide and gallium arsenide look particularly attractive on the
basis of these considerations.

While the Q of a planar junction may be assumed to be independent
of area, the quantity ¥y may not be when pump power is limited. For
simplicity, let us consider the case where the diode is matched to the
pump guide and all the pump power is dissipated in the series resistance.
Under these conditions the voltage developed across the junction is

9P\l2 ]
Vae = (7’3—‘) i (2PR,)'*Q. (5.23)

Two conclusions may be drawn from Eq. (5.23). In the first place,
for a given voltage across the capacitance the required power increases
as the square of the frequency. Secondly, for a given Q, a large value of
R, and consequentially a small capacitance is desirable.

5.2 Diode Fabrication

Thus far silicon, germanium, and gallium arsenide have received the
most attention as materials for parametric diodes, and it has been demon-
strated that high quality diodes can be fabricated using any of them.
Gallium arsenide has been shown to be particularly useful for extremely-
low-noise applications when operated a reduced temperatures,’®? in
spite of the fact that it is still a relatively unfamiliar material whose:
technology has not reached the point of either silicon or germanium.
Nevertheless gallium arsenide diodes are commercially available with
cutoff frequencies greater than 150 Ge (Gigacycles) at a 2V bias.
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Two fundamentally different techniques have been used successfully
to construct high frequency parametric diodes. They are sometimes
called the mesa and the point contact methods. In the first, a wafer which
has been properly doped either n- or p-type is subjected to a diffusion
which forms a region of the opposite type near the upper surface. A small
area is masked in some fashion and the remaining surface etched away
forming a mesa structure with the junction near its base. This technique
has the advantage that the abruptness of the junction, which has been
shown to significantly affect the microwave properties of the diode, can
be varied over wide limits. In addition the size and geometry of the
junction can be carefully controlled. After the mesa has been formed,
the wafer is mounted in a suitable microwave package. Contacting
the mesa is often accomplished by providing a flexible diaphragm on
the end of a stud and carefully bringing this in contact with the mesa.

The second and somewhat simpler method for producing parametric
diodes is to form the junction with a metal contact. In practice, a sharp-
ened metal alloy wire is first brought into contact with a low-resistivity
semiconductor wafer. The junction is then usually formed by pulsing the
diode with low voltage a-c current and observing the d-c characteristic on
a curve tracer. The junction is formed by the diffusion of atoms from the
whisker into the semiconductor due to local heating at the point of con-
tact by the forming current. While the mechanisms involved in this form-
ing are not completely understood, the technique has been widely used
to make high quality parametric diodes and mixer diodes.

After the specification of the @ and the capacitance variation of a
diode, properties which depend on the semiconductor junction itself, the
characteristics of the package remain as the only other important con-
sideration of the circuit designer. Unlike the conventional microwave
mixer crystal, whose encapsulation has been standardized for some time,
the parametric diode package has taken a variety of forms. In general,
package designs have been evolved with the idea of keeping their physi-
cal size small and yet minimizing stray capacitance and series inductance
which, of course, play a more significant role in amplifiers than they do
in mixers.

5.3 Diode Measurement Techniques

As we have said, there are two diode Wﬂar_ interest
in the design of parametric devices: the degree of nonlinearity~of the
capacitance, and the effective Q of the diode junction. At the present time

there exists no satisfactery-method of dynamically and directly measur-
ing the nonlinearity of the capacitance under operating conditions. On
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the other hand, it is a straightforward matter to measure the small-
signal capacitance of the dion&a.ﬁm&ﬁm@ltage. From
this, o pute the Potrier coefficients of capacitange, (which
memg a siusoidal pump voltage, as was done in
1 1. This is not the ideal method, for in practice the pump

voltage cannot be directly determined, either in magnitude or in wave-
form. Such a static determination of v, however, does result in values
which appear reasonable in the light of experimental results.

The second parameter of interest, the @ of the diode junction, can be
measured under small-signal conditions. Unfortunately the @ of interest
is the effective @ under actual conditions of large-signal drive, so again we
must enlist the aid of some theoretical approximations to help us. These
approximations are that the effective series resistance remains constant
under large-signal conditions, and that the effective junction capacitance
is as given by the first Fourier capacitance coefficient Co.*

The measurement of the junction capacitance and resistance is in
theory quite straightforward, and in practice somewhat difficult. The
difficulty in measurement centers around two characteristics of the
diode: 1) The diode is of very low capacitance and high Q, and 2) The
diode is usually operated at microwave frequencies. The first characteris-
tic presents a problem in that ordinary low frequency impedance measur-
ing devices do not have the required range and resolution to determine
the Q. The second characteristic presents a problem in that the device
parameters should be measured at frequencies close to their actual
operating frequencies, thereby necessitating the use of more difficult
microwave measuring techniques.

The measurement of the diode junction @ at microwave frequencies
is most accurately accomplished by measuring the input impedance of
some fixture containing the diode as the bias applied to the diode is
varied. By suitable methods this input impedance is then converted
to obtain the actual junction impedance of the diode. To make this
conversion, we make use of the fact that at a fixed frequency an ar-
bitrary microwave network can be represented by an array of lumped
elements. For example, a “T”’ network can be used to represent such a
network, as shown in Fig. 5.7. A more useful representation is that termed
the canonical circuit by Felsen and Oliner,f which represents the ob-
served behavior of the network with a minimum number of elements.

* In a sense it 48 possible to make a dynamic measurement of the figure of merit
7@, providing we are willing to accept the validity of the foregoing analysis of para-
metric devices. For example we could build a tunable degenerate amplifier, and
determine the highest frequency at which it will oscillate without any external
loading. By Eq. (3.98) we see that at this point, vQ = 1.

t L. B. Felsen and A. A. Oliner, “Determination of Equivalent Circuit Param-
eters for Dissipative Microwave Structures,”’ Proc IRE vol. 42, pp. 477483, 1954.
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Fig. 5.7. A “T” network representa- Fig. 5.8. A canonical representation of
tion of a general microwave coupling a microwave coupling network.
network.

One such representation is shown in Fig. 5.8. Let us use this representa-
tion and place our diode junction impedance on the output of this cir-
cuit. If we knew the values of the parameters of our coupling circuit, it
would then be a simple matter to convert our measured values of input
impedance to obtain a value for the junction impedance, Z;.

The equivalent circuit of Fig. 5.9 becomes particularly convenient
when it is possible to neglect the coupling loss as represented by R; and
R,. Experiment shows that with well-designed fixtures, this can indeed
be done; in fact, one criteria for good

fixture design should be such low loss. R n %1
Using this lossless circuit as shown in =]

Fig. 5.9, we can now readily imagine
how the parameters can be evaluated.
One method is the use of standard
impedances. This method involves the ° J
construction of known impedances in Fig. 5.9. A canonical represen-
standard diode packages. In this manner  tation of a lossless microwave
we have known values of Z; which enable  coupling network.
us to calibrate the fixture. Let us assume
that we first use an open-circuit standard, Z; = «. The input impedance
to our fixture will also be infinite at the correct reference plane. Hence, this
experiment determines the reference plane for our fixture. Next, let us
use a short-circuit standard, Z; = 0. The input impedance will now be
n?X,, evaluated with respect to the reference plane. The remaining
parameter to be evaluated is thus n?, the transformation ratio. To evalu-
ate this quantity we need another impedance, such as a known resistance
or capacitance. A method of fabricating a standard resistance has been
described by Waltz*, Since the diode capacitance is independent of fre-
quency in the range of interest, the diode itself can be used as a standard
capacitance. To measure Q, however, it is not necessary to evaluate n?,
since Q is the ratio of reactance to resistance.

The measurement of impedance at microwave frequencies is often
done on a slotted line by observing the position and magnitude of the
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standing-wave pattern. It will be perhaps instructive to outline a simple
“recipe’’ for the measurement of diode Q, using a slotted line in conjunc-
tion with a Smith chart.

1. Place an open-circuit impedance standard in the fixture and meas-
ure the standing-wave ratio (VSWR) and the position of a voltage
mazxtmum. This measurement establishes the reference plane at
which the load is effectively located. (We measure the location of
a maximum since such a maximum exists at an open circuit.)
Place this point on the Smith chart as shown in Fig. 5.10. The
radial position of the point 1 is given by the VSWR; for a good
fixture, this VSWR should be high, say in excess of 200.
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Fig. 5.10. Placement of the open-circuit and short-circuit standards
on the Smith Chart. (Courtesy P. H. Smith, Bell Telephone
Laboratories.)
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2. Place a short-circuit standard in the fixture. Measure the VSWR
and the distance between the reference plane and the position of a
voltage minimum. Plot this point on the Smith chart as shown
in Fig. 5.10, point 2. Again the VSWR should be high. Positive
distance is measured from the reference plane toward the signal
generator and plotted in a counter-clockwise direction on the
Smith chart. Point 2 as plotted implies that X, is an inductance.

3. Place the diode in the fixture and again measure VSWR and the
position of a minimum. Plot this on the Smith chart in the same
manner as in Step 2.

4. To obtain the normalized impedance of the diode junction, read
the normalized reactance value of the short-circuit point on the
Smith chart and algebraically subtract from the value of reactance
measured in Step 3. The resultant reactance is the normalized
junction impedance. The normalized junction resistance is read
directly without alteration. The diode @ is then simply the ratio
of the normalized reactance to resistance.

This method is simply a graphical evaluation of the following equa-

tions which express load impedance in terms of the VSWR, and the
position of a minimum with respect to a reference plane:

r(l + tan? 2—1@)
7 A

R; = ﬁ (5.24)
72 + tan? ﬁ
A
(P -1) tanz—;é
Z, Z, 2xd,
Xi=-= + 2o on 222 (5.25)
n 2rd n A
r? 4+ tan? T

where r = VSWR,
do = position of voltage minimum of a standard short circuit with
respect to the reference plane,
d = position of voltage minimum of the diode under test with
respect to the reference plane.

There are two main scurces of error in such a procedure: measurement
errors, and errors in the standard impedances. Measurement errors
mainly occur because of high VSWR, too high a signal level to the diode,
and fixture losses. High VSWR can be measured by using the double-
minimum technique. With this technique the two positions are found at
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which the detected power & twice the minimum power. The VSWR is
then given by

A

VSWR = — (5.26)

T
where z = total distance between double-minimum. While quite high
VSWR can be measured in thic fashion, it s often more desirable to
deliberately introduce some lossless circuit transformation to reduce the
VSWR and make the measurements more convenient and perhaps more
accurate.

Signal
generator
Probe
-t
Dvode
Detector p—{ 1 test fixture
Slotted line

Fig. 5.11. Suggested experimental use of a slotted line in the
measurement of diode impedance.

The signal level can be reduced to a safe level by usirg the experi-
mental configuration shown in Fig. 5.11. If the measured impedance
changes with signal level, the drive should be reduced until no change is
noted. Fixture losses can be minimized by measuring the minimum as
close to the diode as possible, and by placing the necessary d-c bias isola-
tion before the slotted line. In Fig. 5.12 a possible test fixture is indicated.

The accuracy of the impedance standards can be determined by
cross-checking the results in a number of different ways. (It should be

To signal

T generator
Slotted
line probe
{ Diode
I \
To -7
detector

I
1 [Dielectric
D-C isolation tuning bead

Fig. 5.12. Cross-section of a possible diode test fixture.
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pointed out that diode packaging has to be consistent before a “stand-
ard” can be fabricated and evaluated.) The open-circuit standard should
be electrically equivalent to a diode which has the junction removed; in
fact, successful open standards have been produced by sending a large
current surge through the diode and vaporizing the junction. If it is not
possible to visually observe the results, however, one might wonder
how much of the diode package has been similarly removed. Another
method is to mount a wafer without a junction in a package and bring
the connecting pin to precisely the same position as when a junction
is present. This ean be checked by measuring the low-frequency capaci-
tance of the standard and comparing it with package shunt capacitance,
if this is known. (One method of determining the package capacitance

10pq,0.97 v

Fig. 5.13. Equivalent series impedance versus d-¢ bias for a
typical parametric diode. (Courtesy P. H. Smith, Bell Telephone
Laboratories.)

UNIVERSITY OF MICHIGAN
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is to measure the total low-frequency capacitance of a number of diodes
over a wide range of bias, plot the variation on log-log graph paper,
and experimentally determine what value of capacitance has to be sub-
tracted from all the capacitance measurements to yield the best fit
to a straight line. This non-varying capacitance is then the effective
package shunt capacitance).

Perhaps the most convincing evidence of a correct open-circuit
standard is the experimental results of a number of diode measurements.
If the series resistance is truly independent of bias, a plot of the imped-
ance on a Smith chart should yield a segment of a circle. When the
reference plane is properly determined by the open standard, this circle
should coincide with a contour of constant resistance. Figure 5.13 shows
an actual experimental result, vividly demonstrating this fact.

A short-circuit standard can be fabricated by replacing the semi-
conductor wafer and junction by a wafer of metal. The accuracy of this
standard is somewhat more difficult to check. One possible method is to
forward bias several diodes until no further change in the position of the
voltage minimum is observed. This value of reactance should closely
correspond to that obtained for the shorted standard because, at high
forward bias, the junction capacitance increases to a large value, becom-
ing an effective short-circuit. In some cases this procedure may damage
the diodes, but the sacrifice of two or three diodes may not be too high a
price to pay. Another method is to use a measured low-frequency capa-
citance-voltage characteristic as a calibration aid. For example, we
could pick three points on such a curve, Fig. 5.14, so that the junction

|

Junction capacitance
(-]

Ve Vb Va ¢o
<«— Voltage

Fig. 5.14. Illustration of diode capacitance-voltage curve used in
calibration of the short-circuit standard.
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capacitance at bias V is half that at bias V,, and that at bias V_ is half
that at bias V;. This same diode is then measured at microwave frequen-
cies at the same bias values V,, V3, and V.. The normalized reactance
values are computed as previously described. If the position of the short
circuit is accurate, the normalized net reactance obtained at bias a
should be half that at b, and that at bias b should be half that obtained at
¢. Many such measurements could be made with diodes of widely varying
capacitance. The consistency of the results would then be a good indica-
tion of the validity of the impedance standard used.

As has been previously pointed out, the value of the transformation
ratio, n?, need not be determined in order to evaluate diode Q. On the
other hand, it is a simple matter to obtain the transformation if the
diode junction capacitance has been accurately measured in a separate
experiment. Computing the diode reactance at the frequency at which the
Q is determined, we can then compare this reactance to the normalized
reactance, obtaining the constant of proportionality. Another method of
obtaining the transformation ratio is to construct a number of standard
resistances. Assuming that the resistance at microwave frequencies is
the same as that measured at d-c, the transformation ratio can be
evaluated. At the same time the accuracy of the short circuit can be
checked, for the standard resistors should all show a reactive component
equal to that of the short circuit reactance, when measured with respect
to the established reference plane.
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Applications

6.1 Design Considerations

The choice of what type of parametric amplifier to use will depend
upon the details of the system requirements. Several such examples will
be discussed in Section 6.2. At this point we will content ourselves
with a few general remarks which will be somewhat in the nature of a
summary of what has already been presented.

As we have seen, there are two main types of parametric amplifiers:
the@gyexter and the mg’a'ﬁ'\;é-resistan_gg__g_mpﬁ’ﬁer. The analysis
has shown that the optimum oise figures of these two devices are
identical. The negative-resistance amplifier is inherently bilateral and
unstable, requiring a circulator for best performance. It is capable of
high gain at the expense of stability, but it usually has rather limited
bandwidth. The up-converter is a unilateral stable device. It is capable
of wider bandwidth than the negative-resistance amplifier, but it has
rather limited gain.

The choice between the up-converter and the negative-resistance
amplifier is in large measure determined by the frequency of operation.
The output frequency of an up-converter will be around ten times or so
higher than the signal frequency in order to achieve sufficient gain. Since
the second stage following the up-converter will often be a resistive mixer,
rather high first-stage gain is needed in order to minimize the high second-
stage noise contribution. With typical mixer noise figures, it is probably

142
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impractical to operate such a ‘“pure” up-converter much above 1000 me.
This situation can be improved in practice by using the so-called four-
frequency up-converter as described in Section 4.5. This device employs
Mé’réﬁm to augment gain at the expense of a somewhat
higher first-stage noise figure and reduced stability of operation.

At higher frequencies where the up-converter is no longer practical,
the negative-resistance parametric amplifier operated with a circulator
becomes of interest. As we have seenaie use of a circulator is desirable
from almost every aspect: stability, bandwidth, noise figure, and uni-
lateral gain. The disadvantages are the added size, weight, and complex-
ity, added insertion loss, and in some instances narrow bandwiﬁ

The choice between a degenerate or a non-degenerate p. etric
amplifier is a function of the system characteristics. This will be discussed
in some detail in Section 6.3. It will suffice to say here that in some in-
stances it may be possible to realize system sensitivities calculated from
the double-sideband noise figure of the degenerate parametric amplifier.

@DV hen this is so, the degenerate amplifier would be the logical choice

7

since its double-sideband operating noise temperature is less than the
optimum operating noise temperature of the non-degenerate negative-
resistance amplifier or up-converter. Even if the single-sideband figure
must be used, with its corresponding higher operating noise tempera-
ture, there may well be practical considerations which would make the
degenerate amplifier the better choice. The degenerate amplifier offers
the advantages of being a much simpler device to build, and uses a
relatively low pump frequency. Broadbanding-is also much easier for
the degenerate amplifier. Wherrmﬁ;lfgtjiperamre is low, little
will be lost in sensitivity, and in some instances equal or even better
sensitivity perhaps can be obtained. This is because a high idler fre-
quency must be used for the nondegenerate amplifier and it may be
impossible to reduce cavity loss to a point where it can be neglected
compared to the diode loss. All such additional loss will increase the
noise figure. It may therefore be preferable to operate in the degenerate
mode to minimize such circuit los{g()ne disadvantage of the degenerate
amplifier is the nearby idler frequency which would in many cases restrict
the useful bandwidth to one side of half-pump freque§ It is possible
to eliminate the idler by using a balanced arrangement with two identical
amplifiers. (See Section 6.3.)

If owide_bandwidth-iS needed, it.will be necessary to use either a
raveling-wave parametric amplifier Jor a  multiple-tuned negative-

istance amplifz% Such devices are more difficult to construct and
present added challenge to the circuit designer.

Once the type of amplifier has been selected, it is of interest to know
what performance can be obtained. Table 6.1 gives a summary of the
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best results that one can hope to attain with up-converters and negative-
resistance amplifiers, together with pertinent design values.

The results presented here are not meaningful unless they can be
related to the physical properties of the semiconductor diode used in the
parametric amplifier. Two questions which need to be answered are:
1) What is a reasonable design value for v,? 2) What value of diode capa-
citance should be used in the evaluation of the diode Q? A combination
of experiment and theory provides approximate answers to these ques-
tions. The fractional change in capacitance was shown to be a function
of the shape of the capacitance-voltage curve and of the ratio of the a-c
voltage swing to the effective d-c bias voltage, which includes the built-in
contact potential. If we can specify these parameters, and if we assume
sinusoidal pumping, it is a straightforward matter to evaluate v;. We
can specify the shape of the capacitance as a function of voltage. The
question of a-c voltage swing cannot be answered precisely. Obviously
one cannot carry the a-c swing all the way to the effective contact
potential because of the onset of forward conduction. Such conduc-
tion reduces the effective @ of the diode and introduces shot noise.
At the present time there is no theoretical analysis which shows what
the maximum permissible voltage swing should be. Experimentally
the maximum ratio of peak a-c voltage to d-c bias appears to be around
0.90 to 0.95 for diodes with reverse breakdown voltages around 10
volts. A value of 0.90 will be assumed here as a reasonable design stand-
ard. With this assumption, the appropriate value of vy; can be com-
puted. The design value of capacitance can also now be specified, at least
to first-order. The optimum bias point will be about mid-way between the
points of significant forward or reverse conduction. This specifies the
static capacitance but does not give the effective capacitance which
exists at large a-c capacitance swings. Again this can be computed using
the above assumptions. The resulting estimated design values are in-
dicated in Table 6.2. C(V,) is the small-signal capacitance at operating
bias.

TABLE 6.2
k4! Co
Abrupt junction.................... .. ..., 1/3 1.3C (V)
Linearly-graded junction..................... 1/4 1.2C (V)

As an example, let us assume that we have available an abrupt-junc-
tion diode with 1 pf capacitance at operating bias and a series resistance
of 3 ohms. It is desired to design a negative-resistance amplifier at 3 Ge.

For this case, ¥Q would be about 4.5. The optimum pump frequency
would be about 13.5 Ge. No external idler loading would be used, and a
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circulator would be incorporated. The diode would be pumped as hard
as possible to achieve the design value of v,, and the input coupling would
be adjusted to load the amplifier as heavily as possible and still achieve
significant gain. The input VSWR at resonance before the inclusion of
the circulator would be about 4.5 in this case. The minimum value of
noise figure thus obtained would be about 1.8 db with the amplifier at
room temperature. If the amplifier could be cooled to liquid nitrogen
temperature without change in diode @, the minimum noise figure would
decrease to 0.6 db, or an effective input noise temperature of about
44°K.

6.2 Specific Examples

The design guides discussed in the previous section are useful in
predicting the expected performance of a parametric amplifier in terms
of diode parameters and in choosing the optimum pump frequency
to signal frequency ratio for a non-degenerate amplifier. The reduc-
tion to practice of the equivalent circuits assumed in the analyses in
Chapters 3 and 4 however, is not always a simple task and in most
cases compromises must be made which inevitably have their effect on
amplifier performance. This is most apparent when one compares the
gain bandwidth products which have been actually achieved with that
predicted by theory. The narrow bandwidths often obtained are due to
parasitic reactances which may or may not be associated with the diode
itself. Fortunately the picture is brighter when one compares achievable
noise figures with theoretical values. The agreement is often quite good.

In this section some design details of a few parametric amplifiers of
various types will be given. These amplifiers are not necessarily repre-
sented as the ultimate but are certainly typical of the present state of
the art.

Degenerate Parametric Amplifiers

Since it does not require a separate signal and idler circuit coupled
by the diode, the degenerate amplifier is the least complex type of para-
metric amplifier. It is easily tunable, puts the least demands on the pump
source and, in some applications, may perform as well or better than a
non-degenerate amplifier employing a diode of equal quality. Perhaps the
simplest embodiment of a degenerate amplifier is a crossed-waveguide
structure. In this type of circuit, the pump is introduced through an
appropriately dimensioned waveguide and matched into the diode, which
is coupled to the signal cavity formed in the second guide by a movable
short and a coupling iris. This type of circuit can generally be operated
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Fig. 6.1. A degenerate X-band parametric amplifier.

with diodes exhibiting a fairly wide range of characteristics. The band-
widths achieved, however, are usually measured in tenths of a per cent.
An X-band amplifier of this design is shown in Fig. 6.1. A voltage gain
bandwidth product of 50 me and a double-sideband noise figure of 0.85
db were achieved using a diode having a cutoff frequency of 147 Ge at
—2 V bias.

The simplest way to remove the bandwidth restrictions imposed by
parasitic reactances associated with the diode and matching elements
is to use the self-resonance of the diode as the principal signal resonance.

UNIVERSITY OF MICHIGAN
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In order to illustrate how this might be accomplished, let us consider the
design of an X-band amplifier. If the equivalent circuit of Fig. 5.6 is
transformed to a series representation, the equivalent series resistance
and capacitance will be given by Eqs. (6.1) and (6.2) respectively.

R = CR. (6.1)
(S + c+ cr

(%)2 +(C + 0

¢ = . (6.2)
C.
7 + C+ C.
For @ > 1 these expressions reduce to
' cC ¥
B = R'(C + Cc) (8.3)
and C¢'=C+ C.. (6.4)

For a series inductance of 0.6 nh, a package capacitance C. = 0.4 pf
and a junction capacitance of 0.1 pf the diode will become self-resonant
at

1 1 1 1

/= o VIC Ty~ 2x [(0.6) (109 (0.5) (0 3 0 ¢

The optimum source resistance may be found from Eqs. (3.101) and (6.3)

c
C + C.

R, = R.( )2 (vQ — 1). (6.5) |

If we assume that the diode above has a cutoff frequency between 150
and 200 Gc at the operating bias, the optimum value of R, from Eq.
(6.5) is about 3 ohms. The amplifier consists then of a short coaxial
taper from the 50 ohm input to a 3 ohm line terminated in the diode.
The pump was coupled to the coaxial line by a probe from a short sec-
tion of waveguide. A 250 me bandwidth at 20 db gain was typical and at
39 db gain a voltage gain bandwidth product exceeding 10,000 mec
was measured. The double-sideband noise figure of the amplifier was
about 2 db. Figure 6.2 shows one version of this amplifier.
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Fig. 6.2. An X-band parametric amplifier. (Courtesy Texas In-
struments, Ine.)

A Non-degenerate Amplifier

The design of a low-noise non-degenerate parametric amplifier is not
always as straightforward as the design of its degenerate counterpart.
In practice the most difficult problem encountered is the simultaneous
coupling of the diode to three resonant circuits at the pump, the idler, and
the signal frequency. In order to achieve significant bandwidth it is
further necessary to keep the Q of the signal and idler circuits low without
introducing significant losses other than those due to the diode series
resistance. This implies that parasitic reactances either associated with
the diode itself or with matching devices be kept to a minimum. Further
complications arise when it is desired to make the amplifier tunable
over say a 209, band. If the tuning of the signal and idler resonances are
not independent, retuning can be a tedious procedure. When the figure
of merit of the diode is sufficiently high at the signal frequency, however,
the optimum ratio of pump to signal will be high, and consequently the
idler frequency will be high relative to the signal. Under these conditions
the @ of the idler resonance can sometimes be made low enough so that
an appreciable bandwidth can be covered by tuning the signal resonance
but leaving the idler resonance fixed tuned.

Since the non-degenerate diode parametric amplifier first made its
appearance several rather flexible designs have evolved which perform
adequately for most applications. A version of one such design is illus-
trated in Fig. 6.3. This amplifier was designed to operate in the S-band

UNIVERSITY OF MICHIGAN
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i
i it

Fig. 6.3. A tunable S-band amplifier. (Courtesy Texas Instru-
ments, Ine.)

region and be tunable over a 200 mc range. The diodes available at the
time of design had a @ of about 20 at the operating bias and nominal
operating frequency of 2.8 Ge. If we assume a value of ¥ = 0.25, which
is fairly conservative for the diodes used, the optimum ratio of pump to
signal frequency for minimum noise figure becomes

(&) - viF e = viFEr =5

which yields a pump frequency of 14 Ge.

The pump power is supplied to the amplifier by a section of RG 91,/U
K, band waveguide through a stepped transformer to reduced-height
waveguide at the diode. Another step in the broad dimension of the guide
confines the idler resonance (at approximately 11 Ge) to the amplifier.
Idler tuning is provided by a movable short behind the diode. The signal
tuning is accomplished by the adjustable stub at the bottom of the
amplifier. The signal is introduced coaxially through a low-pass filter to
the diode. The proper impedance transformation to the diode from the
50 ohm line is provided for minimum noise figure.

For the optimum source resistance and pump to signal ratio the
minimum theoretical noise figure for the diode used is given by

1 1 1 1
F=1+2[~+ ]=1+2[—+——]=1.44.
R (vQ)* 5 (25)*
The measured noise figure excluding circulator and second stage
contribution was 2.2 db. The maximum bandwidth attainable was 70
me at 15 db gain,

UNIVERSITY OF MICHIGAN
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An Up-converter

Although it was shown in Section 3.1 and 3.2 that the minimum noise
figure obtainable with a given diode is approximately the same for both
the up-converter and the optimum non-degenerate parametric amplifier,
extremely low noise up-converters are limited to L-band and below in
frequency. This is because of the increasing noise figures of conventional
mixers with increasing frequency. It can, in fact, be shown that for a
given input frequency, the overall noise figure of an up-converter-mixer
combination is practically independent of the pump frequency since the
conversion loss of the mixer increases with frequency at about the same
rate as the gain of the up-converter for pump frequencies above X-band.
The real usefulness of the ‘“‘pure” up-converter is therefore limited pri-
marily by high frequency mixer performance rather than by parametric
diodes. Although the technology of microwave mixer diodes is not young,
significant improvements in diode quality are still being made. Recent
work on materials such as gallium arsenide has shown considerable
promise for improved diodes, especially at the higher microwave
frequencies.

In spite of the limitations discussed above, the up-converter has
advantages over the negative-resistance parametric amplifier of :

1. having a positive input impedance,

2. being unilateral and as a consequence unconditionally stable,

3. requiring no circulator,

4. having gain virtually independent of changes in its source im-
pedance, and

5. having a typical bandwidth of the order of 5 per cent.

As an example of an up-converter of fairly simple design and good per-
formance let us consider such a device developed by Jones and Honda®%
which can be operated as either a ‘“‘pure”’ up-converter or as a regenera-
tive up-converter by allowing power to be dissipated at the difference
frequency. In this amplifier the diode is situated in the center of a sym-
metrical “Y”’ junction with provision for supplying external bias. The
signal at around 400 me is introduced in series with the diode by a coaxial
line through a low-pass filter section. In addition to the filtering action
provided by the waveguide to the signal frequency, bandpass filters are
placed in the pump guide and output guide at the appropriate frequen-
cies and positioned so that a high impedance is presented to the diode
throughout their respective stop bands. For operation in the up-converter
mode, the third arm of the “Y” is shorted by an adjustable plunger
positioned so as to present a low impedance across the diode at the
difference frequency and a high impedance at the pump and upper side-
band frequencies. To achieve regenerative operation a variable attenu-
ator and bandpass filter was inserted in this arm between the diode and
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the short and was used to vary the impedance across the diode at the
difference frequency.

The conversion gain for a 410 mc input signal and 9227 mc output was
12.4 db without regeneration and 20.7 db with a large amount of power
dissipated at the lower sideband. The bandwidth in these two modes of
operation was about 3.8 mc and 1.7 mc respectively and the noise figure
slightly less than one db in either case.

The Traveling-wave Parametric Amplifier

We have seen that single-tuned cavity type parametric amplifiers are
limited to bandwidths of a few per cent, while if passive filter structures
are used to replace the resonant cavities bandwidths greater than 10
per cent are possible. Both types are of course bilateral and require the
use of a circulator for best operation. It was shown in Section 4.2 that
considerably greater bandwidths are possible if the variable reactance
can be distributed either periodically or continuously in a non-resonant
structure. In addition such an amplifier is unilateral without the use of
non-reciprocal devices. Several interated traveling-wave parametric
amplifiers using semiconductor diodes have been successfully operated.
The one pictured in Fig. 6.4 is a balanced type consisting of 16 pairs of
diodes.?” The balanced arrangement permits independent adjustment
of the pump and signal velocities. In this amplifier the line is constructed
of printed circuit board and the diodes are self-biased. The structure
required 10 mw of pump power and had 8 to 10 db of gain over a 200 mec
bandwidth centered about 700 me. The reverse gain was between +1
and —2 db depending on frequency; the single-sideband noise figure was
3.5 db.

Harmonic Generators

Harmonic generation with reactance diodes appears to have a number
of useful applications. With relatively inexpensive diodes conversion
efficiencies and power handling capabilities are high enough to make
practical fairly efficient low-level microwave sources using transistor
oscillators as the primary source. Another important use is in the genera-
tion of millimeter waves. For example, using the curves of Figs. 4.17
to 4.20 we can expect less than a 10 db conversion loss in tripling from
11 to 33 Gc or doubling from 35 to 70 Ge¢ with a diode having a 200
Ge cutoff frequency. In view of the voltage requirements and expense
of some of the millimeter wave klystrons, it may sometimes be de-
sirable to use a less expensive klystron at X-band, for example, and
multiply the output to the desired output if sufficient efficiency can be
retained.

Transistor-driven reactance diode microwave sources may be useful
in such applications as local oscillators and parametric amplifier pump



(Courtesy Bell Telephone Laboratories, Ine.)

Fig. 6.4. A traveling-wave parametric amplifier.
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sources. The efficiency of these devices may be of the order of only a
per cent or so, but still competitive with low-power klystrons.

As an example of a reactance diode microwave source let us consider
the design of an oscillator, which was developed to supply 10 mw at
2520 mc. The source consists of a crystal-controlled transistor oscil-
lator at 70 mc and a transistor doubler and power amplifier followed
by three stages of reactance multiplication. In Section 4.4 it was shown
that harmonic generation can be more efficiently accomplished in
several stages of doublers or triplers rather than a single higher-order
multiplication. To best utilize the reactance diodes available at the time
of design, the sequence of multiplication chosen was: to triple from 140 to
420 mc, to double from 420 to 840 mc and, finally, to triple again from
840 to 2520 mc. The output of the final transistor stage was at a level of
200 mw so that a high breakdown-voltage diode was required in the first
tripler. This diode, a diffused junction silicon device, had a reverse break-
down of approximately 80 volts, a capacitance of 4 picofarads, and a 2.5
ohm series resistance. The circuit for this tripler is suggested by the cir-
cuit model used in the analysis and is shown schematically in Fig. 6.5.
After optimum coupling was achieved, 80 mw was produced at the output
frequency of 420 mc for a 4 db conversion loss.

The circuits for the doubler to 840 mc and the tripler to 2520 mc are
essentially the same of that of Fig. 6.5 except that a combination of
lumped and distributed elements are used in their construction. The de-
sign of these stages was largely empirical. The procedure was to bread-
board the circuit using standard coaxial components and adjustable
stubs and, after the desired performance was obtained, to reconstruct
the circuit using Microdot cable of the appropriate lengths for the re-
sonators. Stripline filters were used in the final two stages to remove
unwanted harmonics.

The performance obtained from these harmonic generators was very
close to that predicted by the design curves given in Chapter 4. An input
power of 1.3 watts was required for an output power of 6.5 mw. Figure
6.6 shows a similar harmonic generator which produces 10 mw at C

band.
0.4 — 4 pf
ng
:[ 220 pt

Fig. 6.5. Schematic of tripler from 140 to 420 me.
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6.3 System Applications

In the preceding chapters we have seen that while parametric ampli-
fiers are capable of low-noise amplification, this performance is sometimes
achieved at a sacrifice in bandwidth, stability, and possibly simplicity
relative to other devices. In Chapter 2 the fact was further brought out
that in some situations improvement in receiver noise figure may be
relatively unimportant because of the effect of a high level of external
noise on a system, while in other applications modest improvement in
noise figure may yield significant improvement in system performance.
The system designer is therefore often faced with the question of whether
the improvement in receiver sensitivity by incorporation of a parametric
amplifier is really worth the trouble. In order to partly answer this
question it is necessary to consider in more detail some of the applica-
tions where the use of parametric amplifiers might be considered.

Radar

Radar is perhaps the ideal application for parametric amplifiers:
First, the bandwidth requirements for most radar receivers are quite
modest and within the limitations of simple cavity-type amplifiers.
Secondly, operating frequencies for most systems are in the spectral
region where external noise is low and a low noise figure can be fully
utilized. Furthermore, the usual receiver front-end, a resistive mixer, is
a device with a fairly high noise figure because of the conversion loss
associated with this type of mixing and, in addition, is no less complex
than a well designed parametric amplifier.

The effect of the noise figure of a radar receiver on its performance
may be seen by examination of Eq. (6.6) which gives the range of an
ideal pulse radar in terms of its system parameters.

_ 4 PO’A2T
R = 1/)\%7,0&? ~ (6.6)

where P = peak transmitted power
o = effective target area

A = effective antenna area

pulse duration

-2
I

A = wavelength

F,, = operating noise figure.
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While it may beseen that the range of such a system is a slowly-varying
function of noise figure (for example, a 6 db improvement in F,, produces
only a 40 per cent increase in range), Eq. (6.6) does show that a given
reduction in noise figure can be as effective as an increase in trans-
mitter power or antenna aperture. Often a 3 db improvement in operat-
ing noise figure may be more economical than doubling the transmitter
power or increasing the antenna area by 40 per cent. This is especially
true for large, long-range systems. In Fig. 2.15 is plotted operating noise
figure and normalized range against noise figure with antenna temperatue
as the parameter. It can be seen from this figure how significant small
improvements in noise figure can be when the antenna temperature is
low. For example, assuming an antenna temperature close to zero, a 1
db reduction in noise figure from 2 db to 1 db produces a 3 db improve-
ment in operating noise figure and a 10 per cent increase in range.

The incorporation of a non-degenerate parametric amplifier or a
degenerate amplifier under the conditions of single-sideband operation
into a conventional pulse radar is relatively straightforward. Usually the
amplifier can be installed just prior to the mixer. Three-port circulators
of the “Y” or “T” variety can be used but, where space permits, the
four-port circulator is usually more desirable because of the excess noise
generated by the mixer which, if not directed into a matched load, often
finds its way back into the amplifier due to the high standing wave ratio
of the T-R device.

The application of the degenerate parametric amplifier to any system
which uses both the signal and idler response is certainly of interest.
Unfortunately, when both signal and idler are detected the amplifier
can no longer be considered as a linear transducer. One consequence of
this fact is that it is not possible in general to compare in any simple
manner the minimum detectable signal of a system with and without a
degenerate parametric amplifier. This is because the minimum detectable
signal for a given system is not necessarily related in a simple manner
to the quantity which we called sensitivity in Eq. (2.44). The quantity
defined in Eq. (2.44) is that input signal power which gives rise to a
unity eignal-to-noise power ratio prior lo detection. The effects of de-
tection, signal processing, display, etc. have not been considered.*

Little theoretical and experimental work has been done to date in this
area, and a full treatment of such a subject is certainly beyond the scope
of this book. The remarks to be made in the remainder of this book on
systems applications of degenerate amplifiers are therefore of necessity
somewhat incomplete and qualitative. The experimental evidence which

* For a discussion of some of these factors, see J. L. Lawson and G. E. Uhlen-
beck, “Threshold Signals,” M.I.T. Radiation Laboratory Series, vol. 24, New York,
McGraw-Hill Book Company, Inc., 1950.
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is presently available, however, substantially agrees with the results
to be presented.

To indicate some of the complexities which can arise in the analysis
of system performance when a degenerate parametric amplifier is used,
let us briefly look at two simple receivers: one using a noiseless linear
amplifier, and one using a noiseless degenerate parametric amplifier.
Assume that we have an input signal of the form

V(t) sin (w,t + 6.). (6.7)

This represents an amplitude-modulated wave with an envelope of
V(t). For example, V(¢) could be a square wave, or a series of pulses at
frequencies small compared to w,. Let us assume that we have an in-
coming noise wave represented by

n(f) = N(t) sin (wd + ¢(1)) (6.8)

where N(f) and ¢(f) are slowly varying random functions of time. We
will now examine the case of an ideal noiseless linear amplifier followed
by a square-law device and output low-pass filter. The filter is assumed
to pass all of the frequency components in V(¢) except for d-c. With a
normalized amplifier gain of unity, the input to the square-law device is
of course just

el(t) = V(f) sin (w,t + 6,) + N(¢) sin (wot + ¢(2)). (6.9)

The output of the square-law device is then, neglecting high-frequency
components, a voltage (or current) equal to

ex(t) = HVOP + 3INOF + VON (@) cos [(wo — wi)t + &(t) — 8]
(6.10)

The first term can be considered as signal, while the last two terms may be
considered as noise.

Let us now perform the same calculation with a degenerate para-
metric amplifier before the square-law detector. With the same input of
signal and noise as before, the normalized output at high gain will be

e(t) = V() {sin (wit + 6,) + sin [(2wo — ws)t + 6, — 6,]}
+ N () {sin (wot + ¢(t)) + sin (wot + 6, — ¢(1))} (6.11)

where for convenience the pump frequency has been taken to be 2w,.
(This does not imply any special relation between noise and pump.)
Eq. (6.11) can be written in the following more convenient form:

ei(t) = 2{V(¢) cos [(wo — w,)t + 36, — 6] + N(t) cos [36, — ¢(D)]}
- sin (wel + 36,). (6.12)
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When this voltage is squared and filtered, we get
ex(t) = HV (P {1 + cos [2(wo — wi)t + 6, — 26,]}
+ 3N®P {1 + cos [0, — 2¢(1)]}
+ VON (@) {cos [(wo — wi)t + 6, — 6, — ¢(!)]
+ cos [(wo — wo)t — 8. + ¢(D)]} (6.13)

Let us now compare Egs. (6.10) and (6.13), and see what they imply
with regard to minimum detectable signal. For the ordinary amplifier the
output signal voltage is proportional to the square of the input envelope,
a result which is probably not too surprising. For the degenerate ampli-
fier, the output is also proportional to the square of the input envelope,
but is modulated at the beat frequency 2(wo — w,). On comparing the
noise, we see that where one noise term was present for the ordinary
amplifier, now fwo such noise terms are present for the degenerate
amplifier. These,two similar noise terms are of the same power; when
added in a statistical sense their total amplitude (rms value) is higher
by the factor v2. These results can be schematically illustrated as shown
in Fig. 6.7.

How, then, do these two systems compare with regard to the mini-
mum detectable signal? There is no precise answer to this question for
we have yet to consider the characteristics of the indicating instrument
or display device. Let us assume for this idealized system that the dis-
play device gives an indication corresponding to average amplitude.
For the ordinary amplifier the noise level could then be defined as pro-
portional to Ni, with the signal level defined as S;. For the degenerate
parametric amplifier, the noise level would then be proportional to
V2 N1, with the average signal level proportional to S;. In this hypo-
thetical system, then, the degenerate parametric amplifier would have
to have a double-sideband operating noise temperature lower than that
for an ordinary amplifier by V2 in order to have equal minimum de-
tectable signal levels.

The above example is intended only as a qualitative illustration, for
actual systems probably cannot be represented in such a simple manner.
(There is, however, some experimental evidence which is roughly in
agreement with the results presented above.*)

It appears that the foregoing system does not make optimum use of
the peculiarities of the degenerate parametric amplifier. For example,
the beat frequency component was averaged out and not used in any

* See R. Adler, “Electron-Beam Parametric Amplifiers with Synchronous Pump-
ing,” Proc. Symposium on the Applicat on of Low Noise Receivers to Radar and Alied
Equipment, vol. 3, pp. 177-197, November 1960,
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Fig. 6.7. (a) Representation of signal and noise output for a
square-law detector. (b) Representation of signal and noise out-
put for a degenerate parametric amplifier and square-law detector.

way. One modification could be the use of a linear envelope detector
instead of a square-law detector. At high input signal-to-noise ratio
(say around 10 db) a linear envelope detector can give a somewhat
better output signal-to-noise ratio than a square-law detector, and hence
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might be more sensitive in some applications using degenerate amplifiers.
On the other hand, near unity input signal-to-noise ratio or below, the
performance of the linear envelope detector closely approaches that of the
square-law detector.

There may well exist other detection schemes which use the de-
generate ampli fiectively. One such method which has been used
is called é hW.* The so-called synchronously-pumped
degenerate parametric amplifier may be useful in certain types of MTI
and pulse doppler radars. In order to understand the principles of

operation consider the circuit pictured in Fig. 6.8. The essential ele-
ments are a degenerate parametric amplifier followed by a synchronous

Signal Degenerate Output
Tt parametric ) S/ICCIS |
amplifier .
2x < N,

Reference
generator

Fig. 6.8. Circuit arrangement for synchronous pumping.

detector. The reference signal for the synchronous detector, which is
coherent with the transmitter frequency, is doubled and used to pump
the amplifier. Now consider what happens if a returning pulse is shifted
in frequency due to the @y an amount Af. The output
. of the degenerate amplifier wi fisist of the original amplified return
and its image at the idler frequency. For high gain these symmetrical
outputs, sometimes called coherent sidebands, are equal in magni-
tude. In addition to the amplified signal and idler outputs the amplifier
will have a noise power output due to the finite antenna noise tempera-
ture, and internally generated noise due to losses within the amplifier.
As was discussed in Section 3.3, the noise is composed of symmetrical
components about w,/2. This follows from the fact that at at any two
symmetrical frequencies about w,/2 the noise is actually made up of two
equal and identical components, one converted and another unconverted.
Through the action of the synchronous detector these components,
both signal and noise, are folded about w,/2 and added coherently.
We can see this by taking Eq. (6.12) and multiplying by sin (wet + %6,).
The low-frequency component of signal is seen to be at the doppler
frequency.

If one in fact compares the synchronously-pumped degenerate para-

* R. Adler, loc. cit.
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metric amplifier with a similar system using a conventional amplifier, and
if we assume that both amplifiers are perfect and introduce no noise them-
selves, then it appears that the minimum detectable signal will be com-
parable for the two cases.* When the parametric amplifier is used,
however, the information as to whether the target is closing or opening
is lost. This may not be of interest in an MTI radar but in a pulse
doppler system with a zero frequency i-f it may be necessary to retain
this information.

Summing

network
Signal Degenerate -
input ~] amplifier Signal
( output
; t/ wAL X e Y
< 180°
For e ; < Degenerate J
"] amplifier
C Cno (,c,( [ c—(\ L v\ I Pump
“ source

Fig. 6.9. Idier cancellation scheme.

Another scheme for using the degenerate parametric amplifier which
eliminates the sometimes bothersome idler response and enables the
complete bandwidth of the amplifier to be used is illustrated in Fig. 6.9.
Here two identical amplifiers are used. The pump for one of the ampli-
fiers is shifted 180° from the pump supplying the second. In practice the
amplifiers might be located at the colinear arms of a “Magic Tee”” and
the signal introduced into the shunt arm and the pump into the series
arm. If the outputs at the signal frequency are summed they will add in
phase while the idler component will cancel since they are 180° out of
phase. In principle the noise properties are not greatly altered; however
since the idler is no longer present, double-sideband operation is not
possible.

Radiometry

The detection of microwave radiation of either thermal or nonthermal
origin is important in both radio astronomy and in certain passive sur-
veillance systems. In radio astronomy two types of observations are
commonly made. The first is the observation of the continuum discussed
in Chapter 2 which is of galactic origin. This radiation does not vary

* R. Adler, loc. cit.
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rapidly with frequency and wideband receivers are usually used in order
to reduce noise fluctuations. The second type of measurement is the
observation of line sources such as arise from the hyperfine transition of
neutral hydrogen in the ground state at 1420 me.

For the observation of any continuous source the minimum detectable
temperature has been given for a comparison radiometer by Drake and
Ewen® in terms of the noise figure, bandwidth, and gain stability of the
receiver. In this type of radiometer, the receiver is switched alternately
between the antenna and a matched load at a known temperature. The
minimum detectable temperature is given by

. Top G(t) — G,
AT = K[(BT)W e G ) I CATS

where K is a constant having a value near unity
T,, = operating noise temperature
B = bandwidth

integration time constant

n‘
Il

G, = average amplifier gain

G (t) = instantaneous gain

o3
I

antenna temperature
T = temperature of comparison load.

It is apparent from the first term of Eq.(6.14) that the minimum de-
tectable signal is directly proportional to the operating noise temperature
and inversely proportional to the square root of the r-f bandwidth.
Although a given improvement in bandwidth is not as significant as an
equivalent improvement in noise figure, it must be remembered that
with presently attainable parametric amplifiers noise figures are approach-
ing the physical limitations of the device, while the gain bandwidth pro-
ducts usually achieved are considerably smaller than theoretically
possible. For example, the theory for single-tuned circuits shows that
the gain-bandwidth product of a degenerate amplifier has an upper bound
approximately equal to y. If we assume a reasonable value of ¥ to be
0.25, we find that

g% < 256% (6.15)
where g = power gain

b = percentage bandwidth.
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Thus, for a power gain of 10 db we would have b < 8 per cent. This
value of b is substantially higher than the usual results for single-tuned
amplifiers. The theory for multiple-tuned amplifiers predicts consider-
ably larger gain-bandwidth products but again practical circuit difficul-
ties, especially at the higher microwave frequencies, can severely limit
actual performance.

Another approach to the problem of improving bandwidth is to cas-
cade or stagger-tune a number of similar amplifiers. Each amplifier may
be operated at a relatively low gain, say 6 db, and the overall bandwidth
of the combination may be calculated from computed or measured gain
curves for the specific amplifier and a knowledge of the characteristics
of the circulators used to isolate the amplifiers.

When the signal input to a radiometer is broadband noise, it seems
reasonable that the proper noise temperature to use in computing
sensitivity is that noise temperature experimentally obtained with a
broadband noise source, which for the degenerate amplifier is the double-
sideband effective input noise temperature. Assuming this to be so, we
can see that a degenerate amplifier would be the logical choice for this
application since the double-sideband operating noise temperature of
the degenerate amplifier is lower than the operating noise temperature
of the optimum non-degenerate amplifier or up-converter. From table
6.1 we have:

i 1 1
(Top)a = Ta [E + ("Y—Q“‘)—z] + T, (6.16)
1 1
(Top)na. = 2T [;(—2 + (70)2] + T.. (6.17)

In addition to the advantage over the non-degenerate amplifier of im-
proved sensitivity, the degenerate amplifier does not put as severe de-
mands on the pump frequency and power, is easier to tune, and, since
the same resonance is used for both the signal and idler, broadbanding
through the use of multiple-tuned coupling networks is more easily
achieved.

As an example of what might be theoretically achieved in a particular
situation, let us examine the case where the operating frequency is
15 Gc and a diode having a cutoff at operating bias of 150 Ge is available.
The minimum theoretical noise figure assuming the diode is operated
near room temperature and ¥ = 0.25 is

1+ |+ o ]
Q  (vQ)?

F

L+ o + G
+ 25  (25)?

] = 1.56 = 2 db. (6.18)
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If we are able to refrigerate the diode to the temperature of boiling
liquid nitrogen and if the mobility of the material remains approximately
constant, the noise figure becomes

771 1
F=14_—|—
+ 290 [2.5 + (2.5)2

] =115 = 0.6db (6.19)

or T, = 45°K.

As far as noise figure and, to a lesser degree, bandwidth are concerned
the parametric amplifier compares quite well with other potential pre-
amplifiers such as the traveling-wave tube and the traveling-wave maser.

Since its operation depends on the existence of an effective negative
resistance at the signal frequency, the negative-resistance amplifier is
susceptable to gain instability. In any but the most carefully designed
and regulated systems, gain variations may limit its usefulness for this
application. Most radiometer systems depend for their calibration on a
comparison source or load at a known temperature. In operation, the
radiometer is switched between the antenna and the comparison source
at a rate depending on the integration time. Since the antenna and the
comparison source may appear as different source impedances at the
amplifier, the gain of the amplifier may change. Unless this variation
can be kept below a certain level, depending on the application and
other system parameters, the amplifier cannot be used. It is important
therefore that considerable attention be given to matching the antenna
and comparison source to the amplifier over the operating frequency of
the receiver and providing maximum isolation between the terminals of
the switch and the input to the amplifier. It may be necessary to use
both a ferrite isolator and circulator at the input to adequately minimize
impedance variations. The effects of residual impedance variations may
be minimized by operating the amplifier at low gain if possible, and by
using several amplifiers in cascade. The effect of pump power variations
on the gain may be reduced by providing amplitude regulation to the
pump source and self-bias for the diodes.

Radiometric techniques are not only used for observations of continu-
ous sources; since the discovery of discrete line radiation from outside the
galaxy, narrow-band observations have become an important tool to
radio astronomers.

The frequency of interest is 1420 me, which arises from the hyperfine
transition of neutral hydrogen in the ground state. The desired informa-
tion is usually a detailed measurement of intensity as a function of fre-
quency after subtracting the continuum. Since integration times of
several minutes are not uncommon for this type of measurement, long
term gain stability becomes important for good temperature resolution.
Although only the degenerate parametric amplifier has been considered
up to now in this discussion, the up-converter has a number of advan-
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tages which make it more attractive for operation around 1400 mec.

Recall that the minimum theoretical noise figure of an up-converter in
terms of the diode figure of merit vQ is given by

Pttt 5+ o]

To 5@ (@)
or
To=To(F - 1) = 2T, [L + ! ] (6.20)
QT

If we assume ¥ = 0.25 and a cutoff frequency at operating bias of
140 Ge the minimum first stage noise figure for unrefrigerated operation
becomes

1 1
F=1+2 [2—5 + éﬁ] = 1.08 (6.21)

or T, = 23°K.

If we assume a pump frequency of 70 Ge the gain of the first stage
will be about 17 db. If the up-converter is followed by a mixer using a
a 1N2792 crystal for example, a second stage noise figure as low as 11 db
might be expected. The overall system noise figure becomes

F, — 1 126 — 1
= 1.0 —_— =
Gy 8+ 50

1.3 (6.22)

or T, = 87°K. An overall effective input noise temperature this low is
adequate for most hydrogen line observations. As a consequence of
the net positive resistance transformed into the signal circuit, the gain
of the up-converter is highly stable with respect to changes in source
impedance caused by switching between the antenna and the comparison
source. Furthermore, it is a two-port unilateral amplifier and does not
require a circulator for its operation.

Still another scheme which has been proposed to overcome the
problem of gain instability is to use an up-converter operating at a rela-
tively low gain followed by a conventional degenerate parametric
amplifier operated at some convenient frequency where a reasonably
low noise figure can be achieved, as for example, at X-band. Most of the
gain is provided by the degenerate amplifier, and the up-converter acts
as an isolator with gain between the source and the amplifier. Such a
hybrid scheme should provide a low overall noise figure, adequate gain,
and low sensitivity to changes in source impedances.

Radiometric systems have also found important application in passive
surveillance. One such application is in passive airborne mapping
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Fig. 6.10. Atmospheric contribution to the antenna temperature
of an airborne antenna, as a function of wavelength and angle from
the vertical (after Weger).

systems. There are several points of difference in such a system and a
radiometer used in radio astronomy. Since resolution is often of primary
importance and high speed aircraft and space vehicles are generally
limited to small antennas, operation in the millimeter region is often
desirable. However, sensitivity may be sacrificed due to atmospheric
absorption and scattering. Figures 6.10(a) and 6.10(b) illustrate this
point.1® They show the calculated antenna temperature contributions
[second term of Eq. (2.42)] due to the intervening atmosphere between
sea level and 32,000 feet as a function of wavelength and angle from the
vertical. The conditions for Fig. 6.10(a) are a clear sky, 19, absolute
humidity at sea level, and a surface temperature of 290°K and, for Fig.
6.10(b) a moderate cloud cover between 3000 and 6000 feet, 19, absolute
humidity and a surface temperature of 290°K. The total antenna
temperature may be found by adding to this contribution the apparent
surface temperature, reduced by the atmospheric loss between the
surface and the antenna. The apparent surface temperature T, consists
of a reflected and an emitted contribution given by

T, = ¢Ts + pT. (6.23)
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where ¢ and p are the surface emissivity and reflectivity respectively and
are both functions of angle, polarization of the antenna, surface com-
position, and roughness as well as wavelength. T, is the actual thermo-
dynamic temperature of the surface and T, is the sky temperature.
Relatively rough surfaces such as concrete, asphalt, or grass may differ
in apparent temperature by up to ten degrees, while water or polished
metal may differ in apparent temperature by 100 degrees or more. Since
the signal level under these conditions is relatively large, high scanning
rates and correspondingly shorter integration times are characteristics
of such systems. With presently achievable noise figures and bandwidths,
parametric amplifiers should be able to compete quite well with other
thermal sensors and will, in general, be affected very little by atmospheric
conditions.

Communications

It should be apparent that the incorporation of a parametric amplifier
into any communication equipment where sensitivity is of importance
can in general improve the performance. However, it should be pointed
out that in addition to providing low noise amplification, the parametric
amplifier may be used to perform other useful circuit functions such as
frequency shifting, inversion, filtering, and limiting as well.

The Phase-coherent Degenerate Amplifier. It was shown in Section 3.3
that a degenerate amplifier has phase-dependent gain for the special
case of signal at exactly half the pump frequency. Furthermore, it was
shown that under conditions of high gain, the maximum gain was 6 db
greater than that for a signal which is not at half-pump frequency. This
interesting property could cause one to speculate whether or not it
would be possible to use this property to advantage in a communication
system to increase sensitivity. We might reason that if we could somehow
cause the pump phase to track the incoming signal phase, the signal-to-
noise ratio could be improved as much as 6 db over ordinary degenerate
operation since non-coherent noise would receive 6 db less gain than the
signal. One problem in such a system would be how to make the pump
track the signal. We can imagine three ways in which this could be
accomplished:

1. By having signal and pump derived from the same source,
2. By using some of the signal for a pump,
3. By tracking the incoming signal with a servo loop.

As an example of the first possibility, we could consider a simple radar
designed to detect stationary targets. Such a hypothetical system could
have a CW reference oscillator to drive both a transmitter and a doubler
for use as the pump for the degenerate parametric amplifier. A target
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Fig. 6.11. A hypothetical method of phase-locking to an AM signal.

echo of the proper phase would then receive the additional 6 db gain,
while an echo of the incorrect phase would be attenuated.

As an example of the second possibility, let us consider a receiving
system for double-sideband amplitude modulation. Such a signal pos-
sesses a frequency spectrum which is symmetric about the carrier in
frequency, amplitude, and phase. If we can lock to the carrier of such
a signal so as to obtain our 6 db increase in gain, we will also increase the
gain of each sideband by 6 db. This will occur since we would be putting
signal in at both the signal frequency and its image (the idler). Each
signal generates its own image which then adds coherently to the original
signal, doubling the amplitude of each sideband and giving 6 db more
gain.
A possible scheme of this type is shown in Fig. 6.11. The signal is fed
through a narrow bandpass filter which passes only the carrier. This sig-
nal is then amplified, doubled, and used as a pump to drive the para-
metric amplifier. In theory, it appears that such an amplifier would have
the same sensitivity as an ordinary amplifier using synchronous de-
tection when the double-sideband noise figure of the degenerate
parametric amplifier equals the noise figure of the ordinary amplifier.
In practice, however, such a scheme may not be too attractive, for the
incoming signal-to-noise ratio may have to be high to avoid the effects
of noise pumping the amplifier.

An example of the third possible method of tracking the signal phase
is the so-called phase-lock system, shown schematically in Fig. 6.12. This
system uses a locally-generated signal which is compared to the incoming
signal by a phase detector. Any phase difference produces an error signal

. Phase detector
Signal RF Voltage-controlled
—’_i nput amplifier i - oscillator

A Error signal

| Low-pass
filter
Y
Output

Fig. 6.12. Schematic diagram of a phase-lock system.
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which is used to correct the phase of the locally-generated signal to more
closely match the incoming signal. The phase error for good locking
will in practice be on the order of 10°.

Let us briefly investigate the operation of a phase-lock system in
order to see how a degenerate parametric amplifier could be used. For
the case of an ordinary amplifier of gain g, the input to the phase detector
can be written as

ei(t) = gsin [w,t + 6,(0)] + ¢ Z a;sin [(w, + wo)t 4+ 6;].  (6.24)

The first term is the signal with time-varying phase 6,(t), while the
second term is a representation of the incoming noise. We will represent
the phase detector as a voltage multiplier and low-pass filter. The refer-
ence signal is assumed to be of the form

ex(t) = cos [wit + ¢(8)]- (6.25)
The low-frequency component of the product e;(¢)e:(t) is
es(t) = 3gsin [6,() — ¢(t)] + g Z a;sin [wd + 0; — ¢(f)].  (6.26)

This voltage is then used to control the frequency of the voltage-con-

trolled oscillator so that the phase difference 6,(t) — ¢(?) is kept small.
Let us now place a degenerate parametric amplifier in the system as

shown in Fig. 6.13. With the same input signal as before, the output of

ey(t) Volitage-

. 6. (t Degenerate et
sin [w, ¢ + 'é ) parametric ——1—(>)———-®——>—- controlied

amplifier oscillator

APump A ey()

sin [2w,t + (1)) Mooy

A

Fig. 6.13. Schematic diagram of a phase-lock loop, using a degen-
erate parametric amplifier.

the degenerate amplifier will be
1

1+/0 -

+ E {a; sin [(we + w)t + 6] + Ba; sin [(w, — wi)t + 0,(8) — 0;]}]

e(t) = 8) [Sin [wit + 0a(t)] + B sin [w,f + 0,(8) — 0c(t)]

(6.27)
This result follows from Eq. (3.137). Let us assume that the multiplying



Sec. 6.3 Applications 171

voltage is cos [w,it + 30,(t)]. The low-frequency component of the
multiplier output will then be

1-8
20+p(1 -8

es(t) = ) [{sin 6,() — 36,(%)]

+ Z o sin [w;t + 0; — %Bp(t)]}. (628)

On comparing Eq. (6.26) and (6.28), we see that they are of identical
form. For the degenerate amplifier case, however, the effective gain is
1/1 + B, which is a loss since 8 = 1. The implication of this result is that
noise contributions from any amplifiers between the degenerate para-
metric amplifier and phase detector will be significant, resulting in
system performance described by the noise figure of the succeeding
stages after the parametric amplifier. We can modify this situation by
changing the relative phase between the pump and the reference voltage
for the phase detector. Let

ex(t) = sin [wit + 36,(0)]. (6.29)

The output of the multiplier is now

1+8
20+81 -8

esl) = { cos [6,(8) — 30,()]

+ Z a; c0s [wd + 0; — 30,(D)]}. (6.30)

This time the effective gain 1/1 — B8, which can be very high. Since for
this phase relation between reference and pump the output is a cosine
function of the difference between the signal phase and pump phase,
the feedback loop will introduce an additional constant phase shift of
7/2 as compared to the ordinary phase-lock loop. Such a constant phase
offset is probably of no consequence in actual system performance since
the information is contained in the time-varying portion of the phase.
In summary, then, it appears that a degenerate parametric amplifier
may be compatible with a phase-lock system and will have sensitiv-
ity proportional to the double-sideband operating noise temperature.

Space Communications

A chapter on applications of parametric amplifiers would not be
complete unless some mention were made of the very important applica-
tion of these devices in space communications. Parametric amplifiers
have already significantly increased the range of several receiving sta-
tions used to track the first American deep space probes. The magnitude
of the problem of maintaining contact with such vehicles over periods
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ranging over months and perhaps even years and distances of tens and
eventually hundreds of millions of miles can best be appreciated by
examination of the range equation

R - [PAA
Nk T,BF.,

P, = transmitted power

(6.31)

A, = effective area of transmitting antenna
A, = effective area of receiving antenna

A = wavelength

B = bandwidth

F,, = operating noise figure.

A number of factors affect the optimum transmitter frequency.
Some of these factors are: the conversion efficiency between primary
power and the transmitted frequency, natural and man-made noise
levels, atmospheric absorption, and capabilities of existing tracking
installations. Since for power levels above 10 watts the efficiency of
conventional transmitters is nearly constant with frequency, the term
of importance for a given antenna area and information bandwidth in
Eq. (6.31) is the product A\2F,,. For a given diode and under conditions
of minimum noise figure F,, may be written

Fop [2—T—“ + Ta(f)] (632)
vQ
80 that ,
NF,, « }2[4—”—’“’1’ + Ta(f)]- (6.33)

If one further assumes that the diode has an RC product equal to 10—
psec and a ¥ = 0.25 this function will be found to have a minimum in
the X-band region for a typical variation of T, with frequency.

In extremely long range telemetry, one more factor of the range
equation should be considered. This is the bandwidth B. Even though a
typical space vehicle is traveling quite fast, the elapsed time between
significant events may be quite slow so that the information bandwidth
may be quite low. Through the use of phase-locked loops, bandwidths
of the order of a few cycles per second may be maintained.



APPENDIX

The Manley-Rowe Power

Relations

The circuit model used by Manley and Rowe in their original derivation
of power flow relations for nonlinear reactances is shown in Fig. A.l.

Here we have two voltage generators at frequencies f, and f. together
with associated series resistances and bandpass filters, placed across a
nonlinear capacitor. These filters are designed to reject power at all
frequencies other than their respective signal frequencies. In addition
to the two signal generators, an infinite array of load resistances and
bandpass filters are also connected to the nonlinear capacitor. These
filters are tuned to the various sum and difference frequencies which
will arise because of the nonlinear reactance. The sign convention will
be used that power flowing ¢nfo the nonlinear capacitance is positive
(e.g., the power coming from the two signal generators), while power
flowing from the capacitance (e.g., the power flowing into the load
resistances) will be negative in sign.

As stated in Eq. (1.1), a capacitive reactance may be defined as a
circuit element for which a functional relation between charge and
voltage can be written.

g = f(v). (A.1)

The inverse function will do just as well in defining capacitance; that is,
we may also write

v = h(q). (A.2)

The only restriction placed on the function h(q) is that it be single-
valued, 7.e., free from hysteresis.
173
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It is next of interest to investigate the time-dependence of the charge
¢ in the circuit described by Fig. A.1. With impressed frequencies of
f1and f,, there will certainly be variations in charge across the nonlinear
capacitor at frequencies f; and f;. In addition, because of the mixing ac-
tion in the nonlinear capacitor, there will be generated charge variations
at all the possible sum and difference frequencies fm. = mfi + nfs,
where m and »n take on all integral values.

fl fz ,1+f2 fz_fl 2f1+f2'

Figure A.1

As in usual circuit analysis, it is convenient here to use the exponen-
tial representation of sinusoids so that differentiation with respect to
time reduces to multiplication by jw. However, since we will here be
interested in products involving current and voltage, we must exercise
care in dealing with complex quantities. It will be most convenient to use
only real quantities, expressing them in complex form. For example,

A cos (wt) = % [eiwt + e—iwt]. (A.3)

Using this artifice, we can express the total charge flowing into the non-
linear capacitor in the following form:

q = i z”: Qm’ne;i(mwlt-f-nwgt) (A4)
w = 21l'f1
Wy = 27rf2.

For g to be real, we require only that

Qm.n = Qfm,_,; (A5)
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We may immediately find the total current ¢ flowing through the non-
linear capacitor by taking the total derivative of (A.4) with respect to
time.

i = %"i = 3 3 iimer + nen)Quaeiertrent  (A6)

Ma==—00 nN==—_C0

o] o]
= Z ZI,,,,,.e"("“"ﬁ"“!)‘

m=—Q00 N==—-00

where j(mwi + nws)Qmn = Imn, a0d Imn = I* _.

From (A.2) we see that the voltage may be expressed as a function
of ¢, and consequently it may also be expressed as a function of (mwit +
nwt). That is, we may also represent v in a double Fourier series, just as
we did for q.

b= 3 3 Vaseitmerttnon (A7)

Mmeo—Q@ N=2— O

where Vo = VX, ..
The Fourier coefficients can be expressed by the usual integral
expression
1 27 2
Varn = — / / ve~imarttnes) g (g t) d(wst). (A.8)
47!'2 0 0

At this point some mathematical sleight-of-hand is necessary. We are
after an expression involving power; therefore, we need to form products
involving I, and V.. As a first step toward this goal, let us multiply
(A.8) by jm@Q. »* and sum over m and n.

Z Z ijm,n*Vm,n = Z Z ijm,n*

1
471"2 [}
If we interchange the order of summation and integration, we obtain

Z Z ijm.n*Vm,n

Mm==—Q0 N==—C0

2r 2r
/ pe—ilmwirt+nwat) J (wlt) d (wzt) . (Ag)
0

2r  [ox o . ’
- 4% / v D Do jmQmareimeittned dut) d(wt). (A.10)
Yo 0

MmO uw—CO

The double sum inside the integral is reminiscent of the expression for
charge, Eq. (A.4). In fact we obtain this sum by taking ¢/ (w:t).

N _ BT jmQuaeimetiners, (A.11)

d (wlt) Me=—0 N=—00
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Since ¢ is real, we may take the complex conjugate of (A.11) without
changing its value.
aq & )
—_ = — m ,,.,,.‘e‘l("""l”"“"). A.12
IO > 3 mQ (A.12)

Ma—Q0 pu=-— QO

Similarly, the left side of (A.10) is strongly reminiscent of products of
current and voltage. Remembering that

Im.n = J(mwl + na’?)Qﬂ.ﬂ

we may express the left side of (A.10) as

i Z JQOn mn — — i 3 M. (A13)

Mem—CO pue—00 Mm—0 n——-w mw, + nwe

Hence we may re-write Eq. (A. 10) in the following form:

2«, .2, ";I;,mf;;, f f" 3w lt) d(wt) d(wet). (A.14)

Now
aq dg
0 (w;t) d (wlt)

(A.15)

ugt—oonlhnt

Hence we can write the integral over d(wt) as

= ol dq _ q( @} tem27)
/::-o 6(w1t) aleat) /:u-ovd(wlt) d(ert) ‘f v(g) dg

g(w1t=0)
(A.16)

with wet held constant. Therefore (A.14) can be simplified even further
to obtain

m, nIm n q(2x, wt)
$ 0 Mnalnat 1 d(wnt) / o(¢) dg. (A7)

e e —Y mf; + nfz 2r wat=) q(0, wat)

With the mathematical manipulation now almost complete, it is time to
stop and consider how the products of current and voltage as expressed
by (A.17) are related to the power flow in the nonlinear capacitor. We
know from circuit theory that if we express current and voltage in
exponential form, we can obtain the average power flow by taking the
real part of the product of VI*. Since Eq. (A.17) consists of such products
the real portion of (A.17) will give us the desired information regarding
power flow in a nonlinear reactance. Let us break the summation over
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m into two parts, one a summation form 0 to ©, and one a summation
from 0 to — o,

Z i me nImn

Mma=—C0 N==—© mfl + nf2

= . Vm nIm n* X = Vm nIm n*
= 3 ¥ Blmnlmn L 3% 5 Blmadmn’ A1)

m=) n=—wx mfl + nf2 m=0 n=—oo mfl + nf2
Recalling that
Im,n = Ijm,—n (A.6)
Vm,n = me.—n (A.7)

we can effectively change the summation over the negative values of m
into a summation over the positive values by simply replacing V. . and
I? . by their complex conjugates. Hence (A.18) becomes

ies] anImn . = anImn* mn*Imn
5208 Mnadna® g S8 MV mnn T Vnn Tnnd ) o)

Mm=—00 n=m—oo mfl + ’nfz m={0 ne=—oo mfl + nf2

The right side of (A.19) is seen to consist of a quantity plus its complex
conjugate, which is equal to twice the real part of that quantity. So (A.19)
can be written as

Z i MV mnlmn* _ i i m2Re[ Vol n*] (A.20)

Me=—00 Na==—00 mfl + nf2 m=) n=—o mfl + nfz

o0 © um'"
m=) n=—aoo mfl + nfz

where P, , is the power flowing into the nonlinear capacitor at frequency
mfy + nf.. (Here the magnitudes of V and I have been defined so that
Prn=2Re[Vpoln.])

All that now remains is the evaluation of the double integral in Eq.
(A.17). Fortunately this is trivial for the case when hysteresis effects
are excluded. Since ¢ is periodic in both wif and wst with period 2x, the
integrals over the range 0 to 2r will be identically equal to zero, as
v(q) is single-valued. The desired result for the power flow in a nonlinear
reactance is thus

o e (A.21)

M=) ne=—oo ’mfl + nfz

In exactly the same manner, a second result can be obtained involving
the index n instead of m.

P (A.22)

ne=) Mmm—ac0 mfl + nf2
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and noise figure, 23
uses of, 143
Communications, 168-172
phase-coherent degenerate amplifier,
168-171
phase-lock system, 169-171
radar, 168-169
servo-loop tracking, 169-171
signal and pump from same source,
168-169
space communications, 172
use of signal for pump, 169
Conduction bands, in crystalline solids,
123
Conversion efficiency, of harmonie
generation, 108, 112-113, 115
Corona, solar, noise storms caused by, 29
Cramer’s Rule, 40
Crystalline solids, electrons in, 122-123

Degenerate amplifiers, 66-79
average noise figure definition, 67-68
bandwidth, 163-165
crossed-waveguide circuits, 146-147
defined, 66-67
design details, 146-148
double-sideband noise figure, 68, 70
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Degenerate amplifiers (con.):
double-sideband operating noise tem-
perature defined, 71
idler frequency disadvantage, 143
multiple-tuned, 84
noise figure, 6772, 73
vs. non-degenerate, 143
non-phase-coherent, 67-72, 75-76
phase-coherent, 72-79, 168-171
principle-frequency
defined, 69
radar, 157-162
signal input channel defined, 69
single-sideband noise figure, 68
synchronous pumping technique, 67,
161-162
transducer gain, 74, 75-79
X-band, 147-148, 149
Depletion layers, in semiconductors, 124
Design considerations, 142-146
Diodes (see also Semiconductor diodes):
loss, 93-97
spacing of, 93
Donor impurities, in semiconductors, 124
Double-sideband noise figure, 68, 70
Down-converters, transducer gain, 42
Drake, F. D., 163
Drift bursts, solar, and radio noise, 29

transformation,

Effective input noise temperature, 17-18
(see also Noise figure)

Electrons, in crystalline solids, 122-123

Energy bands, in crystalline solids, 123

Ewen, H. 1., 163

External noise sources, 24, 26-30

Extragalactic radiation, 165

Extraterrestial noise, 28-30

Faraday, Michael, 2

Felsen, L. B., 134

Ferrite, 2, 23, 165

Floquet theorem, 89

Four-frequency parametric devices, 116—
117, 143

Fourier analysis, 4, 8, 63, 114, 127, 128,
129, 130, 134

Frequency mixing, 4

Frequency of signal voltages, in analysis
of parametric devices, 9-10

Index

Frequency stabilizer (@ multiplier), 119-
121

Galactic background, 24, 28, 29-30, 163

Gallium, 124

Gallium arsenide, 132, 151

Germanium, 122, 123, 132

Harmonic generation, by nonlinear re-
actance, 108-115
conversion efficiency of, 108, 112113,
115
design details of, 152, 154-155
Harmonic pumping, of parametric de-
vices, 117
Hartley, R. V. L., 2
Hogg, D. C., 27
“Holes,” in semiconductors, 123
also Semiconductor diodes)
Honda, J. S., 151
Hydrogen line observations, in radiom-
etry, 163, 165-166

(see

Idler frequency, defined, 49

Impurities, in semiconductors, 123-124

Indium antimonide, 132

Inductance, defined, 4

Inductive reactance, 3

Instability, in nonlinear energy storage, 2

Insulators, and semiconductors, 123

Intermetallic compounds, 123

International Standard atmosphere, 27

Interstellar gas, and radio noise, 29-30

Ionosphere, absorption and re-radiation
by, 24, 28

Isolators, amplifier performance with,
57-60

Isolators, ideal, 57

Iterated amplifiers with loss, 93-97

Iterated traveling-wave parametric am-
plifiers, 88-93 (see also Traveling-
wave parametric amplifiers)

Jones, E. M. T, 151
Klystrons, millimeter wave, 152, 154

Landauer, R., 86
Landon, V. D., 2
Large-signal method of analysis, 8-9
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Large-signal properties of two-port nega-
tive-resistance parametric ampli-
fiers, 101-107
detuning capacitance concept, 107
first-order saturation effects, 102-106
high saturated power outputs, 105
limits on oscillation levels, 106
as an oscillator, 106
saturated power output quantity, de-
fined, 104
second-order effects, 106-107
Lawson, J. L., 157
Limiters, 118-119
Linear inductance, defined, 3
Linear reactance, defined, 3
Long range telemetry, 172
Loss, as shunt conductance, 93

MAVAR (Microwave Amplification, by
VAriable Reactance), 1

MTI radar, 161, 162

Majority carriers, in semiconductors, 124

Manley, J. M., 2

Manley-Rowe power relations, 4-6, 38,
40, 42, 67, 69, 91-92, 103, 108,
116, 173-177

Masers, 2

Mathieu-and-Hill equations, theory of, 4

Matthaei, G. L., 83-84

Microdot cable, 154

Microwave sources, 152, 154

Multiple-tuned circuits, for
banding, 81-84, 143

broad-

Narrow band observations, in astronomy,
165
Negative-resistance parametric amplifier,
49-66
bandwidth, 52-57, 80-84
bilateral gain characteristic, 51-52
broadbanding, 80-84
degenerate amplifiers (see Degenerate
amplifiers)
idler frequency, 49
large-signal properties of two-port
amplifiers (see  Large-signal
properties of two-port negative-
resistance parametric amplifiers)
no-circulator situation, 64-66
noise figure and operating noise tem-
perature, 60-66
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Negative-resistance parametric amplifier
(con.):
performance with isolators and circu-
lators, 57-60
thermal noise sources, 60-61
transducer gain, 50-52, 53-55
vs. up-converters, 142-143
Noise, 14-36 (see also Noise figure)
antenna temperature, 25-26, 27
atmospheric absorption, 24, 26-28
brightness temperature concept, 21-26
classifications, 14
external sources, 24, 26-30
extragalactic, 165
extraterrestial, 28-30
galactic background, 24, 28, 29-30
internal, 14
ionosphere, 24, 28
man-made interference, 24
and nonlinear reactance, 1-2
operating noise temperature defined,
30
receiver, 2
resistance, 1-2
solar noise, 28-29
standard noise temperature, 16-17
system sensitivity, 30-32
thermal, 14-16, 60-61
transducer gain defined, 17
Noise figure, 16-24, 30-32
attenuator method of measuring, 35-36
attenuators, 19-20
cascaded networks, 20-21, 36
circulators, 23
definitions of, 16-17, 67-68
degenerate amplifiers, 67-73
double-sideband, 68, 70
effective input noise temperature,
17-18
measurement of, 32-36
noise-source method of measuring,
33-35
operating, 30-32
operating noise temperature in a
negative-resistance amplifier, 60—
66
radiometry, 164-165
resistors, 18-19
single-sideband, 68
signal generator method of measuring,
33
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Noise figure (con.):
spot, 97
temperature, 23
transducer gain, 17
transmission line losses, 21-24
traveling-wave parametric amplifiers,
94-97
up-converters, 46—49, 151
Non-degenerate amplifiers, design de-
tails, 149-150
Nonlinear capacitance, defined, 3
Nonlinear capacitors, input and output
impedance of, 4243
Nonlinear circuits, 4
Nonlinear circuits, analysis of, 6-13
Nonlinear reactance, defined, 3
Nonlinear and time-varying reactances,
principles of, 3—4
North, H. Q., 2
Nyquist, 15

Oliner, A. A., 134
Open-circuited harmonics, condition of,
11, 12, 13

Operating noise temperature, defined, 30

Operating noise temperature and noise
figure in a negative-resistance am-
plifier, 60-66

Oscillators, design of, 152, 154-155

Oscillators, transistor, 152, 154

Ozone, 28

P-n junctions theory, 122-132

Parametric amplifiers (see also Degen-
erate amplifiers; Negative-re-
sistance parametric amplifier;
Semiconductor diodes)

‘““discovery of,” 2
term, 1

Parametric limiters, 118-119

Passive airborne mapping systems, 166—
168

Passive surveillance, and radiometric
systems, 166—-168

Peterson, L. C., 2

Phase-coherent degenerate amplifiers,
168-171 (see also Degenerate
amplifiers)

Phase-lock systems, 169-171

Pippen, J. E., 118

Planck factor, 15

Planck’s constant, 15

Planck radiation law, 25

Index

Poisson’s equation, 126
Pulse doppler radar, 161, 162

Radar, 36, 156-162, 168-169
Radio astronomy, 24, 162-163, 165
Radio noise (see Noise)
Radiometry, 162-168
bandwidth, 163-165
hydrogen line observations, 163, 165~
166
minimum detectable temperature, 163
noise figure, 164-165
passive surveillance, 166-168
up-converters, 165-166
Rayleigh, Lord (see Strutt, J. W.)
Rayleigh-Jeans approximation, 25
Reactance, defined, 3
Reactance, nonlinear, and noise, 1-2
Receiver noise, 2
Resistance, and noise, 1-2
Resistance, of semiconductors, 123
Resistive element, and time derivative, 3
Resistors, available noise power from, 16
Resistors, noise figure of, 18-19
Roe, G. M., 86
S-band  (non-degenerate)
149-150
Selection of amplifiers, 142-146
Semiconductor diodes, 122-141
abrupt (step) junctions, 125, 145-146
canonical circuit, 134-135
fabrication, 132-133
“holes,” 123
impurities, 123-124
vs. insulators, 123
linearly-graded junctions, 125
measurement techniques, 133-141
mesa method of construction, 133
n-types, 124
p-n junctions theory, 122-132
p-types, 124
package designs, 133, 139
as parallel-plate capacitors, 124
parasitic case capacitance, 128-131
point contact method of construction,
133
resisance of, 123
Smith charts, 136-137, 139, 140
transformation ratio, 135, 141
Servo-loop tracking, 169-171
Signal voltage frequencies, in analysis of
parametric devices, 9-10

amplifiers,
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Silicon, 123, 132, 154

Single-sideband noise figure, 68

Sky temperature (see Brightness tem-
perature)

Small-signal  linearized

" matrices, 9-13

Small-signal method of analysis, 7-8

Smith charts, 136-137, 139, 140

Solar noise, 24, 28-29

Solid-state electronics, 2

Space communications, 172

Spot noise figure, 97

Square-law detector, 158, 160161

Standard noise temperature, 16-17

Stellar atmospheres, and radio noise,
29-30

Stripline filters, 154

Strutt, J. W. (Lord Rayleigh), 2, 185

Suhl, H., 2, 85

Sum-frequency amplifiers (see Up-con-
verters)

Sunspot regions, and noise storms, 29

Superposition, principle of, 4

Surveillance, passive, and radiometric
systems, 166-168

Synchronous pumping technique, 67,
161-162

System applications, 156-172 (see also
Communications; Radar; Radi-
ometry)

System sensitivity, and noise, 30-32

admittance

Taylor series expansions, 9, 102, 106, 109
Telemetry, long range, 172
Temperature, of antenna, 25-26, 27
Temperature, and noise figure, 23
Thermal noise, 14-16
Thermal noise sources, in a negative-
resistance amplifier, 6061
Thermal sensors, 162-168 (zee also
Radiometry)
Tien, P. K., 85, 88
Time-varying linear reactances, circuits
containing, 4
Transducer gain:
defined, 5-6, 17
degenerate amplifiers, 74, 75-79
down-converters, 42
negative-resistance parametric am-
plifier, 50-52, 53-55
noise figure, 17
up-converters, 39-42

Transistor oscillators, 152, 154
Transmission line losses, and noise figure,
21-24
Traveling-wave parametric amplifiers,
85-101
bandwidth, 88, 143
design details, 152, 153
diode loss, 93-97
diodes, spacing of, 93
gain, expression for, 93-94
iterated amplifier with loss, 93-97
iterated traveling-wave amplifier,
88-93
loss as shunt conductance, 93
modes of operation, 98-101
noise figure, 94-97
spot noise figure, 97
uniform, without loss, 85-88
Two-port amplifiers, large-signal proper-
ties of, 101-107
Two-port network, definition of available
gain in, 16

Uhlenbeck, G. E., 157
Up-converters, 6, 37-49
bandwidth, 43—-46
design details, 151-152
down-converter transducer gain, 42
input and output impedance of non-
linear capacitor, 42-43
vs. negative-resistance amplifiers, 142-
143, 151
noise figure, 46-49, 151
properties, 37
radiometry, 165-166
transducer gain, 39-42

Vacuum tubes, as parametric amplifi-
ers, 1

Valence bands, in crystalline solids, 123

Van der Ziel, A., 2

Variable-parameter amplifiers, term, 1

Wade, G., 85, 93
Waltz, M. C., 135
Weiss, M. T., 2
Wolf, A. A, 118

X-band degenerate parametric ampli-
fiers, 147-148, 149

Yttrium iron garnet, 23



Original from
UNIVERSITY OF MICHIGAN

Digitized by {:‘r{fﬂﬂé}}]{f

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0z/Aaudlpuey |py//:diy / LIND TZ:90 82-L0-ZT0Z U0 pajelausn



Original from
UNIVERSITY OF MICHIGAN

Digitized by GL‘}L]S[E

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0Z/Aaudlpuey |py//:diy / LIND €2:90 82-L0-ZT0Z U0 pajelausn



Original from
UNIVERSITY OF MICHIGAN

.mnglt‘

by C 3

igitized

D

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0z/Aaudlpuey |py//:dny / LIND £2:90 82-L0-ZT0Z U0 pajelausn



Original from
UNIVERSITY OF MICHIGAN

Digitized by GL‘}US[C

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0z/3audlpuey |py//:dny / LIND GZ:90 82-L0-ZT0Z U0 pajelausn



Iriginal from
UNIVERSITY OF MICHIGAN

o
Ll
LT

£

s (G00gle

9]6006-pd#asn ssadde/blo isniiyrey mmm//:diay / paziibip-a)6009 ‘urewoq 21jqnd
€080LSY00ST06€E dpw/Lz0z/3u d|puey’|py//:d1y / LIND 92:90 82-L0-ZT0Z UO pajelauds



Original from
UNIVERSITY OF MICHIGAN

Digitized by GL‘}US[C

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LG¥00ST06€E dpw/Lz0Z/Aaud|puey |py//:dny / LIND £Z:90 82-L0-ZT0Z U0 pajelausn



Original from
UNIVERSITY OF MICHIGAN

Digitized by GL‘}L]S[E

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0z/3audlpuey |py//:diy / LIND 82:90 82-L0-ZT0Z U0 pajelausn



Original from
UNIVERSITY OF MICHIGAN

Digitized by GL‘}L]S[E

91b00bh-pd#asn ssadde/6103sninyiey mmm//:diy / paznibip-916009 ‘urewoq dlqnd
€080LS5¥00ST06€E dpw/Lz0z/Aaudlpuey |py//:dny / LIND 62:90 82-L0-ZT0Z U0 pajelausn



gl

THE UNIVERSITY OF MICHIGAN

g v






Original from

UNIVERSITY OF MICHIGAN




