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PREFACE

The purpose of the “Radio Engineers’ Handbook” is to provide a
reference book summarizing the body of engineering knowledge that is
the basis of radio and electronics.

Particular effort has been made to achieve thoroughness. Some
two thousand technical articles were reviewed during the preparation of
the manuscript, and the book in its final form presents in an organized
way the more important contributions made to the art by this vast
body of technical literature. In the selection of material an attempt
has been made to avoid the common failing of most handbooks, which
instead of summarizing all of the important facts about a topic, and
bringing together formulas and procedures useful in actual design, too
often devote most of the available space to introductory material, such
as found in good textbooks, and to descriptions of particular equipments.

The text is well documented, there being about fifteen hundred
footnote references to published articles. Practically all the pertinent
engineering literature in English that bears on any particular subject
is referred to in connection with the text on that subject. The reader
who wishes to make an intensive study of a particular topic is thus in
most cases spared the necessity of engaging in a time-consuming search
through many indexes to find out what has been published. At the
same time, the essential information, formulas, ete., are insofar as
possible included in this book. The reader, therefore, does not need to
have an entire library within arm’s reach in order to obtain the answer to
most problems, and yet knows just where to go for further information.

Attention is called to certain sections of the book which present in one
place material previously widely scattered. Thus the formulas and
curves on skin effect, induetance, mutual inductance, and capacity in
Section 2 represent the most complete collections ever presented at one
place. The same is true of the transmission-line equations in Section 3,
the formulas for field patterns and radiation resistance of antennas in
Section 11, the treatment of ground-wave and ultra-high-frequency
propagation in Section 10, etc. Similarly, the important subject of
network theory is covered in a straightforward and comprehensive way
that, it is hoped, will widen the understanding of such important matters
as Foster’s reactance theorem, attenuation and phase equalizers, lattice
and ladder filters of various types, impedance matching and insertion loss,
the relation between attenuation and phase shift, etc. The treatment on
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vi PREFACE

electron optics is noteworthy in that it is the first summary of the subject .
that has appeared in handbook form, and also because it presents the
most complete collection of data on electron lenses that has ever been
published.

The “Radio Engineers’” Handbook” is unique among handbooks in
that it is essentially a one-man job. This has made it possible to coordi-
nate different sections of the book very closely. Thus, related subjects in
different parts of the book are treated from the same viewpoint and are
fully cross-referenced, duplication is avoided, and there is no trouble from
gaps such as inevitably appear when the writer of one section is not
familiar with the details of all of the other sections. At the same time,
the one-man approach has necessarily limited the range of topics covered
to the basic engineering principles which the radio man thinks of as
constituting radio engineering. Related communication fields, such as
wire communication, as well as the physics aspects of radio and elec-
tronics, including particularly the physics literature and special applica-
tions to problems in physics, are covered only very incompletely. This is
not because these things are not important, but rather because what one
man can do in one book is inevitably limited. Within the scope of the
book, the coverage will be found to be almost complete, however.

There is one omission that the inquiring reader will wonder about,
namely, the lack of a section on television. This was to be Section 14, but
as the author became deeply involved in war work early in 1942, it
became impossible to follow the original plans without delaying publica-
tion indefinitely. Television material does appear in sections dealing
with amplifiers, antennas, ete., but the coordinated presentation of tele-
vision systems is regrettably missing.

In selecting the material to go into “Radio Engineers’ Handbook " it
has of course been necessary to avoid any material that even hints at the
new developments that have evolved from the needs of war. Certain
topics were in fact deliberately deemphasized to avoid indicating the
directions in which the new developments are being made. Accordingly,
even when readers are disappointed in not finding descriptions and
explanations of the new techniques evolved from the war effort, they
should not feel that the author is oblivious to them. Quite the contrary
is the case. '

Many people and organizations have helped in one way and another to
bringing the ‘“Radio Engineers’ Handbook’' into being. The most
important contribution was made by Dr. Karl Spangenberg, the author’s
associate at Stanford University, who wrote Section 4 on Vacuum Tubes
and Electronics, and who was largely responsible for the material on wave
guides and cavity resonators in Section 3 and the collection of for-
mulas giving inductance, mutual inductance, and capacity in Section 2.
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Acknowledgment is also due Dr. W. Y. Pan and Donald MacQuivey, who
prepared most of the illustrations, and to W. 8-Y Yeh, T. H. Pi, C. K.
Chang, Robert Soderman, O. G. Villard, Jr., Dr. E. A. Yunker, Clark
Cahill, Robert Barnes, and others who assisted in various ways at one
time oranother. Thanks are also due the International Standard Electric
Corporation for making available the data on electron lenses that appears
in Bection 4, and to the General Radio Company, Driver Harris Co.,
RCA Manufacturing Co., Inc., Ohmite Manufacturing Company, and

Phelps Dodge Copper Products Corporation for permission to reproduce
various charts and tables.

In a work of this type some mistakes in equations, curves, ete., will
inevitably occur no matter how much care is taken. Where these are
found, the author would appreciate their being called to his attention so
that subsequent printings may be corrected.

FreEDERICK EMMONS TERMAN.
CAMBRIDGE, MASSACHUSETTS,
May, 1943.
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SECTION 1
TABLES, MATHEMATICAL RELATIONS, AND UNITS

TABLES

1. Decibel Table

Current

Power Current and .
andr;/&lgage ratio voltage ratio Power ratio
Db Db
Gain | Loss | Gain | Loss Gain Loss Gain Loss
0.1 | 1.01/0.989] 1.02(0.977|] 8.0 2.51 ] 0.398 6.31 0.158
0.2 | 1.02|0.977] 1.05/0.955| 8.5 2.66 | 0.376 7.08 0.141
0.3 | 1.03/0.966{ 1.07(0.933| 9.0 2.82 | 0.355 7.94 0.126
0.4 | 1.05/0.955| 1.10/0.912] 9.5 2.98 | 0.335 8.91 0.112
0.5 | 1.06{0.944} 1.12/0.891| 10.0 3.16 | 0.316 10.00 0.100
0.6 | 1.07/0.933} 1.150.871] 11.0 3.55 | 0.282 12.6 0.079
0.7 | 1.08/0.923| 1.17(0.851} 12.0 3.98 | 0.251 15.8 0.063
0.8 | 1.10]0.912] 1.20/0.832| 13.0 4.47 | 0.224 19.9 0.050
0.9 | 1.11|0.902| 1.23/0.813| 14.0 5.01 | 0.199 25.1 0.040
1.0 | 1.12]0.891| 1.26/0.794] 15.0 5.62 | 0.178 31.6 0.032
1.1 | 1.13|0.881] 1.29|0.776) 16.0 6.31 | 0.158 39.8 0.025
1.2 | 1.15/0.871| 1.32{0.759} 17.0 7.08 | 0.141 50.1 0.020
1.3 | 1.16/0.861| 1.35{0.741 18.0 7.94 | 0.126 63.1 0.016
1.4 | 1.17,0.851| 1.38(0.724) 19.0 8.91 | 0.112 79.4 0.013
1.5 | 1.19/0.841| 1.41]0.708} 20.0 10.00 | 0.100 100.0 0.010
1.6 | 1.20/0.832| 1.44/0.692) 25.0| 17.8 | 0.056 3.16 X102 16 X103
1.7 | 1.22/0.822| 1.48/0.676] 30.0| 31.6 | 0.032 103 10-3
1.8 | 1.23[0.813} 1.51[0.661] 35.0{ 56.2 | 0.018 3.16 X103 16 X104
1.9 | 1.24{0.803| 1.55|0.646} 40.0{ 100.0 0.010 10¢ 10—
2.0 | 1.26(0.794| 1.58/0.631] 45.0, 177.8 | 0.006 3.16 X104 16 X105
2.2 | 1.29(0.776| 1.66(0.603| 50.0 316| 0.003 105 108
2.4 | 1.32/0.759] 1.74(0.575 55.0 562| 0.002 3.16 X105 16 X108
2.6 | 1.35/0.741] 1.82(0.550| 60.0 1,000{ 0.001 108 108
2.8 | 1.38/0.724| 1.90/0.525| 65.0 1,770| 0.0006  [3.1610° 16 X107
©3.0 | 1.41(0.708{ 1.99/0.501} 70.0 3,160] 0.0003 107 107
3.2 | 1.44[0.692] 2.09(0.479| 75.0 5,620/ 0.0002 |3.16X107 16 X108
3.4 | 1.48/0.676] 2.19/0.457| 80.0| 10,000 0.0001 108 108
3.6 | 1.51|0.661| 2.290.436] 85.0| 17,800} 0.00006 |3.16X10° 16 X10-°
3.8 | 1.55|0.646| 2.40/0.417} 90.0 31,600] 0.00003 ) 109 10—
4.0 | 1.58/0.631] 2.51]0.398) 95.0 56,200, 0.00002 3.16 X10° ({3.16X10~1°
4.2 1 1.62/0.617] 2.63[0.380{100.0] 100,000 0.00001 1010 1010
4.4 | 1.66|0.603| 2.750.363]105.0| 178,000/0.000006 |3.16101° .16 X101
4.6 | 1.70/0.589| 2.88/0.347(110.0| 316,000/0.000003 101 1011
4.8 | 1.74/0.575| 3.02[0.331[115.0; 562,000{0.000002 [3.16x10 |3 16 X 10712
5.0 | 1.78/0.562| 3.16/0.316|120.0{1,000,000|0.000001 1012 1012
- 5.5 | 1.8810.531] 3.55/0.282]130.0{3.16 X108 3.16 X107 1013 1013
6.0 | 1.99/0.501] 3.98/0.251/140.0 107 107 1014 1014
6.5 | 2.11]0.473| 4.47/0.224/150.0(3.16 X107|3.16 X108 1018 10-15
7.0 | 2.24/0.447| 5.01|0.199(160.0 108 10-8 1016 10-16
75 | 2.37/0.422| 5.62|0.178]170.0[3.16 X10%(3.16 X 10~* 1017 10-17

1



RADIO ENGINEERS HANDBOOK |Sec. 1
2. Natural Sines and Cosines*
Nora.—For cosines use right-hand column of degrees and lower line of tenths.

Deg °0.0 °0.1 °0.2 °0.3 °0.4 °0.5 °0.6 °0.7 °0.8 °0.9
0° | 0.0000) 0.0017 0.0035| 0.0052! 0.0070| 0.0087 0.0105 0.0122| 0.0140| 0.0157| 89
1 0.0175 0.0192{ 0.0209| 0.0227| 0.0244] 0.0262| 0.0279] 0.0297| 0.0314 ©.0332{ 88
2 0.0349| 0.0366( 0.0384/ 0,0401| 0.0419| 0.0436| 0.0454/ 0.0471| 0.0488| 0.0506] 87
3 0.0523( 0.0541| 0.0558] 0.0576{ 0.0593| 0.0610| 0.0628| 0.0645| 0.0663| 0.0680 86
4 0.0698| 0.0715) 0.0732| 0.0750| 0.0767 0.0785| 0.0802| 0.0819] 0.0837| 0.0854] 85
5 0.0872( 0.0839( 0.0906/ 0.0924| 0.0941] 0.0958( 0. 0976 0.0993! 0.1011| 0.1028! 84
6 0.1045| 0.1063( 0.1080| 0.1097! 0.1115| 0,1132 0.1167] 0.1184 0.1201 83
7 0.1219( 0.1236/ 0.1253| 0.1271] 0.1288| 0.1305| 0. 1323 0.1340| 0.1357] 0.1374| 82
8 0.1392| 0.1409( 0.1426( 0.1444( 0.1461| 0.1478| 0.1495| 0.1513| 0.1530( 0.1547] 81
9 0.1564| 0.1582| 0.1599{ 0.1616| 0.1633| 0.1650] 0.1668| 0.1685| 0.1702| 0.1719] 80°
10° 1 0.1736( 0.1754f 0.1771( 0.1788( 0.1805( 0.1822| 0.1840( 0.1857) 0.1874] 0.1801] 79
1 0.1908| 0.1925| 0.1942( 0.1959| 0.1977] 0.1994| 0.2011{ 0.2028] 0.2045| 0.2062 78
12 0.2079/ 0.2096/ 0.2113( 0.2130( 0.2147| 0.2164| 0.2181| 0.2198| 0.2215| 0.2232 77
13 0.2250( 0.2267| 0.2284/ 0.2300| 0.2317| 0.2334| 0.2351} 0.2368| 0.2385| 0.2402 76
14 0.2419] 0.2436{ 0.2453( 0.2470] 0.2487| 0.2504| 0.2521] 0.2538] 0.2554| 0.2571| 75
15 0.2588| 0.2605| 0.2622} 0.2639 0.2656] 0.2672} 0.2689| 0.2706; 0.2723] 0.2740| 74
16 0.2756/ 0.2773| 0.2790| 0.2807} 0.2823| 0.2840( 0.2857| 0.2874| 0.2890| 0.2907| 73
17 0.2924] 0.2940( 0.2957( 0.2974] 0.2990| 0.3007| 0.3024! 0.3040| 0.3057| 0.3074 72
18 0.8090| 0.3107( 0.3123( 0.3140{ 0.3156{ 0.3173| 0.3190| 0.3206| 0.3223| 0.3239 71
19 0.3256| 0.3272] 0.3289| 0.3305| 0.3322| 0.3338| 0.3355| 0.3371| 0.3387| 0.3404| 70°
20° 0.3420| 0.3437| 0.3453| 0.3469| 0.3486] 0.8502| 0.3518! 0.3535| 0.3551| 0.3567| 69
21 0.3584/ 0.3600( 0.3616| 0.3633| 0.3649] 0.3665| 0.3681| 0.3697| 0.3714| 0.3730| 68
22 0.8746/ 0.3762| 0.3778| 0.3795( 0.3811} 0.3827| 0.3843| 0.3859| 0.3875| 0.3891| 67
23 0.3907| 0.3923| 0.3939| 0.3955| 0.3971( 0.3987| 0.4003] 0.4019| 0.4035| 0.4051 66
24 0.4067] 0.4083| 0.4099| 0.4115| 0.4131| 0.4147| 0.4163| 0.4179] 0.4195| 0.4210{ 65
25 0.4226} 0.4242( 0.4258' 0.4274( 0.4289] 0.4305| 0.4321| 0.4337| 0.4352| 0.4368] 64
26 0.43841 0.4399| 0.4415 0.4431} 0.4446| 0.4462| 0.4478] 0.4493] 0.4500| 0.4524| 63
27 0.4540( 0.4555| 0.4571| 0.4586{ 0.4602/ 0.4617| 0.4633| 0.4648| 0.4664| 0.4679] 62
28 0.4695] 0.4710| 0.4726; 0.4741( 0.4756( 0.4772| 0.4787| 0.4802| 0.4818| 0.4833| 61
29 0.4848] 0.4863| 0.4879| 0.4894] 0.4909| 0.4924] 0.4939] 0.4955| 0.4970| 0.4985] 60°
30° | 0.5000( 0.5015| 0.5030| 0.5045| 0.5060| 0.5075| 0.5900! 0.5105| 0.5120! 0.5135| 59
31 0.51501 0.5165| 0.5180] 0.5195 0.5210| 0.5225] 0.5240[ 0.5255| 0.5270] 0.5284] 58
32 0.5299] 0.5314; 0.5329, 0.5344( 0.5358| 0.5373] 0.5388| 0.5402| 0.5417] 0.5432| 57
33 0.5446| 0.5461] 0.5476; 0.5490| 0.5505] 0.5519( 0.5534| 0.5548| 0.5563| 0.5577 56
34 0.5592| 0.5606] 0.5621] 0.5635| 0.5650| 0.5664| 0.5678| 0.5693]| 0.5707| 0.5721] 55
35 0.5736} 0.5750! 0.5764] 0.5779] 0.5793| 0.5807] 0.5821| 0.5835! 0.5850! 0.5864| 54
36 0.5878| 0.5802( 0.5906| 0.5920| 0.5934] 0.5948| 0.5962| 0.5976] 0.5990| 0.6004| 53
37 0.6018( 0.6032( 0.6046| 0.6060] 0.6074| 0.6088| 0.6101] 0.6115| 0.6129| 0.6143] 52
38 0.6157( 0.6170] 0.6184| 0.6198| 0.6211| 0.6225| 0.6239] 0.6252| 0.6266| 0.6280| 51
39 0.6293] 0.6307] 0.6320| 0.6334] 0.6347| 0.6361| 0.6374] 0.6388| 0.6401| 0.6414] 50°
40° | 0.6428) 0.6441) 0.6455| 0.6468| 0.6481| 0.6494| 0.6508| 0.6521] 0.6534] 0.6547] 49
41 0.6561; 9.6574] 0.6587( 0.6600| 0.6613| 0.6626| 0.6639| 0.6652| 0.6665 0.6678 48
42 0.6691} 0.6704! 0.6717| 0.6730| 0.6743( 0.6756| 0.6769| 0.6782| 0.6794| O.6807 47
43 0.6820( 0.6833] 0.6845| 0.6858| 0.6871| 0.6884| 0.6896] 0.6909| 0.6921| 0.6934| 46
44 0.6947| 0.6959| 0.6972| 0.6984] 0.6997] 0.7009| 0.7022| 0.7034| 0.7046| 0.7059| 45
°1.0 °0.9 °0.8 °0.7 °0.6 °0.5 °0.4 °0.3 °0.2 °0.1 Deg

# From “Staadard Handbook for Electrical Engineers,” 7th ed.



Par. 2] TABLES, MATHEMATICAL RELATIONS, AND UNITS

2. Natural Sines and Cosines.*—(Concluded)

Deg °0.0 :’0.1 °0.2 °0.3 °0.4 °0.5 °0.6 °0.7 °0.8 °0.9
45 0.7071] 0.7083] 0.7096| 0.7108| 0.7120[ 0.7133| 0.7145} 0.7157| 0.7169{ 0.7181] 44
46 uv.7193| 0.7206| 0.7218[ 0.7230] 0.7242| 0.7254| 0.7266] 0.7278| 0.7290| 0.7302| 43
47 0.7314| 0.7325| 0.7337( 0.7349] 0.7361| 0.7373| 0.7385| 0.7396| 0.7408| 0.7420/ 42
48 0.7431] 0.7443] 0.7455] 0.7466] 0.7478| 0.7490| 0.7501| 0.7513} 0.7524| 0.7536; 41
49 0.7547] 0.7559] 0.7570| 0.7581| 0.7593| 0.7604] 0.7615] 0.7627| 0.7638} 0.7649 40°
50° | 0.7660] 0.7672] 0.7683| 0.7694| 0.7705{ 0.7716| 0.7727 0 7738] 0.7749] 0.7760 39
51 0.7771| 0.7782| 0.7793| 0.7804( 0.7815| 0.7826/ 0.7837| 0.7848| 0.7859| 0.7869| 38
52 0.7880| 0.7891| 0.7902| 0.7912| 0.7923| 0.7934| 0.7944| 0.7955| 0.7965| 0.7976/ 87
53 0.7986] 0.7997| 0.8007] 0.8018] 0.8028| 0.8039| 0.8049; 0.8059( 0.8070| 0.8080; 36
54 0.8090| 0.8100| 0.3111 0.8121| 0.8131] 0.8141] 0.8151| 0.8161| 0.8171 0.8181 35
55 0.8192| 0.8202| 0.&211] 0.8221] 0.8231 O, 8241 0.8251| 0.8261! 0.8271| 0.8281| 34
56 0.8290| 0.8300| 0.8310f 0.8320| 0.8329 0.8348| 0.8358| 0.8368] 0.8377| 83
57 0.8387} 0.8396| 0.8406| 0.8415] 0.8425( O. 8434 0.8443 0.8453| 0.8462| 0.8471| 32
58 0.8480| 0.8490| 0.8499| 0.8508] 0.8517| 0.8526] 0.8536| 0.8545| 0.8554( 0.8563 31
59 0.8572; 0.8581| 0.8590| 0.8599] 0.8607] 0.8616] 0.8625] 0.8634| 0.8643| 0.8652 30°
60° | 0.8660| 0.8669] 0.8678( 0.8686| 0.8695( 0. 8704 0.8712| 0.8721| 0.8729] 0.8738] 29
61 0.8746| 0.8755] 0.8763| 0.8771| 0.8780| 0.8788| 0.8796| 0.8805{ 0.8813; 0.8821| 28
62 0.8829] 0.8838) 0.8846] 0.8854; 0.8862| 0.8870| 0.8878( 0.8886| 0.8894| 0.8902| 27
63 0.8910] 0.8918| 0.8926( 0.8934] 0.8942| 0.8949| 0.8957( 0.8965| 0.8973| 0.8980| 26
64 0.8988] 0.8996/ 0.9003| 0.9011] 0.9018| 0.9026( 0.9033| 0.9041| 0.9048| 0.9056| 25
65 0.9063[ 0.9070{ 0.9078] 0.9085| 0.9092( 0.9100| 0.9107| 0.9114| 0.9121]| 0.9128] 24
66 0.9135 0.9143| 0.9150{ 0.9157( 0.9164( 0.9171]| 0.9178| 0.9184f 0.9191]| 0.9198| 23
67 0.9205( 0.9212| 0.9219] 0.9225 0.9232| 0.9239] 0.9245| 0.9252{ 0.9259| 0.9265 22
68 0.9272| 0.9278( 0.9285! 0.9291| 0.9298| 0.9304} 0.9311( 0.9317| 0.9323| 0.9330| 21
69 0.9336] 0.9342| 0.9348! 0.9354| 0.9361| 0.9367{ 0.9373| 0.9379| 0.9385| 0.9391| 20°
70° | 0.9397] 0.9403| 0.9409| 0.9415| 0.9421] 0. 9426 0.9432| 0.9438( 0.9444) 0.9449| 19
71 0.9455| 0.9461] 0.9466] 0.9472( 0.9478 0.9483} 0.9489| 0.9494| 0.9500( 0.9505 18
72 0.9511| 0.9516| 0.9521| 0.9527| 0.9532| 0.9537| 0.9542] 0.9548! 0.9553| 0.9558| 17
73 0.9563| 0.9568| 0.9573| 0.9578| 0.9583] 0.9588( 0.9593{ 0.9598| 0.9603| 0.9608( 16
74 0.9613| 0.9617( 0.9622] 0.9627| 0.9632| 0.9636] 0.9641} 0.9646| 0.9650[ 0.9655| 15
75 0.9659| 0.9664| 0.9668| 0.9673| 0.9677] 0.9681| 0.9686! 0.9690( 0.9694; 0.9699| 14
76 0.9703| 0.9707| 0.9711| 0.9715| 0.9720] 0.9724]| 0.9728| 0.9732| 0.9736] 0.9740| 13
77 0.9744| 0.9748| 0.9751| 0.9755] 0.9759| 0.9763| 0.9767| 0.9770f 0.9774( 0.9778 12
78 0.9781| 0.9785| 0.9789| 0.9792| 0.9796( 0.9799( 0.9803| 0.9806| 0.9810 0.9813 11
79 0.9816] 0.9820| 0.9823| 0.9826| 0.9829) O. 9833 0.9836| 0.9839| 0.9842| 0.9845 10°
80° | 0.9848( 0.9851( 0.9854! 0.9857| 0.9860| 0.9863] 0.9866] 0.9869| 0.9871' 0.9874 9
81 0.9877| 0.9880| 0.9882| 0.9885| 0.9888| 0,9890{ 0.9893| 0.9895; 0.9898| 0.9900 8
82 0.9903| 0.9905| 0.9907| 0.9910] 0.9912( 0.9914! 0.9917! 0.9919] 0.9921| 0.9923 7
83 0.9925| 0.9928| 0.9930; 0.9932] 0.9934| 0.9936] 0.9938| 0.9940| 0.9942| 0.9943 6
84 0.9945| 0.9947] 0.9949] 0.9951| 0.9952| 0.9954] 0.9956| 0.9957| 0.9955) 0.9960 5
85 0.9962| 0.9963| 0.9965| 0.9966( 0.9968 0.9969| 0.9971| 0.9972| 0.9973| 0.9974 4
86 0.9976| 0.9977| ©.9978| 0.9979| 0.9980( 0.9981( 0.9982| 0.9983] 0.9984| 0.9985 3
87 0.9986| 0.9987{ 0.9988i 0.9989| 0.9990 0.9990| 0.9991| 0.9992| 0.9993| 0.9993 2
88 0.9994| 0.9995] 0.9995| 0.9996| 0.9996| 0.9997] 0.9997| 0.9997| 0.9998| 0.9998 1
89 0.9998] 0,9999| 0.9999| 0.9999{ 0.9999] 1.000 | 1,000 | 1,000 | 1.000 | 1.000 0°
*1.0 °0.9 °0.8 0.7 °0.6 °0.5 °0.4 °0,3 °0.2 °0.1 Deg
* From “ Standard Handbook for Electrical Engiasers,” 7th ed.



RADIO ENGINEERS HANDBOOK |Sec. 1
3. Natural Tangents and Cotangents*
Nors.—For cotangents use right-hand column of degrees and lower line of tenths.
Deg °0.0 °0.1 °0.2 °0.3 °0.4 °0.5 :0.6 °0.7 °0.8 °0.9
0° | 0.0000/ 0.0017| 0.0035| 0.0052| 0.0070| 0.0087| 0.0105| 0.0122| 0.0140| 0.0157| 89
1 0.0175] 0.0192! 0.0209| 0.0227{ 0.0244| 0.0262| 0.0279| 0.0297} 0.0314| 0.0332] 88
2 0.0349( 0.0367| 0.0384] 0.0402| 0.0419] 0.0437| 0.0454| 0.0472! 0.0489| 0.0507| 87
8 0.0524| 0.0542] 0.0559] 0.0577| 0.0594| 0.0612| 0.0629| 0.0647| 0.0664| 0.0682] 86
4 0.0699] 0.0717] 0.0734| 0.0752]| 0.0769| 0.0787| 0.0805] 0.0822| 0.0840| 0.0857{ 85
5 0.0875| 0.0892| 0.0910| 0.0928| 0.0945| 0.0963] 0.0981| 0.0998| 0.1016| 0.1033| 84
6 0.1051] 0.1069| 0.1086| 0.1104] 0.1122| 0.1139f 0.1157| 0.1175] 0.1192| 0.1210| 83
7 0.1228| 0.1246| 0.1263] 0.1281| 0.1299| 0.1317| 0.1334| 0.1352] 0.1370| 0.1388] 82
8 0.1405| 0.1423| 0.1441| 0.1459] 0.1477] 0.1495| 0.1512| 0.1530} 0.1548| 0.1566] 81
9 0.1584| 0.1602] 0.1620] 0.1638] 0.1655} 0.1673] 0.1691| 0.1709| 0.1727| 0.1745| 80°
10° | 0.1763| 0.1781} 0.1799] 0.1817] 0.1835! 0.1853| 0.1871| 0.1890| 0.1908! 0.1926| 79
11 0.1944) 0.1962| 0.1980{ 0.1998| 0.2016{ 0.2035| 0.2053| 0.2071| 0.2089| 0.2107| 78
12 0.2126( 0.2144| 0.2162| 0.2180( 0.2199| 0.2217{ 0.2235| 0.2254| 0.2272| 0.2290] 77
13 0.2309( 0.2327| 0.2345( 0.2364( 0.2382{ 0.2401| 0.2419| 0.2438| 0.2456| 0.2475| 76
14 0.2493] 0.2512| 0.2530] 0.2549] 0.2568] 0.2586| 0.2605] 0.2623| 0.2643| 0.2661| 75
15 0.2679] 0.2698( 0.2717] 0.2736] 0.2754] 0.2773| 0.2792| 0.2811] 0.2830] 0.2840| 74
16 0.2867( 0.2886| 0.2905| 0.2924| 0.2943] 0.2962| 0.2981} 0.3000| 0.3019] 0.3038| 73
17 0.3057( 0.3076] 0.3096| 0.3115] 0.3134| 0.3153| 0.3172| 0.3191] 0.3211| 0.3230| 72
18 0.3249( 0.3269| 0.3288| 0.3307| 0.3327| 0.3346| 0.3365| 0.3385| 0.3404| 0.3424| 71
19 0.3443| 0.3463| 0.3482| 0.3502] 0.3522; 0.3541| 0.3561| 0.3581| 0.3600| 0.3620| 70°
20° | 0.3640| 0.3659| 0.3679] 0.3699] 0.3719] 0.3739| 0.3759| 0.3779| 0.3799| 0.3819] 69
21 0.3839| 0.3859| 0.3879| 0.3899] 0.3919} 0.3939} 0.3959| 0.3979| 0.4000| 0.4020| 68
22 0.4040( 0.4061| 0.4081| 0.4101] 0.4122{ 0.4142| 0.4163| 0.4183| 0.4204| 0.4224| 67
23 0.4245| 0.4265| 0.4286( 0.4307} 0.4327] 0.4348| 0.4369| 0.4390| 0.4411| 0.4431] 66
24 0.4452] 0.4473] 0.4494| 0.4515| 0.4536] 0.4557] 0.4578] 0.4599| 0.4621| 0.4642 65
25 0.4663] 0.4684| 0.4706| 0.4727( 0.4748| 0.4770| 0.4791} 0.4813| 0.4834]| 0.4856| 64
26 0.4877| 0.4899| 0.4921] 0.4942] 0.4964]| 0.4986| 0.5008| 0.5029] 0.5051] 0.5073| 63
27 0.5095! 0.5117| 0.5139| 0.5161| 0.5184| 0,5206} 0.5228| 0.5250| 0.5272| 0.5205| 62
28 0.5317} 0.5340| 0.5362| 0.5384| 0.5407} 0.5430| 0.5452| 0.5475| 0.5498} 0.5520] 61
29 0.5543] 0.5566| 0.5589] 0.5612) 0.5635| 0.5658] 0.5681] 0.5704| 0.5727| 0.5750| 60°
30° | 0.5774] 0.5797] 0.5820] 0.5844] 0.5867] 0.5890[ 0.5914] 0.5938| 0.5961| 0.5985| 59
31 0.6009( 0.6032] 0.6056] 0.6080| 0.6104 0.6128] 0.6152| 0.6176] 0.6200| 0.6224| 58
32 0.6249( 0.6273] 0.6297| 0.6322; 0.6346| 0.6371] 0.6395| 0.6420] 0.6445| 0.6469] 57
33 0.6494! 0.6519| 0.6544] 0.6569| 0.6594| 0.6619| 0.6644| 0.6669] 0.6604] 0.6720| 56
34 0.6745] 0.6771] 0.6796] 0.6822] 0.6847] 0.6873; 0.6809] 0.6924] 0.6950| 0.6976| 55
35 0.7002| 0.7028| 0.7054] 0.7080] 0.7107] 0.7133[ 0.7159| 0.7186| 0.7212| 0.7239] 54
36 0.7265| 0.7292| 0.7319( 0.7346| 0.7373| 0.7400| 0.7427| 0.7454| 0.7481| 0.7508] 53
37 0.7536( 0.7563| 0.7590| 0.7618| 0.7646| 0.7673| 0.7701| 0.7729| 0.7757| 0.7785] 52
38 0.7813| 0.7841]| 0.7869| 0.7898| 0.7926| 0.7954]| 0.7983| 0.8012( 0.8040! 0.8069] 51
39 0.8098] 0.8127] 0.8156| 0.8185| 0.8214] 0.8243; 0.8273| 0.8302| 0.8332 0.8361f 50°
40° 0.8391| 0.8421| 0.8451] 0.8481; 0.8511| 0.8541| 0.8571] 0.8601| 0.8632| 0.8662] 49
41 0.8693| 0.8724| 0.8754| 0.8785| 0.8816( 0.8847| 0.8878| 0.8010] 0.8941| 0.8972 48
42 0.9004| 0.9036| 0.9067| 0.9099| 0.9131] 0.9163| 0.9195| 0.9228| 0.9260{ 0.9203| 47
43 0.9325 0.9358| 0.9391]| 0.9424| 0.9457| 0.9490f 0.9523] 0.9556] 0.9590| 0.9623{ 46
44 0.9657] 0.9691| 0.9725; 0.9759]| 0.9793| 0.9827| 0.9861] 0.9896] 0.9930| 0.9965] 45
°1.0 °0.9 °0.8 °0.7 °0.6 °0.5 °0.4 °0.3 °0.2 ‘0.1 Deg

* From “Standard Handbook for Electrical Engineers,” 7th ed.



Par. 3]

TABLES, MATHEMATICAL RELATIONS, AND UNITS

3. Natural Tangents and Cotangents.*—(Concluded)

Deg | °0.0 [ °0.1 | °0.2 | 0.8 | 0.4 | °0.5 | 0.6 | 0.7 | °0.8 | °0.9
45 | 1.0000| 1.0035| 1.0070| 1.0105] 1.0141] 1.0176| 1.0212] 1.0247| 1.0283} 1.0319| 44
46 | 1.0355 1.0302] 1.0428] 1.0464] 1.0501| 1.0538| 1.0575 1.0612| 1.0649{ 1.0686| 43
47 | 1.0724] 1.0761| 1.0799| 1.0837| 1.0875| 1.0913| 1.0951] 1.0990| 1.1028| 1.1067| 42
48 | 1.1106{ 1.1145| 1.1184| 1.1224] 1.1263| 1.1303| 1.1343| 1.1383| 1.1423| 1.1463| 41
49 1.1504| 1.1544; 1.1585| 1.1626( 1.1667| 1.1708| 1.1750] 1.1792| 1.1833] 1.1875] 40°
50° | 1.1918] 1.1960| 1.2002| 1.2045| 1.2088| 1.2131( 1.2174| 1.2218] 1.2261] 1.2305] 89
51 | 1.2349| 1.2393| 1.2437| 1.2482] 1.2527| 1.2572| 1.2617| 1.2662| 1.2708| 1.2753| 38
52 | 1.2799| 1.2846| 1.2892| 1.2038| 1.2985 1.3032] 1.3079| 1.3127| 1.3175| 1.3222| 37
53 | 1.3270| 1.3319| 1.3367| 1.3416| 1.3465| 1.3514| 1.3564| 1.3613] 1.3663{ 1.3713| 36
54 | 1.3764 1.3814] 1.3865 1.3916| 1.3968| 1.4019| 1.4071] 1.4124] 1.4176| 1.4229! 35
55 | 1.4281| 1.4335! 1.4388( 1.4442( 1.4496! 1.4550( 1.4605] 1.4659] 1.4715| 1.4770| 34
56 | 1.4326 1.4832] 1.4938| 1.4904| 1.5051| 1.5108| 1.5166] 1.5224| 1.5282| 1.5340| 33
57 | 1.5399| 1.5458| 1.5517| 1.5577| 1.5637) 1.5697| 1.5757| 1.5818| 1.5880] 1.5941| 32
58 | 1.6003| 1.6066| 1.6128| 1.6191| 1.6255| 1.6319| 1.6383| 1.6447| 1.6512| 1.6577] 31
59 1.6643) 1.6709| 1.6775] 1.6842] 1.6909| 1.6977| 1.7045| 1.7113| 1.7182| 1.7251] 30°
60° | 1.7321| 1.7391] 1.7461} 1.7532| 1.7603] 1.7675 1.7747] 1.7820| 1.7893| 1.7966| 29
61 | 1.8040( 1.8115| 1.8190| 1.8265| 1.8341( 1.8418| 1.8495| 1.8572| 1.8650| 1.8728 28
62 | 1.8807| 1.8887| 1.8967| 1.9047| 1.9128| 1.9210| 1.9292| 1.9375| 1.9458| 1.9542 27
63 | 1.9626| 1.9711| 1.9797| 1.9883) 1.9970| 2.0057| 2.0145| 2.0233| 2.0323| 2.0413| 26
64 | 2.0503) 2.0504] 2.0686| 2.0778| 2.0872| 2.0965| 2.1060| 2.1155] 2.1251] 2.1348| 25
65 | 2.1445| 2.1543| 2.1642| 2.1742| 2.1842 2.1943] 2.2045| 2.2148| 2.2251| 2.2355( 24
66 | 2.2460| 2.2566| 2.2673| 2.2781f 2.2889| 2.2998| 2.3109| 2.3220| 2.3332| 2.3445| 23
67 | 2.3599| 2.3673| 2.3789| 2.3906| 2.4023| 2.4142| 2.4262| 2.4383| 2.4504| 2.4627| 22
68 | 2.4751] 2.4876| 2.5002| 2.5129| 2.5257| 2.5386] 2.5517) 2.5649| 2.5782| 2.5916] 21
69 | 2.6051| 2.6187| 2.6325] 2.6464| 2.6605 2.6746] 2.6889| 2.7034| 2.7179| 2.7326| 20°
70° | 2.7475| 2.7625| 2.7776] 2.7929| 2.8083| 2.8239] 2.8397] 2.8556 2.8716| 2.8878| 19
71 | 2.9042| 2.9208! 2.9375| 2.9544| 2.9714| 2.9887| 3.0061| 3.0237| 3.0415| 3.0595 18
72 | 3.0777| 3.0961| 3.1146| 3.1334| 3.1524| 3.1716} 3.1910( 3.2106| 3.2305| 2.2506{ 17
73 | 3.2709| 3.2914| 3.3122| 3.3332| 3.3544} 3.3759| 3.3977| 3.4197| 3.4420| 3.4646 16
74 | 3.4874] 3.5105| 3.5339| 3.5576| 3.5816| 3.6059| 3.6305| 3.6554| 3.6806| 3.7062| 15
75 | 3.7321| 3.7583| 3.7848| 3.8118! 3.8391] 3.8667| 3.8047| 3.9232| 3.9520] 3.9812| 14
76 | 4.0108| 4.0408| 4.0713| 4.1022| 4.1335| 4.1653| 4.1976| 4.2303| 4.2635| 4.2972| 13
77 | 4.3315| 4.3662| 4.4015| 4.4374| 4.4737] 4.5107| 4.5483| 4.5864| 4.6252| 4.6646| 12
78 | 4.7046] 4.7453] 4.7867| 4.8288] 4.8716| 4.9152| 4.9594| 5.0045| 5.0504| 5.0970| 11
79 | 5.1446| 5.1929| 5.2422| 5.2924| 5.3435| 5.3955] 5.4486 5.5026| 5.5578| 5.6140] 10°
80° | 5.6713 5.7297| 5.7894| 5.8502| 5.9124| 5.9758| 6.0405| 6.1066| 6.1742| 6.2433] 9
81 | 6.3138| 6.3859| 6.4596| 6.5350| 6.6122| 6.6912| 6.7720| 6.8548| 6.9395 7.0264| 8
82 | 7.1154] 7.2066| 7.3002| 7.3962| 7.4947| 7.5958| 7.6996| 7.8062 7.9158| 8.0285 7
83 | 8.1443| 8.2636| 8.3863| 8.5126| 8.6427| 8.7769 8.9152| 9.0579| 9.2052| 9.3572] 6
84 | 9.5144| 9.677 | 9.845 | 10,02} 10.20] 10.39] 10.58] 10.78| 10.99] 11.20{ 5
85 11.43] 11.66) 11.91] 12.16] 12.43] 12.71| 13.00| 13.30| 13.62] 13.95] 4
86 14.30| 14.67| 15.06| 15.46( 15.89| 16.35| 16.83[ 17.34/ 17.89| 18.46] 3
87 19.08| 19.74] 20.45 21.20| 22.02] 22.90| 23.86 24.90| 26.03| 27.27] 2
88 28.64f 30.14| 31.82| 33.69| 35.80| 38.19| 40.92} 44.07| 47.74| 52.08 1
89 57.29| 63.66] 71.62] 81.85 94.49] 114.6 | 143.2 | 191.0 | 286.5 | 573.0 0°

°1.,0 | °0.9 | 0.8 [ 0.7 | 0.6 | 0.5 | 0.4 | 0.3 | 0.2 | 0.1 | Deg

* From “Standard Handbook for Electrical Engineers,” 7th ed.



6 RADIO ENGINEERS HANDBOOK [Sec. 1
4. Common Logarithms of Numbers*
N 0 1 2 3 4 5 6 7 8 9
10 | 0000 0043 0086 | 0128 | 0170 0212 | 0253 0294 0334 | 0374
11 | 0414 0453 0492 0531 0569 0607 0645 | 0682 0719 0755
12| 0792 | 0828 0864 0899 0934 0969 1004 1038 1072 1106
13 | 1130 1173 1206 1239 1271 1303 1335 1367 1399 1430
14 | 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732
15 | 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014
16 | 2041 2068 2003 2122 2148 2175 2201 2227 2253 2279
17 | 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529
18| 2553 2577 2601 2625 2648 2672 2605 2718 2742 2765
19 | 2788 2810 2833 2856 2878 | 2900 | 2023 2945 2967 2989
20 | 3010 3032 3054 3075 3096 | 3118 3139 3160 | 3181 3201
21 | 3222 3243 3263 3284 3304 3324 3345 | 3365 3385 3404
22 | 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598
23 | 3617 3636 3655 3674 3602 3711 3729 3747 3766 3784
24 | 3802 3820 3838 | 3856 | 3874 3892 | 8909 3927 3945 | 3962
25 | 3979 3997 4014 4031 4048 | 4065 | 4082 | <4099 4116 | 4133
26 | 4150 4166 4183 4200 4216 | 4232 4249 4265 4281 4208
27 | 4314 4330 4346 4362 4378 4393 4409 4425 4440 | 4456
28 | 4472 4487 4502 4518 4533 4548 4564 4579 4504 4609
29 | 4624 4639 4654 4669 4683 4608 | 4713 4728 4742 4757
30| 4771 4786 | 4800 4814 | 4829 | 4843 4857 4871 4886 | 4900
31| 4914 | 4928 4942 4955 4969 4983 4997 5011 5024 5038
32 [ 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172
33 | 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302
2 5315 5328 5340 5353 5366 | 5378 | 5391 5403 5416 | 5428
35 | 5441 5453 5465 5478 5490 | 5502 5514 5527 5539 5551
36-| 5563 5575 5587 5509 5611 5623 5635 5647 5658 5670
37 | 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786
38 | 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899
39 | 5011 5922 5933 | 5944 5955 5968 | 5977 5988 5999 6010
40 | 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117
41 | 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222
42 | 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325
43 [ 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425
44 | 6435 6444 6464 | 6474 | 6484 6493 6503 6513 6522
45| 6532 6542 6551 6561 6571 6580 6590 6509 6609 6618
46 | 6628 | 6637 6646 6656 6665 6675 6684 6693 6702 6712
47 | 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803
48 | 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893
49 | 6902 6911 6920 | 6928 | 6037 6946 | 6955 6064 6972 6981
50 | 6990 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 7067
51| 7076 | 7084 | 7093 7101 7110 | 7118 | 7126 | 7135 7143 7152
52 | 7160 | 7168 7177 7185 | 7193 7202 7210 7218 7226 7235
53 | 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316
54 | 7324 | 7332 7340 | 7348 | 7356 | 7364 | 7372 7380 7388 7396

* From *Standard Handbook for Electrical Engineers,” 7th ed.



Par. 4] TABLES, MATHEMATICAL RELATIONS, AND UNITS

4. Common Logarithms of Numbers.*—(Concluded)

* From “ Standard Handbook for Electrical Engineers,” 7th ed.



8 RADIO ENGINEERS HANDBOOK [Sec. 1
6. Natural, Napierian, or Hyperbolic Logarithms*
N 0 1 2 3 4 5 6 7 8 9
O] —w 0.0000 | 0.6931 | 1.0986 | 1.3863 | 1.6094 | 1.7918 | 1.9459 | 2.0794 | 2.1972
10 2.3026 ) 2.3979 | 2.4849 | 2.5649 | 2.6391 | 2.7081 | 2.7726 | 2.8332 | 2. 8904 | 2.9444
201 2.9957 | 3.0445 | 3.0910 | 3.1355 | 3.1781 | 3.2189 | 3.2581 | 3.2958 | 3.3322 | 3.3673
30| 3.4012 } 3.4340 | 3.4657 | 3.4965 | 3.5264 | 3.5553 | 3.5835 | 3.6109 | 3.6376 | 3.6636
401 3.6889 | 3.7136 | 3.7377 | 8.7612 | 8.7842 | 3.8067 | 3.8286 | 3.8501 | 3.8712 | 3.8018
501 3.9120 { 3.9318 | 3.9512 { 3.9703 | 3.9890 | 4.0073 | 4.0254 | 4.0431 | 4.0604 | 4. 0775
60| 4.0943 | 4.1109 | 4.1271 | 4.1431 | 4.1580 | 4.1744 | 4.1897 | 4.2047 | 4.2195 | 4.2341
70( 4.2485 | 4.2627 | 4.2767 | 4.2905 | 4.3041 | 4.3175 | 4.3307 | 4.3438 | 4.3567 | 4.3602
80| 4.3820 | 4.3044 | 4,4067 | 4.4188 | 4.4308 | 4.4427 | 4.4543 | 4.4659 | 4.4773 | 4.4886
90f 4.4998 | 4.5109 | 4.5218 | 4.5326 | 4.5433 | 4.5539 | 4.5643 | 4.5747 | 4.5850 | 4.5951
100( 4.6052 | 4.6151 [ 4.6250 | 4.6347 | 4.6444 | 4.6540 | 4.6634 | 4.6728 | 4.6821 | 4.6913
1108 4,7005 | 4.7095 | 4.7185 | 4.7274 | 4.7362 | 4.7449 | 4.7536 | 4.7622 | 4.7707 | 4.7701
1201 4.7875 | 4.7958 | 4.8040 | 4.8122 | 4.8203 | 4.8283 | 4.8363 | 4.8442 | 4.8520 | 4.8508
130] 4.8675 | 4.8752 | 4.8828 | 4.8003 | 4.8978 | 4.9053 | 4.9127 | 4.9200 | 4.9273 | 4.9345
140( 4.9416 | 4.9488 | 4.9558 | 4.9628 | 4.9608 | 4.9767 | 4.9836 | 4.9904 | 4.9972 | 5.0039
150] 5.0106 | 5.0173 | 5.0239 { 5.03804 | 5.0370 | 5.0434 | 5.0499 | 5.0562 | 5.0626 5.0689
160| 5.0752 | 5.0814 [ 5.0876 | 5.0938 | 5.0099 | 5.1059 ; 5.1120 | 5.1180 | 5.1240 | 5.1299
170| 5.1358 | 5.1417 | 5.1475 | 5.1533 | 5.1501 { 5.1648 | 5.1705 | 5.1761 | 5.1818 | 5.1874
1801 5.1930 | 5.1985 | 5.2040 | 5.2095 | 5.2149 { 5.2204 | 5.2257 | 5.2311 | 5.2364 5.2417
190| 5.2470 | 5.2523 | 5.2575 | 5.2627 | 5.2679 | 5.2730 | 5.2781 | 5.2832 | 5.2883 | 5.2033
200f 5.2983 | 5.30383 | 5.3083 | 5.3132 | 5.3181 | 5.3230 | 5.8279 | 5.3327 | 5.3375 | 5.3423
210} 5.8471 | 5.3519 | 5.3566 | 5.3613 | 5.3660 | 5.3706 | 5.3753 | 5.3799 | 5.3845 | 5.3891
220 5.3936 | 5.3982 | 5.4027 | 5.4072 | 5.4116 | 5.4161 | 5.4205 | 5.4250 | 5.4203 | 5.4337
230} 5.4381 | 5.4424 | 5.4467 | 5.4510 | 5.4553 | 5.4506 | 5.4638 | 5.4681 | 5.4728 | 5.4765
240( 5.4806 | 5.4848 | 5.4889 | 5.4931 | 5.4972 | 5.5013 | 5.5053 | 5.5004 | 5.5134 | 5.5175
250] 5.5215 | 5.5255 | 5.5294 | 5.5334 | 5.5373 | 5.5413 | 5.5452 | 5.5491 | 5.5530 | 5.5568
260| 5.5607 | 5.5645 | 5.5683 | 5.5722 | 5.5759 | 5.5797 | 5.5835 | 5.5872 | 5.5910 | 5.594%7
270] 5.5984 | 5.6021 | 5.6058 | 5.6095 | 5.6131 | 5.6168 | 5.6204 | 5.6240 ]| 5.6276 | 5.6312
280] 5.6348 | 5.6384 | 5.6419 | 5.6454 | 5.6490 | 5.6525 | 5.6560 | 5.6595 | 5.6630 | 5.6664
290| 5.6699 | 5.6733 | 5.6768 | 5.6802 | 5.6836 | 5.6870 | 5.6904 | 5.6937 | 5.6971 | 5.7004
300! 5.7038 | 5.7071 | 5.7104 | 5.7137 | 5.7170 | 5.7208 | 5.7236 | 5.7268 | 5.7301 | 5.7333
310[ 5.7366 | 5.7398 | 5.7430 | 5.7462 | 5.7494 | 5.7526 | 5.7557 | 5.7589 | 5.7621 | 5.7652
320! 5.7683 | 5.7714 | 5.7746 | 5.7777 | 5.7807 | 5.7838 | 5.7869 | 5.7900 | 5.7930 | 5.7961
330} 5.7991 | 5.8021 | 5.8051 | 5.8081 | 5.8111 | 5.8141 | 5.8171 | 5.8201 { 5.8230 | 5.8260
340| 5.8289 | 5.8319 | 5.8348 | 5.8377 | 5.8406 | 5.8435 | 5.8464 | 5.8493 | 5.8522 | 5.8551
350] 5.8579 | 5.8608 | 5.8636 | 5.8665 | 5.8693 | 5.8721 | 5.8749 | 5.8777 | 5.8805 | 5.8833
360| 5.8861 | 5.8889 | 5.8916 | 5.8944 | 5.8972 | 5.8999 | 5.9026 | 5.9054 | 5.9081 ]| 5.9108
370 5.9135 | 5.9162 | 5.9189 | 5.9216 | 5.9243 | 5.9269 | 5.9296 | 5.9322 | 5.9349 | 5.9375
380] 5.9402 | 5.9428 | 5.9454 | 5.9480 | 5.9506 | 5.9532 | 5.9558 | 5.9584 | 5.9610 | 5.9636
390| 5.9661 | 5.9687 | 5.9713 | 5.9738 | 5.9764 | 5.9789 | 5.9814 | 5.9839 | 5.9865 | 5.9890
400} 5.9915 | 5.9940 | 5.9965 | 5.9989 | 6.0014 | 6.0039 | 6.0064 | 6.0088 | 6.0113 | 6.0137
410 6.0162 | 6.0186 | 6.0210 | 6.0234 | 6.0259 | 6.0283 | 6.0307 | 6.0331 | 6.0355 | 6.0379
420| 6.0403 | 6.0426 | 6.0450 | 6.0474 | 6.0497 | 6.0521 | 6.0544 | 6.0568 | 6.0591 | 6.0615
430( 6.0638 | 6.0661 | 6.0684 | 6.0707 | 6.0730 | 6.0753 | 6.0776 ] 6.0799 | 6.0822 | 6.0845
440 6.0868 | 6.0890 | 6.0913 | 6.0936 | 6.0958 | 0.0981 { 6.1003 | 6.1026 | 6.1048 | 6.1070
450! 6.1092 | 6.1115 | 6.1137 | 6.1159 | 6.1181 | 6.1203 | 6.1225 | 6.1247 | 6.1269 ] 6.1291
460] 6.1312 | 6.1334 | 6.1356 | 6.1377 | 6.1399 | 6,1420 | 6.1442 | 6.1463 | 6.1485 | 6.1506
3
470 6.1527 | 6.1549 | 6.1570 | 6.1591 { 6.1612 | 6.1633 | 6.1654 | 6.1675 | 6.1696 | 6.1717
480| 6.1738 | 6.1759 | 6.1779 | 6.1800 | 6.1821 | 6.1841 | 6.1862 | 6.1883 | 6.1903 | 6.1924
490| 6.1944 | 6.1964 | 6.1985 | 6.2005 | 6.2025 | 6.2046 | 6.2066 | 6.2086 { 6.2106 | 6.2126
% From “ Standard Handbook for Electrical Engineers,” 7th ed.
n n X 2.3026
NotEe 1: Moving the decimal point » places to the right | 1 2.3026 = 0.6974-3
(or left) in the number is equivalent to adding (or subtract- | 2 4.6052 = 0.3948-5
ing) n times 2.3026. 3 6.9078 = 0.0922-7
Norgs 2: 4 9.2103 = 0.7897-10
logs * = 2.3026 logw = 5 11.5129 = 0.4871-12
logio z = 0.4343 log: = 6 13.8155 = 0.1845-14
loge 10 = 2.3026 7 16.1181 = 0.8819-17
logo e = 0.4343 8 18.4207 = 0.5793-19
9 20.7233 = 0.2767-21



Par. 5] TABLES, MATHEMATICAL RELATIONS, AND UNITS

b. Natural, Napierian, or Hyperbolic Logarithms.*—(Concluded)

N ) 1 2 3 4 5 6 7 8 9

500| 6.2146 | 6.2166 | 6.2186 | 6.2206 | 6.2226 | 6.2246 | 6.2265 | 6.2285 | 6.2305 | 6.2324
510! 6.2344 | 6.2364 | 6.2383 | 6.2403 | 6.2422 | 6.2442 | 6.2461 | 6.2480 | 6.2500 | 6.2619
520| 6.2538 | 6.2558 | 6.2577 | 6.2596 | 6.2615 | 6.2634 | 6.2653 | 6.2672 | 6.2691 | 6.2710
530 6.2729 | 6.2748 | 6.2766 | 6.2785 | 6.2804 | 6.2823 | 6.2841 | 6.2860 | 6.2879 | 6.2897
540! 6.2916 | 6.2934 | 6.2953 | 6.2971 | 6.2989 | 6.3008 | 6.3026 | 6.3044 | 6.3063 | 6.3081
550/ 6.3099 | 6.3117 | 6.3135 | 6.3154 | 6.3172 | 6.3190 | 6.3208 | 6.3226 | 6.3244 | 6.3261
560| 6.3279 | 6.3207 | 6.3315 | 6.3333 | 6.3351 | 6.3368 | 6.3388 | 6.3404 | 6.3421 | 6.3439
570 6.3456 | 6.3474 | 6.3491 | 6.3509 | 6.3256 | 6.3544 | 6.3561 | 6.3578 | 6.3596 | 6.3613
580( 6.3630 | 6.3648 | 6.3665 | 6.3682 | 6.3699 | 6.3716 | 6.3733 | 6.3750 | 6.3767 | 6.3784
590 6.3801 | 6.3818 | 6.3835 | 6.3852 | 6.3860 | 6.3886 | 6.3902 | 6.3919 | 6.3936 { 6.3953
600| 6.3969 | 6.3986 | 6.4003 | 6.4019 | 6.4036 | 6.4052 | 6.4069 | 6.4085 | 6.4102 | 6.4118
610| 6.4135 | 6.4151 | 6.4167 | 6.4184 | 6.4200 | 6.4216 | 6.4232 | 6.4249 | 6.4265 | 6.4281
620| 6.4207 | 6.4313 | 6.4329 | 6.4345 | 6.4362 | 6.4378 | 6.4394 | 6.4409 | 6.4425 | 6.4441
630 6.4457 | 6.4473 | 6.4489 | 6.4505 | 6.4520 | 6.4536 | 6.4552 | 6.4568 | 6.4583 | 6.4599
640| 6.4615 | 6.4630 | 6.4646 | 6.4661 | 6.4677 | 6.4693 | 6.4708 | 6.4723 | 6.4739 | 6.47564
650| 6.4770 | 6.4785 | 6.24800 | 6.4816 | 6.4831 | 6.4846 | 6.4862 | 6.4877 | 6.4892 | 6.4907
660| 6.4922 | 6.4938 | 6.4953 | 6.4968 | 6.4983 | 6.4998 | 6.5013 | 6.5028 | 6.5043 | 6.5058
670] 6.5073 | 6.5088 | 6.5103 | 6.5117 | 6.5132 | 6.5147 | 6.5162 | 6.5177 | 6.5191 | 6.5206
680 6.5221 | 6.5236 | 6.5250 | 6.5265 | 6.5280 | 6.5294 | 6.5309 | 6.5323 | 6.5338 | 6.5352
690 6.5367 | 6.5381 | 6.5396 | 6.5410 | 6.5425 | 6.5430 | 6.5453 | 6.5468 | 6.5482 | 6.5497
700 6.5511 | 6.5525 | 6.5539 | 6.5554 | 6.5568 | 6.5582 | 6.5506 | 6.5610 | 6.5624 | 6.5639
710| 6.5653 | 6.5667 | 6.5681 | 6.5695 | 6.5709 | 6.5723 | 6.5737 | 6.5751 | 6.5765 | 6.5779
720 6.5793 | 6.5806 | 6.5820 | 6.5834 | 6.5848 | 6.5862 | 6.5876 | 6.5889 | 6.5903 | 6.5917
730 6.5930 | 6.5944 | 6.5958 | 6.5971 | 6.5985 | 6.5999 | 6.6012 | 6.6026 | 6.6039 | 6.6053
740| 6.6067 | 6.6080 | 6.6093 | 6.6107 | 6.6120 | 6.6134 | 6.6147 | 6.6161 | 6.6174 | 6.6187
750 6.6201 | 6.6214 | 6.6227 | 6.6241 | 6.6254 { 6.6267 | 6.6280 | 6.6294 | 6.6307 | 6.6320
760| 6.6333 | 6.6346 | 6.6359 | 6.6373 | 6.6386 | 6.6399 | 6.6412 | 6.6425 | 6.6438 | 6.6451
770| 6.6464 | 6.6477 | 6.6490 | 6.6503 | 6.6516 | 6.6529 | 6.6542 | 6.6554 | 6.6567 | 6.6580
780| 6.6593 | 6.6606 | 6.6619 | 6.6631 | 6.6644 | 6.6657 | 6.6670 | 6.6682 | 6.6695 | 6.6708
790 6.6720 | 6.6733 | 6.6746 | 6.6758 | 6.6771 | 6.6783 | 6.6796 | 6.6809 | 6.6821 | 6.6834
800| 6.6846 | 6.6859 | 6.6871 | 6.6884 | 6.6896 | 6.6908 | 6.6921 | 6.6933 | 6.6946 | 6.6958
810 6.6970 | 6.6983 | 6.6995 | 6.7007 | 6.7020 | 6.7032 | 6.7044 | 6.7056 | 6.7069 | 6.7081
820| 6.7093 | 6.7105 | 6.7117 | 6.7130 | 6.7142 | 6.7154 | 6.7166 | 6.7178 | 6.7190 | 6.7202
830| 6.7214 | 6.7226 | 6.7238 | 6.7250 | 6.7262 | 6.7274 | 6.7286 | 6.7298 | 6.7310 | 6.7322
840| 6.7334 | 6.7346 | 6.7358 | 6.7370 | 6.7382 | 6.7393 | 6.7405 | 6.7417 | 6.6429 | 6.7441
850| 6.7452 | 6.7464 | 6.7476 | 6.7488 | 6.7499 | 6.7511 | 6.7523 | 6.7534 | 6.7546 | 6.7558
860| 6.7569 | 6.7581 | 6.7593 | 6.7604 | 6.7616 | 6.7627 | 6.7639 | 6.7650 | 6.7662 | 6.7673
870| 6.7685 | 6.7696 | 6.7708 | 6.7719 | 6.7731 | 6.7742 | 6.7754 |} 6.7765 | 6.7776 | 6.7788
880| 6.7799 | 6.7811 | 6.7822 | 6.7833 | 6.7845 | 6.7856 | 6.7867 | 5.7878 | 6.7890 | 6.7901
890| 6.7912 | 6.7923 | 6.7935 | 6.7946 | 6.7957 | 6.7968 | 6.7979 | 6.7991 | 6.8002 | 6.8013
900| 6.8024 | 6.8035 | 6.8046 | 6.8057 | 6.8068 | 6.8079 | 6.8090 | 6.8101 | 6.8112 | 6.8123
910! 6.8134 | 6.8145 | 6.8156 | 6.8167 | 6.8178 | 6.8189 | 6.8200 | 6.8211 | 6.8222 | 6.8233
920| 6.8244 | 6.8255 | 6.8265 | 6.8276 | 6.8287 | 6.8298 | 6.8309 | 6.8320 | 6.8330 | 6.8341
930! 6.8352 | 6.8363 | 6.8373 | 6.8384 | 6.8395 | 6.8405 | 6.8416 | 6.8427 | 6.8437 | 6.8448
940! 6.8459 | 6.8469 | 6.8480 | 6.8491 | 6.8501 | 6.8512 | 6.8522 | 6.8533 | 6.8544 [ 8.8554
950 6.8565 | 6.8575 | 6.8586 | 6.8596 | 6.8607 | 6.8617 | 6.8628 | 6.8638 | 6.8648 | 6.8659
960| 6.8669 | 6.8680 | 6.8690 | 6.8701 | 6.8711 | 6.8721 | 6.8732 | 6.8742 | 6.8752 | 6.8763
970| 6.8773 | 6.8783 | 6.8794 | 6.8804 | 6.8814 | 6.8824 | 6.8835 | 6.8845 | 6.8855 | 6.8865
980| 6.8 6.8886 | 6.8896 | 6.8906 | 6.8916 | 6.8926 | 6.8937 | 6.8947 | 6.8957 | 6.8967
990| 6.8977 | 6.8987 | 6.8997 | 6.9007 | 6.9017 | 6.9027 | 6.9037 | 6.9047 | 6.9057 | 6.9068

* From “Standard Handbook for Electrical Engineers,” 7th ed.
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6. Hyperbolic Sines* sinh z = (e* — ¢77)/2

Av.

z 0 1 2 3 4 5 6 7 8 9 &I
0.0000(0.0100(0.0200;0.0300/0.0400/0.0500|0.0600;0.0701|0.0801/0.0901| 100
0.1002/0.1102(0.1203(0.1304|0.1405/0.1506(0.1607)/0.1708/0.1810{0.1911] 101
0.2013]0.2115(0.2218/0.2320/0.2423(0.2526(0.2629/0.2733|0.2837/0.2941] 103
0.3045/0.3150(0.3255|0.3360/0.3466(0.3572(0.3678/0.3785|0.3892/0.4000] 106
0.4108(0.4216/0.4325|0.4434/0.4543/0.4653|0.4764/0.4875(0.4986/0.5098 110
0.521110.5324|0.5438/0.5552|0.5666/0.5782(0.58970.6014/0.6131|0. 6248 116
0.6367|0.6485(0.6605|0.6725|0.6846(0.6967(0.7090/0.7213|0.7336/0.7461} 122
0.7586|0.7712/0.7838/0.7966|0.8094/|0.8223|0.8353|0.8484/0.8615/0.8748 130
0.8881|0.9015|0.9150(0.9286|0.9423|0.9561|0.9700/0.9840/0.9981|1.012 | 138
1.027 11.041 {1.055 |1.070 [1.085 [1.099 |1.114 |1.129 |1.145 |1.160 15
1.175 {1.191 |1.206 [1.222 [1.238 |1.254 |1.270 {1.286 [1.303 |1.319 16
1.336 (1.352 |1.369 |1.386 |1.403 |1.421 {1.438 |1.456 |1.474 |1.491 17
1.509 |1.528 {1.546 |1.564 [1.583 [1.602 |1.621 |[1.640 |1.659 [1.679 19
1.698 |1.718 [1.738 |1.758 {1.779 [1.799 |1.820 (1.841 |1.862 |1.883 | 21
1.904 (1.926 {1.948 /1.970 [1.992 (2.014 [2.037 |2.060 |2.083 (2.106 22
2.129 |2.153 [2.177 |2.201 |2.225 |2.250 |2.274 |2.299 2.324 |2.350 25
2.376 12.401 |2.428 |2.454 |2.481 |2.507 {2.535 (2.562 |2.590 (2.617 27
2.646 |2.674 |2.703 |2.732 (2.761 |2.790 (2.820 |2.850 (2.881 (2.911 | 30
2.942 [9.973 [3.005 {3.037 [3.069 |3.101 |3.134 3.167 |3.200 (3.234 | 33
3.268 |3.303 |3.337 |3.372 |3.408 |3.443 |3.479 |3.516 |3.552 [3.589 | 36
3.627 |3.665 [3.703 |3.741 [3.780 [3.820 {3.859 |3.899 i3.940 |3.981 | 39
4.022 |4.064 [4.106 |4.148 |4.191 |4.234 |4.278 |4.322 |4.367 |4.412 44
4.457 |4.503 {4.549 |4.596 |4.643 (4.601 [4.739 (4.788 |4.837 |4.887 | 48
4.937 |4.988 (5.039 |5.090 |5.142 |5.195 |5.248 {5.302 |5.356 |5.411 53
5.466 |5.522 |5.578 |5.635 [5.693 15.751 |5.810 |5.869 |5.929 |5.989 | 58
6.050 |6.112 [6.174 [6.237 |6.300 |6.365 |6.429 |6.495 |6.561 |6.627 64
6.695 |6.763 |6.831 [6.901 |6.971 {7.042 [7.113 |7.185 {7.258 7.332 | 71
7.406 |7.481 |7.557 |7.634 [7.711 |7.789 {7.868 |7.948 |8.028 8.110 | 79
8.192 |8.275 (8.359 |8.443 |8.529 |8.615 |8.702 (8.790 |8.879 |8.969 87

QU O R S e R R R COOOWIW WWWIWW NN NNNNN RFHRHEHF RFHEEH OO000 OQO000

If z > 5, sinh z = e%/2 correct to four significant figures.
* From Lionel 8. Marks, * Mechanical Engineers’ Handbook.”
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7. Hyperbolic Cosines* cosh =

TABLES, MATHEMATICAL RELATIONS, AND UNITS

= (¢* + ¢72)/2
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3
3
3
4
4
4
5
5

.003
.016
.039
.073
117

.173
.240
.320
.413
.520

.642
.781

.113
.310

.530
776
.049
.353
.690

.065

.939
.449
.013

6.636
7.327
8.091
8.935
Y.869

10.90
12.04
13.31
14.70
16.25

17.95
19.84
21.92

26.77

29.58
32.69
36.13
39.93
44.12

48.76
57.89
59.56
65.82
72.74

O COWCODNI N DN = = b b e ol ol ok ok o

.004
.018
.042
.077
.122

179
.248
.329
.423
.5631

.655

.331
.554

SO R COCOCINI DD DODI I b b et e e

If z > 5, cosh £ = e#/2 correct to four significant figures.

*# From Lionel 8. Marks, * Mechanical Engineers’ Handbook.”
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8. Hyperbolic Tangents*
tanh = (¢* — ¢7*)/(e* + ¢*) = ginh z/cosh z

Av.
0.9 [0.0000]0.0100/0.0200(0.0300{0 .0400/0.0500(0.0599/0.0699/0 .0798!0.0898] 100
0.1 {0.0997|0.1096(0.1194/0.1293(0.1391/0.1489(0.1587|0.1684|0.1781]0.1878] 98
0.2 |0.1974(0.2070/0.2165/0.2260(0.2355(0. 24490 . 2543/0.2636(0.2729(0.2821] 94
0.3 |0.2913]0.3004(0.3095(0.3185(0.3275|0.3364(0.3452(0.3540/0.38627]0.3714] 89
0.4 |0.3800]0.3885/0.3969]0.4053(0.4137]0.4219/0.4301|0.4382/0.4462[0.4542] 82
0.5 [0.4621/0.4700[0.4777/0.4854]0.4930]0.5005(0.50800.5154/0.5227\0.5299) 75
0.6 |0.5370/0.5441/0.551110.5581|0.5649]0.5717|0.5784[0.5850(0.5915{0.5980] 67
0.7 10.6044(0.6107|0.6169[0.6231|0.6291]0.6352/0.6411[0.6469/0.6527/0.6584] 60
0.8 |0.6640/0.6696/0.6751|0.6805|0.6858/0.6911]0.6963(0.7014/0.7064/0.7114] 52
0.9 [0.7163]0.7211/0.7259/|0.'7306]0.7352/0.739810.7443/0.7487/0.7531|0. 7574} 45
1.0 [0.7616(0.7658(0.7699/0.7739|0.7779(0.7818/0.7857/0.7895|0.7932/0.7969] 39
1.1 |0.8005|0.8041(0.8076]0.8110j0.8144[0.8178/0.8210[0.8243/0.8275/0.8306] 33
1.2 {0.8337|0.8367|0.8397(0.8426/0.8455(0.84830.8511(0.8538(0.8565/0.8591] 28
1.3 [0.8617|0.8643(0.8668/0.8693(0.8717/0.8741{0.8764(0.8787(0.8810/0.8832] 24
1.4 |0.8854(0.88750.8896/0.8917(0.8937]0.8957(0.8977/0.8996/0.9015/0.9033] 20
1.5 0.9052/0.90690.9087/0.9104/0.9121[0.9138[0.9154/0.9170/0.9186(0.9202] 17
1.6 10.9217|0.9232(0.9246(0.9261(0.9275/0.9289/0.9302/0.9316/0 .9329(0.9342] 14
1.7 |0.9354/0.9367(0.9379(0.9391(0.9402(0.9414[0.9425/0.9436(0.9447/0.9458] 11
1.8 10.94680.9478|0.9488/0. 9498|0.9508/0.9518]0.9527(0.9536{0 . 9545(0.9554] 9
1.9 [0.9562/0.9571/0.9579/0.9587/0.9595/0.9603|0.9611]0.9619/0.9626/0.9633] 8
2.0 10.9640]0.9647(0.9654/0.9661]0.9668|0.9674/0.9680(0.9687:0.9693/0.9699] 6
2.1 (0.9705/0.9710{0.9716/0.9722(0.9727/|0.9732/0.9738|0.9743|0.9748/0.9753] 5
2.2 10.9757,0.9762(0.9767/0.9771(0.9776)0.97800.9785(0.9789(0.9793(0.9797] 4
2.3 10.9801]0.9805/0.9809/0.9812|0.9816[0.9820/0.9823(0.9827/0.9830[0.9834] 4
2.4 10.9837]0.9840(0.9843/0.9846/0.9849/0.9852/|0.9855/0 . 9858/0.9861/0.9863] 3
2.5 [0.9866(0.9869]0.9871(0.9874[0.9876/0.9879(0.9881|0.9884(0.9886/0.9888] 2
2.6 10:9890/0.9892(0.98950.9897|0.9899!0.9901/0.9903/0.9905/0.9906/0.9908] 2
2.7 (0.9910/0.9912(0.9914/0.9915/0.9917|0.9919]0.9920/0.9922|0.9923/0.9925] 2
2.8 (0.9926/0.9928(0.9929/0.9931(0.9932/0.9933(0.9935(0.9936(0.9937/0.9938} 1
2.9 0.9940[0.9941|0.9942(0.9943[0.9944!0.99450.9946/0.9947/0 . 994910. 9950 1
3.0 ]0.9951/0.9959:0.9967/0.9973(0.9978|0.9982/0.9985/0.9088/0.9990[0.9902] 4
4.0 10.9993(0.9995/0.9996/0.9996/0.9997|0 . 9998|0. 9998|0. 9998|0.9999/0.9999] 1
5.0 (0.9999 If £ > 5, tanh # = 1.0000 to four decimal places.

#* From Lionel 8. Marks,

““Mechanical Engineers’ Handbook.”
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9. Degrees and Minutes Expressed in Radians*

13

Degrees Hundredths Minutes

1° | 0.0175 61° | 1.0647 | 121° | 2.1118 | 0°.01 | 0.0002 | 0°.51 | O. 1’ | 0.0003
2 0.0349 62 1.0821 | 122 2.1293 [ 0 .02 | 0.0003 | 0.52 | O. 2’ | 0.0006
3 0.0524 63 1.0996 | 123 2.1468 | 0 .03 | 0.0005 | 0 .53 | 0. 37 | 0.0009
4 0.0698 64 1.1170 | 124 2.1642 | 0 .04 | 0.0007 | 0 .54 | O. 4/ | 0.0012
5° | 0.0873 65° | 1.1345 | 1256° | 2.1817 | 0 .05{ 0.0009 | 0 .55| O. 5 | 0.0015
6 0.1047 66 1.1519 | 126 2.1991 [ 0 .06 0.0010 | 0 .56 | O. 6’ | 0.0017
7 0.1222 67 1.1694 | 127 2.2166 | 0 .07 0.0012 | 0 .57 1 0. 7 1 0.0020
8 0.1396 68 1.1868 | 128 2.2340 | 0 .08} 0.0014 | 0 .58 | O. 8’ | 0.0023
9 0.1571 69 1.2043 | 129 2.2515 { 0 .09 0.0016 | 0 .59 O. 9’ | 0.0026
10° | 0.1745 70° | 1.2217 | 130° | 2.2689 | 0°.10 | 0.0017 } 0°.60 | O. 10 | 0.0029
11 0.1920 71 1.2392 | 131 2.2864 [ 0.11] 0.0019 | 0 .61 | O. 11’ | 0.0032
12 0.2094 72 1.2566 | 132 2.3038 [ 0.12] 0.0021 | 0 .62 | O. 12’ | 0.0035
13 0.2269 73 1.2741 | 133 2.3213 [ 0.13] 0.0023 | 0 .63 | O. 13’ | 0.0038
14 0.2443 74 1.2915 | 134 2.3387 [ 0.14] 0.0024 | 0 .64 O. .14 | 0.0041
15° | 0.2618 75° | 1.3090 | 135° | 2.3562 | 0 .15| 0.0026 [ 0 .65 | O. 15 | 0.0044
16 0.2793 76 1.3265 | 136 2.3736 | 0 .16 | 0.0028 | 0 66| O. 16’ | 0.0047
17 0.2967 77 1.3439 | 137 2.3911 | 0 .17} 0.0030 | 0 .67 | O. 17/ | 0.0049
18 0.3142 78 1.3614 | 138 2.4086 | 0 .18 0.0031 | 0 .68 | O. 18’ | 0.0052
19 0.3316 79 1.3788 | 139 2.4260 { 0.19] 0.0033 | 0 .69 | O. 19’ | 0.0055
20° | 0.3491 80° | 1.3963 | 140° | 2.4435 | 0°.20 | 0.0035 | 0°.70 | O. 20’ 1 0.0058
21 0.3665 81 1.4137 | 141 2.4609 [ 0 .21 | 0.0037 | 0.71 | O. 21’ | 0.0061
22 0.3840 82 1.4312 | 142 2.4784 | 0 .22 | 0.0038 | 0.72 1} 0. 22’ | 0.0064
23 0.4014 83 1.4486 | 143 2.4958 | 0 .23 | 0.0040 | 0 .73 | 0. 23’ | 0.0067
24 0.4189 84 1.4661 | 144 2.5133 { 0 .24 | 0.0042 | 0 .74 | O, 24’ | 0.0070
25° | 0.4363 85° | 1.4835 | 145° | 2.5307 | 0 .25 | 0.0044 | 0 .75 | 0. 257 1 0.0073
26 0.4538 86 1.5010 | 146 2.5482 | 0 .26 | 0.0045 | 0 .76 | O. 26’ 1 0.0076
27 0.4712 87 1.5184 | 147 2.5656 | 0 .27 | 0.0047 | 0 .77 | O. 27" 1 0.0079
28 0.4887 88 1.5359 | 148 2.5831 [ 0 .28 0.0049 | 0 .78 | O. 28’ | 0.0081
29 0.5061 89 1.5533 | 149 2.6005 | 0 .20 | 0.0051 | 0.79| O. 29’ | 0.0084
30° | 0.5236 90° | 1.5708 | 150° | 2.6180 | 0°.30 | 0.0052 | 0°.80 | O. 30’ | 0.0087
31 0.5411 91 1.5882 | 151 2.6354 [ 0 .31} 0.0654 | 0 .81 O. 31’ | 0.0090
32 0.5585 92 1.6057 | 152 2.6529 [ 0 .32 | 0.0056 { 0 .82 0. 32’ | 0.0093
33 0.5760 93 1.6232 | 153 2.6704 | 0 .33 | 0.0058 | 0 .83 | O. 33’ | 0.0096
34 0.5934 94 1.6406 | 154 2.6878 | 0 .34 0.0059 | 0 .84 | O. 34/ | 0.0099
35° | 0.6109 95° | 1.6581 | 155° | 2.7053 | 0 .35| 0.0061 | 0 .85| O. 35’ | 0.0102
36 0.6283 96 1.6755 | 156 2.7227 1 0 .36 | 0.0063 | 0 .86 | O. 36’ | 0.0105
37 0.6458 97 1.6930 | 157 2.7402 | 0 .37 | 0.0065 | 0 .87 | O. 37’ | 0.0108
38 0.6632 98 1.7104 | 158 2.7576 | 0 .38 | 0.0066 | 0 .88 | O. 38" | 0.0111
39 0.6807 99 1.7279 | 159 2.7751 | 0.39] 0.0068 | 0 .89 | 0. 39’ | 0.0113
40° | 0.6981 | 100° | 1.7453 | 160° | 2.7925 | 0°.40 | 0.0070 | 0°.90 | O. 40’ | 0.0116
41 0.7156 | 101 1.7628 | 161 2.8100 | 0 .41 | 0.0072 | 0 .91 O. 41’ | 0.0119
42 0.7330 | 102 1.7802 | 162 2.8274 { 0 42| 0.0073 | 0 .92 | O. 42’ 1 0.0122
43 0.7505 | 103 1.7977 | 163 2.8449 { 0 .43 | 0.0075 | 0 .93 | O. 43’ | 0.0125
44 0.7679 | 104 1.8151 | 164 2.8623 | 0 .44 | 0.0077 | 0 .94 | O. 44’ | 0.0128
a5° | 0.7854 | 105° | 1.8326 | 165° | 2.8798 | 0 .45 | 0.0079 | 0 .95 | O. 45’ | 0.0131
46 0.8029 | 106 1.8500 | 166 2.8972 | 0 .46 | 0.0080 | 0 .96 | O. 46’ | 0.0134
47 0.8203 | 107 1.8675 | 167 2.9147 | 0 47| 0.0082 | 0 .97 | O. 47’ 1 0.0137
48 0.8378 | 108 1.8850 | 168 2.0322 | 0 48| 0.0084 | 0 .98 | O. 48’ | 0.0140
49 0.8552 | 109 1.9024 | 169 2.9496 | 0 .49 ] 0.0086 | 0 .99 | O. 49’ | 0.0143
50° | 0.8727 | 110° | 1.9199 | 170° | 2.9671 | 0°.50 | 0.0087 | 1°.00 | 0. 50’ | 0.0145
51 0.8901 | 111 1.9373 | 171 2.9845 [ ... | ..., e | e 51’ | 0.0148
52 0.9076 | 112 1.9548 | 172 3.0020 [ c... | v | eeee ] aeeenn 52’ | 0.0151
53 0.9250 | 113 1.9722 | 173 b B I S R R R 53’ | 0.0154
54 0.9425 | 114 1.9897 | 174 3.0869 | .... | ceoeii | viee ] eeenn 54’ | 0.0157
55° | 0.9599 | 115° | 2.0071 | 175° | 3.0543 55’ | 0.0160
56 0.9774 | 116 2.0246 | 176 3.0718 56’ | 0.0163
57 0.9948 | 117 2.0420 | 177 3.0892 57’ | 0.0166
58 1.0123 | 118 2.0595 | 178 3.1067 58 | 0.0169
59 1.0297 | 119 2.0769 | 179 3.1241 59’ | 0.0172
60° | 1.0472 | 120° | 2.0944 | 180° | 3.1416 60’ | 0.0175

Are 1° = 0.01745. Arc 1’ = 0.0002909. Arc 1”7 = 0.000004848.

1 radian = 57°.296 = 57° 17.75 = 57° 17’ 44"'.81.

* From Lionel 8. Marks, “ Mechanical Engineers’ Handbook.”
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10. Radians Expressed in Degrees*
0.01 | 0°57|0.64 [ 36°67 | 1.27 | 72°77 | 1.90 | 108°.86 | 2.53 | 144°9¢ | 1nterpolation
0.02 | 1°15|0.65 | 37°.24 | 1.28 | 73°34 | 1.91 | 109°43 | 2.51 | 145°.53 |"0.0002 | 0°01
0.03 | 1°72|0.66 | 37°.82 | 1.29 | 73°.91( 1.92 | 110°.01 | 2.55 | 146°.10 | 0.0004 | 0°.02
0.04 | 2°29( 067 | 38°39 | 1,30 | 74°48| 1.03 | 110°.58 | 2.56 | 146°.68 | 0 0006 | 0°.03
0.05] 2°.86| 0.68 | 38°96 | 1.31 | 75°06 | 1.94 | 111°15| 2.57 | 147°.25| 0.0008 | 0°.05
0.06 | 3°44| 0.69 | 39°53 | 1.32 | 75°.63 | 1.95 | 111°.73 | 2.58 | 147°.82 | 0.0010 | 0°.06
©.07 | 4°01| 0.70 | 40°11 | 1.33 | 76°20 | 1.96 | 112°:30 | 2.59 | 148°.40 | 0.0012 | 0°.07
0.08| 4°58| 071 | 40°68 | 1.34 | 76°78 | 1.97 | 112°.87 | 2.60 | 148°.97 | 0.0014 | 0°.08
0.09 | 5°16| 0.72 | 41°.25| 1.35 | 77°.35) 1.98 | 113°145 | 2.61 | 149°.54 | 0.0016 | 0°.00
0.10 | 5°7310.73 | 41°83 | 1.86 | 77°92| 1.99 | 114°.02 | 2.62 | 150°.11 | 0.0018 | 0°.10
9.11 | 6°30| 0.74 | 42°.40 | 1.37 | 78°50 | 2.00 | 114°:59 | 2.63 | 150°.69 | 00020 | 0°11
0.12| 6°88| 0.75 | 42°.97 | 1.38 | 79°07 | 2.01 | 115°.16 | 2.64 | 151°.26 | 0.0022 | 0°13
0.13 | 7°45/ 0.76 | 43°.54 | 1.39 | 79°64| 2.02 | 115°.74 | 2.65 | 151°.83 | 0.0024 | 0°14
0.14 | 802 | 0.77 | 44°112 | 1.40 | 80°21 | 2.03 | 116°.31 | 2.66 | 152°41 | 0.0026 | 0°.15
0.15| 8°59| 0.78 | 44°.69 | 1.41 | 80°79| 2.04 | 116°.88 | 2.67 | 152°.98 | 0.0028 | 0°.16
0.16 | 9°17 | 0.79 | 45°.26 | 1.42 | 81°36 | 2.05 | 117°.46 | 2.68 | 153°.55 | 0 0030 | 0°.17
0.17 | 9°74| 0.80 | 45°.84 | 1.43 | 81°03 | 2.06 | 118°03 | 2.69 | 154°.13 | 00032 | 0°18
0.18 | 10°31 | 0.81 | 46°41 | 1.44 | 82°51 | 2.07 | 118°:60 | 2.70 | 154°.70 | 0.0034 | 0°19
0.19 | 10°.89 | 0.82 | 46°98 |- 1.45 | 83°.08 2.08 | 119°.18 | 2.71 | 155°.27 | 0 0036 | 0°.21
0.20 | 11°.46 ] 0.83 | 47°.56 | 1.46 | 83°.65| 2.09 | 119°75| 2.72 | 155°.84 | 0_0038 | 0°.22
0.21 | 12°.03 | 0.84 | 48°13 | 1.47 | 84°.22| 2.10 | 120°:32 | 2.73 | 156°42 | 0 0040 | 0°53
0.22 | 12°61 | 0.85 | 48°.70 | 1.48 | 84°80 | 2.11 | 120°.89 | 2.74 | 156°.99 | 0 0042 | 0°24
0.23 | 13°18| 0.86 | 49°:27 | 1.49 | 85°37 | 2112 | 121°47 | 2.75 | 157°.56 | 0 0044 | 0°25
0.24 | 13°75| 0.87 | 49°.85 | 1,50 | 85°94 | 2.13 | 122°04 | 2.76 | 158°.14 | 0.0046 | 0°.26
0.25 | 14°.32 ] 0.88 | 50°42 | 1.51 | 86°52 | 2.14 | 122°.61 | 2.77 | 158°.71 | 0.0048 | oc.o8
0.26 | 14°.90 | 0.89 | 50°.99 | 1.52 | 87°00 | 2.15 | 123°.19 | 2.78 | 159°.28 | 0 0050 | 0°.39
0.27 | 15°47 | 0.90 | 51°.27 | 1.53 | 87°:66 | 2.16 | 123°.76 | 2.79 | 159°.86 | 0 0052 | 0°.30
0.28 | 16°.04 | 0.91 | 52°.14 | 1.54 | 88°:24 | 2.17 | 124°.33 | 2.80 | 160°43 | 0 0054 | 0°31
0.20 | 16°62 | 0.92 | 52°71 | 1.55 | 8881 | 2.18 | 124°.90 | 2.81 | 161°.00 | 0 0086 | 0°33
©0.30 { 17°.19 | 0.93 | 53°.29 | 1.56 | 89°.38 | 2.19 | 125°.48 | 2.82 | 161°57 | 0.0058 | 0°.33
0.31 | 17°76 | 094 | 53°86{ 1.57 | 89°.95 | 2.20 | 126°.05 | 2.83 | 162°115 | 0 0080 | 0°3%
0.32 | 18°.33 | 095 | 54°43 | 158 | 90°53 | 2721 | 126°62 | 2.84 | 162°.72 | 0 0062 | 0°36
0.33 | 18°.91 | 096 | 55°.00 | 1.59 | 901°10 | 2.22 | 127°.20 | 2.85 | 163°.20 | 0 0064 | 0°37
0.34 | 19°48| 097 | 55°.58 | 1.60 | -91°67 | 2123 | 127°77 | 2.86 | 163°.87 | 0 0066 | 0°38
0.35 | 20°.05 | 0.98 | 56°15| 1.61 | 92°.25 | 2.24 | 128°.34 | 2.87 | 164°.44 | 0 0088 | 0°.39
0.36 | 20°.63 | 0.99 | 56°72 | 1.62 | 92°.82 | 2.25 | 128°.92 | 2.88 | 165°01 | 0 0070 | 0°40
0.37 | 21°120 | 1.00 | 57°.30 | 1.63 | 93°.30 | 2.26 | 120°149 | 2.89 | 165°58 | 0 0072 | 0°41
0.38 | 21°77 | 1.01 | 57°.87 | 1.64 | 93°97 | 2127 | 130°06 | 2.90 | 166°16 | 0 0074 | 0042
030 | 22°.35 | 1.02 | 58°44 | 1.65 | 94°54 | 2128 | 130°63 | 2.91 | 166°73 | 0 0076 | 0°4s
0.40 | 22°.92 | 1.03 | 59°.01 | 1.66 | 95°11 ] 2.29 | 131°21 | 2.92 | 167°.30 | ¢ 0078 | 0°45
0.41 | 23°149 | 1.04 | 59°.50 | 1.67 | 95°68 | 2.30 | 131°78 | 2.93 | 167°.88 | ¢ 0080 | o0°46
042 | 24°06 | 1.05 | 60°.16 | 1.68 | 96°.26 | 2.31 | 132°.35 | 2.94 | 168°145 | 0 0082 | 0°47
043 | 24°64 | 1.06 | 60°73 | 1.69 | 96°.83 | 232 | 132°:93 | 2.95 | 169°.02 | 0 008s | 0°a8
0,44 | 25°21| 1.07 | 61°31 | 1.70 | 97°.40 | 2.33 | 133°.50 | 2.96 | 169°60 | 0 0086 | 0°49
0.45 | 25°.78] 1.08 | 61°.88 | 1.71 | 97°.985 | 2.34 | 134°07 | 2.97 | 170°17 | ¢ goss | o°.50
0.46 | 26°.36 | 1.09 | 62°.45 | 1.72 | 98°.55 | 2.35 | 134°65 | 2.98 | 170°74 | ¢ 0090 | 0° 59
0.47 | 26°93 | 1.10 | 63°.03 | 1.73 | 99°12 | 2.36 | 135°.22 | 2/99 | 171°31 | ¢ 0092 | 0°.53
0.48 | 27°.50 | 1.11 | 63°.60 | 1.74 | 99°.60 | 2.37 | 135°79 | 2700 | 171°88 | 0 0004 | 0°54
049 | 28°.07 | 1.12 | 64°17 | 1.75 | 100,27 | 2.38 | 136°:36 | 3.01 | 172°146 | 0 0093 | 0°35
0.50 | 28°.65 | 1.13 | 64°.74 | 1.76 | 100°.84 | 2.39 | 136°94 | 3.02 | 173°.03 | o goog | 0°.56
0.51 | 29°22 | 1.14 | 65°32 | 1.77 | 101°41 | 2.40 | 137°51 | 3.03 | 173°61 |——2° 1. 020
0.52129°79 | 1.15 | 65°89 | 1.78 | 101°99 | 2.41 | 138°.08 | 3.04 | 174°.18 .
0.53 | 30°37 | 1.16 | 66°.46 | 1.79 | 102°.56 | 2.42 | 138°66 | 3.05 | 174°.75| Multiples of =
0.54 | yoog, | 1°17 | 67°04 | 1180 | 103°.13 | 2743 | 139°.23 | 3.06 | 175°'33
0.55 | 31°51 ] 1.18 | 67°.61 | 1.81 | 103°.71| 2.44 | 139°.80 | 3.07 | 175°.90 | 1| 3.1416] 180°
0.56 | 32°.09 | 1.19 | 68°18 | 1.82 | i04°28 | 2.45 | 140°37 | 3.08 | 176°.47 | 2| 6.2832/ 360°
0.57 | 32°.66 | 1.20 | 68°.75 | 1.83 | 104°.85 | 2.46 | 140°.95 | 3.09 | 177°.04 | 3| 9.4248 540°
0.58 | 33°.23 | 1.21 | 69°33 | 1.84 | 105°.42 | 2.47 | 141°.52 | 3.10 | 177°62 | 4|12.5664| 720°
0.59 | 33°.80 | 1.22 | 60°.90 | 1.85 | 10600 | 2.48 | 142°.00 | 3011 | 178°19 | B/15.7080) 9007
0.60 | 34°38 | 1.23 | 70°47{ 1.86 | 106°57 | 2.49 | 142°.67 | 3.12 | 178°76 | 7|21.9911| 1260°
0.61 | 34°05| 1.24 | 71°.05| 1.87 | 107°.14 | 2.50 | 143°24 | 3.13 | 179°.34 | 8[25.1327| 1240°
0.62 | 35°521 1.25 | 7i°62 | 1.88 | 107°.72 | 2.51 | 143°81 | 3.14 | 179°.91 | 9|28.2743| 1820°
0.63 | 36°10 | 1.26 | 72°.19 | 1.89 | 108°.29 | 2.52 | 144°.39 | 3.15 | 180°.48 |10/31.4159| 1800°

* From Lionel S. Marks, “ Mechanical Engineers’ Handbook.”
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11. Exponentials*
(e” and ™)
n er Sl n| e Elan e nlem | Bln|e™|n e
a a8 " a

0.00] 1.000 100.50 1.649 16 1.0|2.718%j0.00|1.000 _100.500.607 1.0/0.368
0.01{ 1.010 100.51 1.665 17 1.1/3.004 [0.01/0.990 _100.510.600 1.1|0.333
0.02 1.020 100.52 1.68217 1.2|3.320 [0.02({0.980 _100.520.595 1.2(0.301
0.03| 1.030 110.531.69917 1.3[3.669 [0.03/0.970| — 90.530.589 1.3/0.273
0.04] 1.041 100.54 1,71617 1.44.055 |0.04/0.961 _100.540.583 1.4(0.247
0.05{ 1.051 110.55 1.733 18 1.5/4.482 ]0.05|0.951| 90.550.577 1.510.223
0.06 1.062110.56 1.751 17 1.6{4.953 [0.06|0.942 _100.560.571 1.6(0.202
0.07 1.073100.571.768 18 1.7(5.474 0.07/0.932] 90.570.566 1.7/0.183
0.08 1.083110.58 1.786 18 1.8/6.050 [0.08/0.923| 90.580.560 1.8|0.165
0.09| 1.094 110.591.80418 1.9/6.686 (0.09/0.914] 90.590.554 1.9|0.150
0.10| 1.105 110.601.82218 2.07.389 [0.10/0.905] 90.600.549 2.0[(0.135
0.11 1.116 110.61 1.84019 2.1|8.166 |0.11/0.896| 90.610.543 2.1(0.122
0.12| 1.127 120.621.85919 2.2(9.025 [0.12/0.887| 90.620.538 2.2(0.111
0.13 1.139 110.631.87818 2.3|9.974 0.130.878| _ 90.630.533 2.310.100
0.14| 1.150 120.64:1.89620 2.4/11.02 |0.14/0.869| _ 80.640.527 2.4|0.0907
0.15] 1.162 120.65 1.916 19 2.512.18 [0.15/0.861| 90.650.522 2.5/0.0821
0.16| 1.174 110.661.935 19 2.6/13.46 [0.16/0.852| 80.660.517 2.610.0743
0.17| 1.185 120.671.95420 2.7/14.88 |0.17/0.844 90.670.512 2.7/0.0672
0.18| 1.197 120.681.97420 2.816.44 |0.18/0.835 80.680.507 2.8(0.0608
0.19| 1.209 120.691.99420 2.9{18.17 (0.19(0.827 — 80.690.502 2.9|0.0550
0.20] 1.221 130.702.01420 3.0(20.09 [0.20]0.819| _ 80.700.497 3.0[0.0498
0.21| 1.234 120.71 2.03420 3.1|22.20 (0.21/0.811] _ 80.710.492 3.10.0450
0.22| 1.246 130.722.05421 3.2|24.53 0.22(0.803| _ 80.720.487 3.2(0.0408
0.23| 1.259 120.732.07521 3.3[27.11 [0.23|0.795| 80.730.482 3.3/0.0369
0.241 1.271 130.742.09621 3.4[29.96 [0.24/0.787| _ 80.740.477 3.4/0.0334
0.25 1.284130.752.11721 3.5(33.12 [0.25|0.779| _ 80.750.472 3.5(0.0302
0.26 1.297130.762.13822 3.6(36.60 [0.26/0.771| _ 80.760.468 3.6/0.0273
0.27 1.310 130.772.16021 3.7140.45 [0.27/0.763| _ 70.770.463 3.7(0.0247
0.28| 1.323 130.782.18122 3.8(44.70 j0.28|0.756| _ 80.780.458 3.8|0.0224
0.29| 1.336 140.792.20323 3.9(49.40 [0.29|0.748| _ 70.790.454 3.9|0.0202
0.30| 1.350 130.802.22622 4.0154.60 [0.30|0.741| 80.800.449 4.0/0.0183
0.31 1.363140.812.24822 4.1/60.34 [0.31/0.733| _ 70.810.44:5 4.1,0.0166
0.32 1.377140.822.27023 4.2i66.69 [0.32(0.726| 70.820.440 4.2/0.0150
0.33| 1.391 140.832.29323 4.3|73.70 0.33|0.719| 70.830.436 4.30.0136
0.34] 1.405 140.842.31624 4.4(81.45 |0.34/0.712| 70.840.432 4.4/0.0123
0.35 1.419140.852.34023 4.5(90.02 |0.35|0.705| _ 70.850.427 4.5|0.0111
0.36; 1.433 150.862.36324 0.36/|0.698| _ 70.860.423

0.37 1.448140.872.38724 5.0] 148.410.37/0.691| _ 70.87‘0.419 5.0(0.00674
0.38| 1.462 150.882.41124 6.0 403.4{0.38/0.684| 70.880.415 6.0/0.00248
0.39; 1.477 150.892.43525 7.0] 1097.10.39(0.677| _ 70.890.411 7.0/0.000912
0.40| 1.492 150.902.46024 8.0[ 2981.[0.40/0.670| _ 60.900.407 8.0/0.000335
0.41} 1.507 150.91 2.48425 9.0| 8103./0.41,0.664; _ 70.91 0.403| 9.0/0.000123
0.42; 1.522 150.92 2'50926 10.0(22026.0.42{0.657| _ 60.920.399 10.0/0.000045
0.43; 1.537 160.932.53525 /2| 4.810[0.43(0.651| _ 70.930.395

0.44] 1.553 150.942.5602621r/2 23.140.44/0.644| _ 60.940.391

0.45 1,568 160.952.58626311'/2 111.3]0.45(0.638| _ 70.950.387 w/2|0.208
0.46] 1.584 160.962.6122647r/2 535.5(0.46/0.631; 60.960.3832#/20.0432
0.47; 1.600 160.972.6382651r/2 2576(0.47,0.625| 60.970.3793#/20.00898
0.48/ 1.616 160.982.6642767r/2 123920.48/0.619| _ 60'980'37547'-/20'00187
0.49 1.632170.992.6912771r/2 59610(0.49/0.613| _ 60.990.37257/20.000388
0.50{ 1.649| [1.00/|2.718] [87/2|286751]0.50/0.607 1.00j0.368|6x/2|0.000081

6 = 271828, 1/¢ = 0.367879. logie = 0.4343. 1/(0.4343) = 2.3026.

* From Lionel 8. Marks, * Mechanical Engineers’ Handbook.”
T Note: Do not, interpolate in this eolumn.
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12. Sine Integral Si(x)*
Si(z) = f TS0 Y g,
0 u

z | Si(z) | (@] Si(z) z Si(z) z Si(z) z Si(z) z Si(zx)
0.010.00000(5.0| 1.54993|10.0; 1.65835(15.0| 1.61819|20.0| 1.54824125.0| 1.53148
0.110.00994]5.1| 1.53125(10.1| 1.65253(15.1| 1.62226{20.1| 1.55289]50.0} 1.55162
0.2[0.19956(5.2| 1.51367]10.2) 1.64600(15.2| 1.62575[20.2| 1.55767
0.3]0.29850(5.3| 1.49732(10.3| 1.63883(15.3} 1.62865|20.3| 1.56253
0.4]0.39646(5.4| 1.48230)10.4| 1.63112{15.4/ 1.63093]20.4| 1.56743
0.5(0.493115.5| 1.46872(10.5| 1.62294/15.5} 1.63258/20.5| 1.57232
0.6(0.58813]5.6| 1.45667[10.6| 1.61439(15.6 1.63359|20.6| 1.57714
0.7(0.68122(5.7| 1.44620(10.7| 1.60556{15.7| 1.63396|20.7| 1.58186|
0.81(0.77210[5.8| 1.43736[10.8| 1.59654/15.8] 1.63370[20.8| 1.58641
0.9(0.86047(5.9| 1.43018]10.9 1.58743|15.9| 1.63280]20.9| 1.59077
1.0(0.94608(6.0| 1.42469(11.0] 1.57831116.0| 1.63130[21.0( 1.59489
1.1]1.02869(6.1| 1.42087]11.1) 1.56927|16.1| 1.62921}21.1]| 1.59873
1.2{1.10805(6.2| 1.41871{11.2] 1.56042(16.2| 1.62657|21.2| 1.60225
1.3(1.18396i6.3| 1.4181711.3| 1.55182(16.3| 1.62339/21.3| 1.60543
1.4]1.25623(6.4; 1.41922/11.4| 1.54356(16.4; 1.61973|21.4) 1.60823
1.5]1.32468)6.5| 1.42179(11.5| 1.53571{16.5] 1.61563/21.5] 1.61063
1.6(1.38918i6.6| 1.42582(11.6| 1.52835(16.6, 1.61112121.6{ 1.61261
1.7(1.44959(6.7| 1.43121)11.7| 1.52155]16.7] 1.60627|21.7} 1.61415
1.8(1.50582(6.8] 1.43787|11.8| 1.51535/16.8] 1.60111j21.8| 1.61525
1.9|1.55778]6.9] 1.44570(11.9) 1.50981/16.9] 1.59572(21.9] 1.61590
2.0(1.60541)7.0| 1.45460112.0( 1.50497|17.0; 1.59014{22.0| 1.61608
2.1|1.64870{7.1| 1.46443]12.1| 1.50088|17.1] 1.58443(22.1| 1.61582
2.2(1.68763[7.2| 1.47509]12.2| 1.49755(17.2| 1.57865(22.2| 1.61510
2.31(1.7222117.3; 1.48644|12.3] 1.4950117.3} 1.57285|22.3| 1.61395)
2.411.75249|7 .4, 1.49834|12.4] 1.49327|17.4] 1.56711|22.4| 1.61238
2.511.77852(7.5| 1.51068/12.5 1.49234(17.5] 1.56146/22.5( 1.61041
2.6(1.80039|7.6] 1.52331[12.6| 1.49221]17.6| 1.55598|22.6] 1.60806|
2.7(1.818217.7| 1.53611{12.7| 1.4928717.7| 1.55070/22.7| 1.60536|
2.8(1.83210(7.8 1.54894(12.8| 1.49430(17.8| 1.54568/22.8| 1.60234
2.9(1.84219|7.9 1.56167(12.9| 1.49647(17.9] 1.54097|22.9] 1.59902
3.0(1.84865!8.0] 1.57419(13.0| 1.49936(18.0] 1.53661123.0| 1.59546)
3.1|1.85166)8.1f 1.58637|13.1| 1.50292|18.1} 1.53264/23.1] 1.59168
3.21(1.85140(8.2| 1.5981013.2| 1.50711|18.2! 1.52909[23.2| 1.58772
3.3(1.84808|8.3| 1.60928/13.3| 1.51188/18.3 1.52600/23.3; 1.58363
3.4(1.84191]8.4] 1.61981|13.4| 1.51716|18.4] 1.52339|23.4] 1.57945
3.5(1.83313)8.5 1.62960(13.5 1.52291/18.5| 1.5212823.5| 1.57521
3.6(1.82195(8.6/ 1.63857|13.6| 1.52905(18.6| 1.51969(23.6| 1.57097
3.7|1.80862(8.7 1.64665(13.7| 1.53352|18.7| 1.5186323.7| 1.56676
3.8(1.79333(8.8| 1.65379(13.8| 1.54225|18.8| 1.51810(23.8| 1.56262,
3.9(1.77650(8.9| 1.6599313.9| 1.54917|18.9| 1.51810)23.9] 1.55860
4.0(1.75820(9.0| 1.66504]14.0| 1.55621]19.0| 1.51863[24.0| 1.55474
4.1(1.73874/9.1| 1.66908|14.1| 1.56330{19.1| 1.51967|24.1| 1.55107
4.211.71837|9.2| 1.67205|14.2| 1.57036/19.2| 1.52122(24,2| 1,54762
4.3(1.69732]9.3| 1.67393]14.3| 1.57733|19.3| 1.52324/24.3| 1.54444
4.4(1.67583(9.4| 1.67473[14.4| 1.58414(19.4| 1.52572(24.4] 1.54154
4.5(1.65414/9.5| 1.67446|14.5| 1.59072(19.5| 1.52863|24.5 1.53897
4.6(1.63246/9.6] 1.67316(14.6| 1.59702|19.6) 1.53192(24.6] 1.53672
4.711.61101j9.7 1.67084|14.7| 1.60296|19.7| 1.53357|24.7| 1.53484
4.811.58998(9.8|- 1.66757(14.8| 1.60851{19.8| 1.53954/24.8] 1.53333
4.9(1.56956|9.9| 1.66338/14.9| 1.61360(19.9| 1.54378|24.9 1.53221

* From P. O. Pedersen, “ Radiation from a Vertical Antenna over Flat Perfectly Conducting Earth,”
G. E. C. Gad, Copenhagen.
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13. Si(x) and Cosine Integral Ci(x)*
8i(z) = log, z + 0.5772 — Ci(z) = L "l——%s—”‘. dz
Ci(z) = — j; N 2 du = log. 7 + 0.5772 — Si(z)

z | Sux) | 2| Su=) z Si(zx) z | Si(z) z S1(x) T Si(@)
0.010.00000{5.0! 2.37669|10.0] 2.92527115.0| 3.23899|20.0| 3.52853(25.0| 3.80295
0.1(0.00249/5.1] 2.38994(10.1| 2.94327}15.1| 3.25090(20.1| 3.53173(50.0| 4.49486
0.210.00998]5.2| 2.4011310.2| 2.96050[15.2| 3.26308(20.2( 3.53535
0.310.02241\5.3! 2.4104410.3| 2.97688(15.3| 3.27552(20.3| 3.53946
0.4,0.03973|5.4; 2.41801]10.4| 2.99234(15,4| 3.28814/20.4| 3.54402
0.5(0.061855.5] 2.42402(10.5) 3.00688/15.5] 3.30087|20.5( 3.54905)
0.6]0.08866|5.6| 2.42866|10.6| 3.02045[15.6, 3.31363[20.6; 3.55456|
0.710.12002(5.7 2.4321010.7| 3.03300{15.7| 3.32641]20.7} 3.56049
0.810.15579(5.8| 2.43452(10.8| 3.04457j15.8} 3.33911|20.8| 3.56687|
0.910.19578|5.9| 2.43610(10.9; 3.0551415.9] 3.35167|20.9 3.57368|
1.0(0.23981(6.0| 2.43704[11.0| 3.06467|16.0 3.36401)21.0| 3.58085
1.110.287666.1| 2.43749(11.1| 3.07323/16.1| 3.37612{21.1| 3.58840
1.210.33908/6.2| 2.43764(11.2| 3.08083|16.2| 3.38790(21.2| 3.59629
1.3(0.39384(6.3| 2.43766(11.3| 3.08749(16.3| 3.39932!21.3| 3.60446
1.4(0.45168i6.4| 2.43770(11.4} 3.09322{(16.4| 3.41032(21.4| 3.61288|
1.5|0.51233/6.5 2.43792i11.5] 3.09814|16.5 3.42088}21.5| 3.62155)
1.6(0.57549(6.6| 2.43847i11.6; 3.10225|16.6| 3.43096|21.6| 3.63037]
1.710.64088(6.7| 2.43947)11.7| 3.10561]16.7| 3.44050(21.7| 3.63935
1.81]0.70820(6.8| 2.44106|11.8| 3.10828(16.8| 3.44947|21.8| 3.64842
1.910.777136.9| 2.44335(11.9| 3.11038(16.9| 3.45788(21.9| 3.65751
2.010.84739(7.0] 2.44643]12.0| 3.11190(17.0] 3.46568(22.0; 3.66662
2.1(0.918657.1; 2.45040(12.1| 3.11301|17.1| 3.47288)22.1] 3.67568
2.2(0.990607 .2| 2.45534112.2| 3.11370[17.2( 3.47945|22.2| 3.68465)
2.3(1.06295(7.3| 2.46130(12.3| 3.11412(17.3} 3.48543]22.3] 3.69348
2.411.13540(7.4| 2.46834(12.4| 3.11429(17.4] 3.49077|22.4| 3.70216
2.511.20764{7.5| 2.47649{12.5| 3.11436(17.5] 3.49553(22.5] 3.71059
2.6(1.27939(7.6| 2.48577|12.6| 3.11437|17.6] 3.49969(22.6| 3.71879
2.7(1.35038|7.7| 2.49619(12.7| 3.11438]17.7; 3.50330(22.7] 3.72670
2.8 (1.420357.8| 2.50775(12.8| 3.11453|17.8| 3.50639(22.8] 3.73427|
2.9(1.48903}7.9| 2.52044/12.9| 3.11484(17.9| 3.50895(22.9| 3.74153
3.0(1.55620(8.0] 2.53423(13.0| 3.11540[18.0] 3.51107]23.0| 3.74838
3.1(1.62163|8.1] 2.54906(13.1} 3.11628|18.1] 3.51276|23.1| 3.75483
3.2(1.68511(8.2( 2.56491]13.2| 3.1175418.2] 3.51404|23.2| 3.76089
3.3(1.74646[8.3| 2.56171(13.3] 3.1192418.3] 3.51500|23.3| 3.76651
3.411.80552|8.4| 2.59938/13.4| 3.12142(18.4] 3.51568]23.4| 3.77170
3.51{1.86211|8.5 2.61786[13.5| 3.12414]18.5| 3.51610{23.5| 3.77644
3.611.91613(8.6| 2.63704{13.6| 3.12745(18.6| 3.51633|23.6| 3.78072
3.71{1.96745|8.7| 2.65686(13.7| 3.13134[18.7| 3.51645(23.7| 3.78459
3.812.01600(8.8! 2.67721/13.8| 3.13587(18.8| 3.51648|23.8| 3.78801
3.92.06170|8.9| 2.69799(13.9| 3.14104(18.9| 3.51648|23.9| 3.79101
4.012.10449(9.0] 2.71909(14.0 3.14688(19.0| 3.5166024.0] 3.'79360
4.1;i2. 1443819.1| 2.74042(14.1] 3.15338]19.1| 3.51661[24.1} 3.79582
4.212.18131/9.2| 2.76186(14.2{ 3.16054]19.2| 3.51685/24.2| 3.79767
4.3%2.2153519.3| 2.78332|14.3| 3.16835(19.3| 3.51727|24.3| 3.79917
4.412.24648[9.4] 2.80468{14.4| 3.17677|19.4| 3.51790/24..4] 3.80036
4.512.27479(9.5] 2.82583(14.5| 3.18583(19.5| 3.51879|24 .5 3.80129
4.6 (2.30033(9.6| 2.84669(14.6] 3.19545]19.6| 3.52002(24.6| 3.80197|
4.7(2.32317|9.7; 2.86713|14.7; 3.20564(19.7| 3.52156(24..7| 3.80243
4.812.34344|9.8| 2.88712(14.8 3.21630(19.8| 3.52348/24 .8 3.80271
4.9 2.36124|9.9 2.90651{14.9| 3.22746(19.9| 3.52578!24+.9| 3.80288

* From P, O. Pedersen, * Radiation from a Vertical Antenna over Flat Perfectly Conducting Earth.”

G, E, C. Gad, Copenhagen.
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MATHEMATICAL RELATIONS

14. Trigonometric Relations

si11:4=é
B
cosx=g
B
A sinz
tanz = 5 =
C cosz
ecx—g— 1
s C coszx
coecx—é— 1
S T A sinz
cotx—g— 1 cos
“ A tanz sinz
sin (—z) = —sinz
cos (—x) = cos z
tan (—z) = — tan

. ™
sm(~—x) = oS &
cos(——x)=sina:

tan (— - :c) = cot, =

sin (r —z) =sinz
-eos (mr —x) = —cosz
tan (# — 2) = — tan z

sin (z + 2wn) = sin z

[Sec. 1

- ™
sm(Q—I-Z) = COS T

€08 (g + z)
tan (g + x)

gin (r + %)
cos (r + )

tan (r + z)

= — sin 2

—sin z

— CcOosS T

tan z

cos (z + 2wn) = cos = } (n a positive or negative integer)

tan (z + 2rn) = tan x

sin (z + y) = sin z cos y + cos Tsin y
sin (r'— y) = sin £ cos y — cos Tsin ¥
cos (x +y) =cosrcosy —sin zsiny
cos (£ —y) =coszcosy +sinzsiny

tan z 4 tan y
tan (z +y) T "tanztany
tan x — tan ¥
1+ tan z tan y
sin 2z = 2 sin z cos =
2tan z
1 — tan?zx
sin 8z = 3sinz — 4sin3 z

.1 1 %
sin 5 2 = [Q (1 — cos :c)]

1 1 %
cos 52 = [§ (1 4+ cos x)]

tan (z — y) =

tan 2r =

cot 2¢ =

ta'nlx=(1—cosx)}é _1l—cosxz _  sinz
2 (I fcosx)%  sinz  1-+cosz

sin? = =l(1 — cos 2z)

sm3:t-—(3smx—sm3x)

cos 2r =2cos?x — 1 =
(cot?z — 1)
T 2cotz
cos 3x = 4cos*xr — 3 cos

- % (1 + sin 2)3 — % (1 — sin )%

=%(1+sinx)%+%(1—sinx)%

cost r = é (1 + cos 2x)
\ z

cosdz = 41: (cos 3z + 3 cos x)

— cot z

1 —-2sin2z
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gin zsin y = écos(x—y) —%cos x4+
coswcosy=%cos (x—y)—i—%cos(x—i—y)
sinwcosy=%sm (z-—y)—i—%sin (x +y)

sin z + sin y

I

2sin—%(x+y) cos%(x—y)

sinx—siny=2c0s%(x+y)siné(x—y)

cosz+cosy=2cos%(w+y)cos%(x—y) Fia. 2.

COS X — CO8 Y = —2sin%(x+y)sin%(x—y)

tanz +tany = 2@+ V) tan = — tan y = S0 & —¥)
cos T COs Y cOos Z CO8 ¥

sin? z — sin? y = gin (z + y) sin (z ~— y) '

cos?z — cog*y = —sin (z + y) sin (z — y)

o082z —sin?y = cos (z + y) cos (z — ¥)

gin2z +cos2z =1 sec?z —tan?z =1

In any triangle (Fig. 2):
.A = ——B— = —CL (law of sines)
sing sinb )
A? = B2 + (C* — 2BC cos a (law of cosines)
1
A+ B _tanﬁ(a—i—b) _sina +sinb

I—B"~ I i —— (law of tangents)
tan 3 (a —1b)

a+b+c=180° A =Bcosc+ Ccosh
B =Ccosa+ Acosc C=Acosb -+ Bcosa

15. Properties of Hyperbolic Functions
eI i e"'I

3 5
sinh -T—z—i—g—!—i—%—i—---

& + 77 2 zt
coshx=—.2—=1+2_!+m+...

It
i

sinh z
cosh z
ginh (—xz) = — sinh z
cosh (—x) = coshz
cosh?z = 1 4 sinh? 2z
d (sinh x) — cosh z
dz

d (coshz) _ sinh z
dz

tanh z =

fsinh z - dz = cosh =
Jeosh o - dz = sinh z
sinh (z & jr) = —sinh z
cosh (z + jr) = —cosh z
sinh (z 4 j2r) = sinh z
cosh (z + j2r) = cosh z
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sinh (z + jr/2) = + jecosh z
cosh (z + jr/2) = & jsinh z

tanh (z + jrn) = tanh z
‘tanh (z & jom/2) =

tanh 2
ginh jb = jsin b
cosh jb = cos b
tanh jb = jtan b
sin b = 7 sinh b
cos jb = cosh b
sinh (a + jb) = sinh a cos b + jcosh asin b
cosh (@ + jb) = coshacosb + jsinh asin b

sinh (g) — 4 [cosh g —1

cosh 0 -1
tanh (2) T sinh 6

[Sec. 1

[zz < l 7r2:|

+...

(b

sinh (4, & 8:) = sinh 6, cosh #; + cosh 6, sinh 6,
cosh (81 £ 6#2) = cosh 6, cosh 6; + sinh 6, sinh 6
16. Series
3 5 7
sinx=z~%+%—%+... [#2 < w]
2 4 6
cosx=1~—%+%—%+... [#2 < <]
x3 25 1727 . 62z°
tans =z +3+15 315+2835+
sinhx=a:+m+5_!+7_!+...
4 6
cosha:=1+% %4-%4.
(1ix>"'=1in+"(n—1> "(n—13)‘(n—2)
—_ n—2H2
(a+b)"=a"+na"“1b+n(n2¢
‘ x? x4 26
Jo@ =1 =g+ e ~oapg T
J. 1 e zt
"(x) 2"n'; T D T A@n F G +
b

T2 46@n F2)2n F4H)(2n + 6)

g

(2 < 1)

< a?)

(n an integer)

17. Harmonic Composition of Some Common Periodic Waves

Square wave (Fig. 3a):

'y=§_E(cosx—lcos3x+lcos5z—lcos7x+ R

3 5 7

Triangular wave (Fig. 3b):

8 1 1
y—;r—zE(cosa:+§cos3a:+2—50035x+ ..



Par. 17] TABLES, MATHEMATICAL RELATIONS, AND UNITS
y axis

—_] | Ev1 | ] | | xoxis

(a) Square wave

T_E | X XI5
R i I

(b) Triangulor wave

y axis
1 E I X axis
L

(¢) Saw-tooth wave

y axis
o e
e [] [T xaxis
: .
[<----- 21 -----
(d) Short square pulse
y axis
. F
KEEVAN \eovis
ok _l
______ 27T ——————
(e) Short triangular pulse
y oxis
~_ I
/-\t: : x axis
[PRP BN
\
A Y
A —
be----a1 ----

2
{f) Short pulse that is a section of
a sine wave
y oxis

NN N

APy

(g) Half-wave rectifier output

y oxis

VANAAVAAYAYANT"
> Tir L*-JT -"l

(h) Full-wave rectifier output

F1a. 8.—Periodic pulses of various types.

2
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Sawtooth wave (Fig. 3¢):

y=§E’(sinx—%sin2x+%si113:c—isin4:c+ .. )

Short square pulse (Fig. 3d):
y = E;k +%(sink1rcosx +%sin2k1rcos2:c
+%sin3k1r0053x e +7%sinnk1rcosn:c PR )%

The relative values of the coefficients of cos nz are plotted in Fig. 4 as a function of
nk for the case ¥ < < 1, i.e., for a short pulse.. Under these conditions the coeffi-
cients of cos nz are proportional to (sin nkw)/nkr.

1.0
09 N

\\
\

08
07 A\

0.6 \ e=--Short triangular pulse (Fig.3e)
05 N\ ITTTFTITTITILTITT
\ =-Short square pulse (Fig. 3d

04
\
0.3 N

0.2 \ S

N, N .
0.1 N = P

0 M)
0 05 10 15 20 25 30 35 40
nk

F16. 4.—Relative amplitude of harmonics for waves of Fig. 3d and e for k < < 1.

Short triangular pulse (Fig. 3¢):

=E[* 2 ginnak — 2 (nksinmrk—2sin2n_7rk %cosnz]
Y [2+n§1 ;mr = 2

The relative values of the coefficients of cos nz are plotted in Fig. 4 as a function
of nk, for k < < 1, i.e., for a short pulse.
Short pulse that is a section of a sine wave (Fig. 3f):

= E ml_9 0 9 + i’—si_n—gcosf cos T
y_( 5 sing — 5 cos5 5 3 3
o7 l—cosé)

sin(n+1)f si.n(n—l)—g 2sinn—qcosg
2+ 2 _ 2 2cosn:c+---
+ Py n—1 z

Half-wave rectifier output (Fig. 3¢):
1 T 2 2 2
Y =1—rE(1 +§cosx+§c082x —1—5cos4:c +§5cosﬁz

n
z+1 2
< e (=12 o geesnE ) (n even)
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Full-wave rectifier output (Fig. 3k):

2 2 2 2
y —-;E(l +§cos2:c—ﬁcos4x +3—50036x

n P
=+1 2
e (—=1)2 Ce
(-1 —F 7 o8 nT ) (n even)

UNITS

18. Units of Length

1 kilometer (km) = 1,000 meters
1 decimeter (dm) = 0.1 meter
1 centimeter (cm) = 0.01 meter
1 millimeter (mm) = 0.001 meter
1 micron () = 0.000,001 meter = 0.001 millimeter
1 millimicron (mu) = 0.000,000,001 meter = 0.001 micron
1 angstrom (A) = 0.060,000,1 millimeter
= 0.0001 micron
= 0.1 millimicron
1 statute mile = 1,760 yards = 5,280 feet
1 foot = 14 yard = 12 inches
linch = 14¢ yard = 1{5 foot
1 mil = 1/1,000 inch
1 U.8. nautical mile
1 sea mile } = 1,853.248 meters = 6,080.20 feet
1 geographical mile
1 international nautical mile = 1,852 meters
= 6,076.10 feei
1 fathom = 6 feet

19. Conversion Table for Units of Length

Centimeters| Meters Kilometers Inches Feet Miles
1 0.01 10-5 0.3937 0.03281 0.6214 X 105
2.540 0.02540 2.54 X 10—5 1 0.0833 0.1578 X 10—+
100 1 0.001 39.37 3.281 0.0006214
100,000 1,000 1 39,370 3.281 0.6214
30.48 0.3048 30.48 X 10—5 12 1 0.0001894
160,935 1,609 1.609 63,360 5,280 1

Nore: All numbers in the same horizontal column represent the same length.

20. Systems of Electrical Units

Electromagnetic Cgs Units.—The electromagnetic system of cgs units (often
abbreviated emu) results if one uses centimeters, grams, and seconds, and then arbi-
trarily assumes that the magnetic permeance u of a centimeter cube in a vacuum is
unity. These units are sometimes designated by the prefix ab, such as abohm, abvolt,
ete.

Electrostatic Cgs Units.—The electrostatic system of cgs units (sometimes abbre-
viated esu) results if one uses centimeters, grams, and seconds, and then arbitrarily
assuines that the capacity across the faces of a centimeter cube is unity. These units
are sometimes designated by the prefix stat, such as statohm, statvolt, ete.

“Practical” Electrical Units.—This term refers to the ordinary system of volts,
amperes, etc., used in practice. These units have more convenient values than the
electromagnetic and electrostatic systems.
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Relationship between Systems of Units.—The fundamental relation between the
cgs electromagnetic units and the cgs electrostatic units, as determined experimentally,
is

1 abfarad = 8.9878 X 10 statfarads
=~ 9 X 102 statfarads

The fundamental relation between the cgs electromagnetic system of units and the
practical system is

1 abcoulomb = 10 coulombs
1 erg = 1077 watt-seconds (or joules)

The erg is the unit of energy in the cgs electromagnetic system and the watt-second
(or joule) that of the practical system.

It is convenient to note that when an equation is expressed in electromagnetic
units one can convert to practical units by substituting 30 ohms for the velocity of
light (which will appear either directly or indirectly in the relation and if it does not

appear directly can be inserted by multiplying by W = 1).
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SECTION 2
CIRCUIT ELEMENTS

RESISTANCE AND RESISTORS

1. Specific Resistance and Temperature Coefficient of Resistance.—The resist-
ance R of a conductor of length [ and cross-sectional area 4 is

R=pt (0

where p is termed the specific resistance, or resistivity, and is a property of the con-
ductor material and the temperature.

The specific resistance p can be expressed in terms of the resistance of a wire
one mil in diameter and one foot long (ohms per circular mil foot), in which case the
length in Eq. (1) is in feet and the area A in circular mils.! The specific resistance
is also often expressed in terms of the resistance existing between opposite faces of a
cube one centimeter on a side (ohms per em cube), in which case it is termed
the volume resistivity, and corresponds to the length [ in Eq. (1), expressed in centi-
meters, and the area A, in square centimeters. Values of specific resistance for a
number of common materials are given in Table 1.

The resistance of a conductor depends upon the temperature as well as the mate-
rial and form. To a first approximation, the change in resistance produced by a varia-
tion in temperature is proportional to the temperature increment, provided this
increment is not too large. Hence the relation between the resistances Rr, and Er,
of a conductor at two temperatures 7'y and T';, respectively, is

By, = B[l + «(T; — T)] ()]

where « is the fractional change In resistance per degree of temperature rise, and is
termed the temperature coefficient of resistance. Values of temperature coefficient for
a number of common materials are given in Table 1.

2. Resistance Wire.—Although the usefulness of copper is due largely to its low
specific resistance, other materials, particularly certain alloys, are important because
of their high specific resistance. The most important of these resistance alloys for
radio purposes are listed in Table 1, together with their principal properties. A wire
table giving further properties of some of these resistance alloys also appears below.

The nichrome group of resistance alloys listed in Table 1 is capable of operating at
high temperatures, and is the wire generally employed for rheostats, heating elements,
enamel-coated resistance tubes, ete.

Advance and the related resistance alloys are characterized by zero temperature
coefficient of resistance and a high thermoelectric voltage against copper. This type
of wire is used for precision purposes and also for thermocouples. Its maximum
working temperature is appreciably lower than that of nichrome, but considerably
higher than manganin.

1 A circular mil is the area a circle one mil (0.001 inch) in diameter. The area of a wire in circular
mils is hence the square of the diameter when the diameter is expresesd in mils.

26
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TasLE 1
Resistivity
- Temperature
Material Ohms | Microhms r%(;?sf;ﬁ :Illfétp%fr Remarks
per cir per cm °C at 20°C
mil ft cube at
at 20°C 20°C

Aluminum........ 17 2.828 0.0049
Brass............ 45 7.5 0.002-0.007
Chromium........ 1 2.7
Carbon (graphite).|400-1,100{ 33-185 |—0.0006 to —0.0012

opper........... 10.37 1.724 | 0.00393
Iron............. 59 9.8 0.006
Mercury......... 575 95.8 0.00089
Molybdenum. . ... 34 5.7 0.0033
Nieckel........... 60 10 0.005 Max. working temp,

= 500°C

Phosphor bronze. . 70 11.5 0.004
Silver............ 9.8 1.629 0.00381
Tantalum........ 93 15.5 0.0031
Tin.............. 69 11.5 0.0042
Tungsten......... 33 5.51 0.0045
Zinc............. 36 5.9 0.0035
Registance alloys:

Nichrome, Ni- 650 108 0.0002 Max. working temp.
chrome I-V, =1100°C. Thermal
Chromel A-C, emf against copper
ete. = 22 uv per °C

Advance, Con- 295 49 0 Max. working temp.
stantan, = 500°C. Thermal
Copel, Ideal, emf against copper
Is — I, ete. = 43 uv per °C

Manganin...... 290 48 +0.00001 Thermal emf against

g%pper = 2 uv per

Ohmax......... 1,000 167 —0.00035 Max. W01(-)ki11g temp.

= 500°

Radiohm....... 800 133 0.0007

Monel......... 255 43 0.0019 Max. working temp.

= 425°C

German silver. . 185 31 0.00027

Midohm........ 180 30 0.00018

Nore: The foregoing are typical values. Actual values in the case of elements will depend on-
purity, heat treatment, etc., and also upon exact composition in the case of alloys.

Manganin is used primarily for precision resistors. It has negligible temperature
coefficient of resistance at ordinary room temperatures, and also an extremely small
thermoelectric coefficient against copper. The resistance of manganin is affected
appreciably by mechanical strains such as are introduced by winding, but when these
are relieved by baking the completed resistance units for 24 hours at a temperature
of 120°C, the resistance is extremely stable in its characteristics, provided that the
resistance is not subsequently overheated.

Ohmax is an aluminum-bearing alloy having a high specific resistance, but is
available only in the smaller sizes (10 mils and less). It is used where high resistance
is required in a small space, as in radio rheostats. It has a negative temperature
coefficient of resistance and is sometimes employed in eombination with nichrome to
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give zero over-all temperature coefficient in precision resistors requiring high resistance
in such a small space that manganin is not suitable.
Radiohm is similar to chmax, but has a slightly lower specific resistance, is avail-
able in a greater range of sizes, and has a positive temperature coefficient of resistivity.
Midohm is a copper-nickel alloy having a lower temperature coefficient of resistivity
than other alloys of similar specific resistance.

8. Wire Tables.

TasLE 2.—CoPPER-WIRE TABLE, STANDARD ANNEALED COPPER
American Wire Gage (B & 8)

Cross section at 20°C
Ohms per
Gage | Diameter, 1,000 it at | Lb. per Ft per ohm | Ohmsperlb | Gage
No. |milsat20C| o 20°C | 10008 | Foperto | 2t 2000 at 20 No.
1;;1115 ar Sqin. (= 68°F) (= 68°F) (= 68°F)
0000 460.0 211,600.0 10.1662 0.04901(640.5 1.561/20,400.0 0.00007652| 0000
000 409.6 167,800.0 (0.1318 0.06180(507.9 1,968:16,180.0 0.0001217 | 000
00 364.8 133,100.0 |0.1045 0.07793/402.8 2.48212,830.0 0.0001935 00
0 324.9 105,500.0 [0.08289 0.00827(319.5 3.130(10,180.0 0.0003076 0
1 289.3 83,690.0 10.06573 - 0.1239 |253.3 3.947| 8,070.0 0.0004891 1
2 257.6 66,370.0 0.05213 0.1563 200.9 4.977| 6,400.0 0.0007778 2
3 229.4 52,640.0 (0.04134 0.1970 [159.3 6.276| 5,075.0 0.001237 3
4 204.3 41,740.0 |0.03278 0.2485 (126.4 7.914| 4,025.0 0.001966 4
5 181.9 33,100.0 |0.02600 0.3133 |100.2 9.980| 3,192.0 0.003127 5
[(] 162.0 26,250.0 (0.02062 0.3951 | 79.46 12,58 | 2,531.0 0.004972 6
7 144.3 20,820.0 |(0.016356 0.4982 | 63.02 15.87 | 2,007.0 0.007905 7
8 128.5 16,510.0 [0.01297 0.6282 | 49.98 20.01 | 1,592.0 0.01257 8
9 114.4 13,090.0 10.01028 0.7921 | 39.63 25.23 | 1,262.0 0.01999 9
10 101.9 10,380.0 |0.008155 0.9989 | 31.43 31.82 | 1,001.0 0.03178 10
11 90.74 8,234.0 |0.006467 1.260 | 24.92 40.12 794.0 0.05053 11
12 80.81 6,530.0 10.005129 1.588 | 19.77 50.59 629.6 0.08035 12
13 71.96 5,178.0 10.004067 2.003 15.68 63.80 499.3 0.1278 13
u 64.08 4,107.0 |0.003225 2.525 | 12.43 80.44 396.0 0.2032 14
15 57.07 3,257.0 |0.002558 3.184 9.858 101.4 314.0 0.3230 15
16 50.82 2,583.0 |0.002028 4.016 7.818 127.9 249.0 0.5136 16
17 45.26 2,048.0 |0.001609 5.064 6.200 161.3 197.5 0.8167 17
18 40.30 1,624.0 (0.001276 6.385 4.917 203.4 156.6 1.299 18
19 35.89 1,288.0 |0.001012 8.051 3.899 256.5 124.2 2.065 19
20 31.96 1,022.0 |0.0008023 10.15 3.092 323.4 98.50 3.283 20
21 28.46 810.1 10.0006363 12,80 2.452 407.8 78.11 5.221 21
22 25.35 642.4 |0.0005046 16.14 1.945 514.2 61.95 8.301 22
23 22.57 509.5 |0.0004002 20.36° 1.542 648.4 49.13 13.20 23
24 20.10 404.0 (0.0003173 25.67 . 1.223 817.7 38.96 20.99 24
25 17.90 320.4 10.0002517 32.37 0.9699 | 1,031.0 30.90 33.37 25
26 15.94 254.1 [0.0001996 40.81 0.7692 | 1,300.0 24.50 53.06 26
27 14.20 201.5 |0.0001583 51.47 0.6100 | 1,639.0 19.43 84.37 27
28 12.64 159.8 |0.0001255 64.90 0.4837 | 2,067.0 15.41 134.2 28
29 11.26 126.7 |0.00009953 81.83 0.3836 | 2,607.0 12.22 213.3 29
30 10.03 100.5 |0.00007894 | 103.2 0.3042 | 3,287.0 9.691 339.2 30
31 8.928 79.70 |0.00006260 | 130.1 0.2413 | 4,145.0 7.685 539.3 31
32 7.950 63.21 |0.00004964 | 164.1 0.1913 | 5,227.0 6.095 857.6 32
33 7.080 50.13 |0.00003937 | 206.9 0.1517 | 6,591.0 4.833 { 1,364.0 33
34 6.305 39.75 |0.00003122 | 260.9 0.1203 | 8,310.0 3.833 | 2,168.0 34
35 5.%15 31.52 |0.00002476 ; 329.0 0.09542/10,480.0 3.040 | 3,448.0 35
36 5.000 25.00 |0.00001964 | 414.8 0.0756813,210.0 2.411 | 5,482.0 36
37 4.453 19.83 (0.00001557 | 523.1 0.06001/16,660.0 1.912 | 8,717.0 37
38 3.965 15.72 (0.00001235 | 659.6 0.0475921,010.0 1.516 [13,860.0 38
39 3.531 12.47 [0.000009793| 831.8 0.03774/26,500.0 1.202 [22,040.0 39
40 3.145 9.888/0.000007766|1,049.0 0.02993(33,410.0 0.9534/35,040.0 40

4. Resistance at Radio Frequencies—Skin Effect.—In circuits carrying alternating
currents, particularly high-frequency currents, the power loss is often greater than
where a direct current of the same value is being carried. This is because of such
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TaBLE 3.—RESISTANCE WIRE TABLE
Nichrome Advance Manganin
B & S | Diam. Weight | Ohms Weight Weight | B & S
No. in. Ohn;,f pegr per ft pegr 0(]; H;:’ pegr No.
Dger | 1,000 ft | at 68°F | 1,000 ft | BYCo 11,000 ft
BZZOOC) bare (20°C) bare 862000) bare
wire, 1b wire, lb | wire, 1b
10 0.102 0.06248/29.60 0.0282631.35 |.......|....... 10
11 [0.091 0.07849/23.65 0.03550(25.06  |.......[....... 11
12 0.081 0.09907(18.67 0.0448119.77  |.......|....... 12
13 0.072 0.1255 (14.75 0.05672]15.62  |.......|....... 13
14 0.064 0.1588 [11.65 0.07178/12.35 - |.......|....... 14
15 |0.057 0.2000 | 9.240 0.09049| 9.788 0.0893/9.054 15
16 [0.051 0.2499 | 7.400 0.1130 | 7.836 0.11157.249 16
17  |0.045 0.3209 | 5.760 0.1452 | 6.100 0.1432(5.642 17
18  [0.040 0.4062 | 4.550 0.1837 | 4.822 0.1813(4.460 18
19 0.036 0.5015 | 3.690 0.2270 | 3.906 0.22383.613 19
20 0.032 0.6347 | 2.915 0.2871 | 3.085 0.2832|2.854 20
21 (0.0285 § 0.8002 | 2.294 0.3619 | 2.430 0.3570|2.248 21
22 0.0253 1.017 1.807 0.4557 | 1.946 0.45311.771 22
23 0.0226 | 1.272 | 1.453 0.5756 | 1.539 0.5678/1.424 23
24 [0.0201 1.609 | 1.139 0.7277 | 1.218 0.7178(1.116 24
25 0.0179 2.029 0.9110 0.9176 | 0.9655 0.9051/0.8931 25
26 0.0159 | 2.571 | 0.7190 1.163 | 0.7619 | 1.147 [0.7047 | 26
27 10.0142 | 3.228 | 0.5740 1.458 | 0.6076 | 1.438 [0.5620 | 27
28 10.0126 | 4.090 | 0.4540 1.852 | 0.4786 | 1.826 |0.4427 | 28
29 0.0113 | 5.090 | 0.3570 2.302 | 0.3785 | 2.271 |0.3501 29
30 [0.0100 | 6.500 | 0.2845 2.940 | 0.3014 | 2.900 [0.2788 | 30
31 |0.0089 | 8.206 | 0.2253 3.722 | 0.2387 | 3.662 |0.2208 | 31
32 10.0080 | 10.16 0.1821 4.594 | 0.1929 | 4.531 |0.1784 | 32
33 [0.0071 | 12.90 0.1434 5.833 | 0.1519 | 5.754 0.1405 | 33
34 10.0063 | 16.37 0.1129 7.408 | 0.1196 | 7.305 (0.1106 | 34
35 ]0.0056 | 20.72 0.08922 | 9.375 | 0.09451 | 9.247 [0.08742| 35
36 0.0050 | 26.00 0.07113 | 11.76 | 0.07534 [11.60 !0.06969 36
37 0.0045 | 32.09 0.05758 | 14.52 0.06100 [14.32 0.05642| 37
38 0.0040.| 40.62 0.04552 | 18.37 0.04822 (18.13 |0.04460} 38
39 10.0035 | 53.06 0.03482 | 24.00 0.03689 23.67 (0.03412| 39
40 10.0031 | 67.63 0.02731 | 30.60 0.02893 [30.18 [0.02676| 40
0.00275 85.98 0.02128 | 38.88 0.02254 (38.36 |0.02085
0.00250|104.00 0.01775 | 47.04 0.01880 [46.40 [0.01739
0.00225{128.5 0.01423 | 58.07 0.01507 [57.31 10.01394
0.00200(162.5 0.01138 | 73.50 0.01205 (72.50 [0.01115
0.00175212.4 0.008706| 96.00 0.009222 :
0.00150(288.9 0.006396/130.70 0.006774
0.0014 (331.6 0.005577
0.0013 (384.6 0.004309
0.0012 (451.4 0.004097,
0.0011 [537.2 0.003443
0.001 |650.0 0.002845

* This table is reproduced by permission from Booklet R-36 of the Driver-Harrie Company.
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factors as dielectric hysteresis, eddy currents, skin effect, etc. As a result, it is
customary, in dealing with alternating-current circuits, to consider that the effective
or equivalent circuit resistance is that quantity which when multiplied by the square
of the current equals the power dissipated in the circuit.

Skin Effect.—At high frequencies the current carried by a conductor is not uni-
formly distributed over the conductor cross section, as is the case with direct currents,
but rather tends to be concentrated near the surface. This action, termed skin effect,
is a result of magnetic flux lines that circle part but not all of the conductor. Those
parts of the cross section which are circled by the largest number of flux lines have
higher inductance than other parts of the conductor, and hence a greater reactance.
The result is a redistribution of current over the cross section in such a way as to
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F1a. 1.—Resistance ratio in isolated round wires as a function of parameter z defined by
Eq. (3). .

cause those parts of the conductor having the highest reactance, i.e., those parts nearer
the center, to carry the least current. With a round wire this causes the eurrent
density to be maximum at the surface and least at the center. With a square bar the
greatest concentration of current is at the corners, with the flat sides coming next and
the center carrying the least current. With a flat strip the current density is greatest
at the edges, considerable at the flat surfaces, and again least in the center. In every
cage it will be noticed that the current is so distributed as to cause those parts of the
cross section that are inclosed by the greatest number of flux lines to carry the least
current.

The redistribution of current over a conductor cross section that is associated with
skin effect causes the ratio Ra./Ra. of effective alternating-current resistance to direct-
current resistance to be greater than unity, because in the presence of skin effect,
portions of the conductor are not fully effective in carrying current. Along with this
increase in resistance, there is also a decrease in the inductance of the conductor
because of the fact that the redistribution of current is always of such a character
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as to make the flux linkages, and hence the inductance, less than with a uniform current
distribution. The magnitude of these effects on inductance and a-c¢ resistance
increases with frequency, conductivity, magnetic permeability, and size of the
the conductor. This is because a high frequency increases the difference in reactance
resulting from the different inductance of various current paths, whereas greater
conductivity makes the same difference in reactance more effective in modifying
current distribution, and a greater magnetic permeability increases the flux.

In dealing with skin-effect problems, it is often convenient to make use of the
principle of similitude, which states that in the case of nonmagnetic materials, if a
conductor or combination of conductors has a given ratio Ra/Ra. at a certain value of
f/Ra., then, if the relative shapes are not altered, changes in the frequency, conductor,
resistivity, and size that do not alter f/Ra. will not alter the resistance ratio Rao/Rye.t

Resistance Ratio of Isolated Conductors—The ratio Ra./Rac of alternating-current
to direct-current resistance for straight cylindrical wires is given in Fig. 1 and

TABLE 4—RATIO OF ALTERNATING-CURRENT RESISTANCE TO DIRECT-CURRENT
REsisTANCE FOR A Sorip Rounp Wirm

x Rn.c z REC z Rau
Rdc Rdc Rdc
0 1.0000 5.2 2.114 14.0 5.209
0.5 1.0003 5.4 2.184 .5 5.386
0.6 1.0007 5.6 2.254 15.0 5.562
0.7 1.0012 5.8 2.324 16.0 5.915
0.8 1.0021 6.0 2.394 17.0 6.268
0.9 1.0034 6.2 2.463 18.0 6.621
1.0 1.005 6.4 2.533 19.0 6.974
1.1 1.008 6.6 2.603 20.0 7.328
1.2 1.011 6.8 2.673 21.0 7.681
1.3 1.015 7.0 2.743 22.0 8.034
1.4 1.020 7.2 2.813 23.0 8.387
1.5 1.026 7.4 2.884 24.0 8.741
1.6 1.033 7.6 2.954 25.0 9.094
1.7 1.042 7.8 3.024 26.0 9.447
1.8 1.052 8.0 3.094 28.0 10.15
1.9 1.064 8.2 3.165 30.0 10.86
2.0 1.078 8.4 3.235 32.0 11.57
2.2 1.111 8.6 3.306 34.0 12.27
2.4 1.152 8.8 3.376 36.0 12.98
2.6 1.201 9.0 3.446 38.0 13.69
2.8 1.256 9.2 3.517 40.0 14.40
3.0 1.318 9.4 3.587 42.0 15.10
3.2 1.385 9.6 3.658 440 15.81
3.4 1.456 9.8 3.728 46.0 16.52
3.6 1.529 10.0 3.799 48.0 17.22
3.8 1.603 10.5 3.975 50.0 17.93
4.0 1.678 11.0 4.151 60.0 21.47
4.2 1.752 11.5 4,327 70.0 25.00
4.4 1.826 12.0 4.504 80.0 28.54
4.6 1.899 12.5 4.680 90.0 32.07
4.8 1.971 13.0 4856 100.0 35.61
5.0 2.043 13.5 5.033 0 00

! See H. B. Dwight, Skin Effect on Tubular and Flat Conductors, Trans. A.LE.E.. Vat 37.v. 1379,
1918, .
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Table 41 in terms of a parameter z defined by the equation

B 2 . [Sauid
e =md N <70 = V; X100

&)
_ 87ry.f _ ll-fmc
= Vexiom = 0168 Vg

where A = wire area, sq em.
d = wire diameter, cm.
p = permeability of conductor (u» = 1 for air).
p = specific resistivity in ohms per em cube.
fand fa. = frequency in cycles and megacycles, respectively.
R = resistance to direct current for 1 cm of conductor, ohms.
Ini the case of copper wire, » = 1, and p = 1.724 X 107%, so that Eq. (3) becomes

z (for copper) = 0.271dn \/Fme 4)

where d, is the diameter in mils. The largest diameter that is permissible at various
frequencies for a resistance ratio not exceeding 1.01 is tabulated in Table 5 for several
common materials.

. TaBLE 5.—LARGEST PERMISSIBLE WIRE DIsMETER IN MILS FOR SKIN-EFFECT RATIO
oF 1.01 or LEss

Frequency, ke Nichrome Ag:’;?gfn?‘;fd Copper

100 104.5 70.2 14.0

200 74.0 49.6 9.9

500 46.8 31.4 6.3

1,000 33.0 22.2 4.4
2,000 23.4 15.7 3.1
5,000 : 14.7 9.9 2.0
10,000 10.4 7.0 1.4
20,000 7.4 5.0 1.0
50,000 4.7 3.1 0.6

For a resistance ratio of 1.1, multiply the preceding diameters by 1.78. For a
resigtance ratio of 1.001, multiply the preceding diameters by 0.55.

In the case of isolated tubular conductors, the resistance ratio is always closer to
unity than for a solid conductor of the same outside diameter. This is because the
center of a solid wire does not do its full share in the carrying of current; so if the center
is removed to form a tube the resistance ratio will be improved. However, removing
the center to form a tube increases the d-c resistance sufficiently so that the a-c resist-
ance of the tube is greater than for the corresponding solid wire, even though the
registance ratio is less. Values of resistance ratio for isolated nonmagnetic tubular
conductors are given in Fig. 2.2

A conductor consisting of a flat rectangular strip (ribbon) will have a lower
resistance ratio than a solid round wire of the same cross section when the frequency is

1 From Bur, Standards Circ. 74.

For the derivation of the resistance ratio of a round wire, see A. E. Kennelly, F. A. Laws, and P. H.
Pierce, Experimental Researches on Skin Effect in Conductors, Trans. A.I.E.E., Vol. 34, p. 1953, 1915;
or see L. F. Woodruff, * Electric Power Transmission and Distribution,” 2d ed., p. 54, Wiley, New York,
19328"I‘}:le analysis of the tubular conductor case is given by Woodruff, op. ¢it., and also by H. B. Dwight,

A Precise Method of Calculating Skin Effect in Isolated Tubes, A.I.E.E. Jour., Vol. 42, p. 827, August,
1923.
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high enough to make the resistance ratio appreciable, but has a higher resistance ratio
than would be obtained by forming the ribbon into a tube of the same cross-sectional
area and the same wall thickness. This is because the current in & ribbon tends to
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Fia. 2.—Resistance ratio of isolated nonmagnetic tubular conductors in terms of

parameter ‘\/ f/Rac, where f is the frequency in cycles, and R4, the direct-current resistance
per thousand feet.

concentrate more at the edges than at the sides, since the edges are circled by the
fewest flux lines. Information on the resistance ratio of rectangular conductors
of various shapes is given in Fig. 3.1 It is seen that for shape ratios exceeding about

1 Most of the results in Fig. 3 are based on experimental data given by S, J. Haefner, Alternating
Current Resistance of Rectangular Conductors, Proc. I.R.E., Vol. 25, p. 434, April, 1937.
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2:1, the ribbon has lower a-c resistance than a solid round wire of the same cross-
section except when the resistance ratio approaches unity.

Skin Depth and Resistance at Very High Frequencies.—At frequencies so great that
the resistance ratio is large, substantially all of the current carried by the conductor is
concentrated very close to the surface. TUnder these conditions, the a-c resistance
offered by the conductor is approximately the same as the d-¢ resistance of a hollow
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F1a. 83.—Resistance ratio of rectangular conductors in terms of parameter p, involving
the frequency f in cycles, and Rg. the resistance in ohms per centimeter of length. These
curves are a combination of experimental and calculated results, with the dotted portions
representing low-frequency results extrapolated to join on with the theoretical results for
high frequencies.

conductor having the same external shape as the actual conductor but having a
thickness equal to

. o _ 1 4fpX10° _ V?
Skin depth, cm = e = 5 \f—~——<yf = 5,033 o 5)

where p is in ohms per em cube and f is in ¢ycles. This thickness, termed the skin
depth, is a Tough measure of the current penetration since the current density drops
off to a very small value at a distance corresponding to several skin depths. For
copper at 20°C, the skin depth is 6.62/+/F cm, or 2.61/+/F inches, where f is in eycles.
The skin depth of copper is given graphically in Fig. 4.

It will be noted that where the skin depth controls the a-c resistance, a-c resistance
is directly proportional to the square root of frequency and inversely proportional to
the conductor size (or perimeter).

The skin-depth concept can be used to calculate the radio-frequency resistance of
conductors of any shape provided the conductor thickness is everywhere considerably
greater than the skin depth and provided the radius of curvature of the conductor surface
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is likewise everywhere appreciably greater than the skin depth and does not vary too
rapidly around the periphery. Under these conditions, the high-frequency resistance
of a copper conductor is

High-frequency resistance, ohms per centimeter = 261_\/@x_10-_9 (6)

where P is the perimeter in centimeters and f is in cyeles. This equation is also
plotted in Fig. 4. Equation (6) can be expected to hold reasonably well for resistance
ratios exceeding 2, and quite closely when the ratio is of the order of 5 or more. If the
radius of curvature varies too rapidly around the periphery, the a-c resistance is
greater than given by Eq. (6) by a factor that depends on the shape. It will be noted
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Fra. 4—S8kin depth and high-frequency resistance of copper at frequencies so high that
substantially the entire current is concentrated near the conductor surface.

that when Eq. (6) holds, the alternating-current resistance is directly proportional
to the square root of the frequency, and inversely proportional to the conductor size
(or perimeter).

In the special case where the conductor is a round wire or tube, one has P = =d,
where d is the outside diameter in centimeters, and Eq. (6) becomes

High-frequency resistance of wire or tube 2 - 83.2d\/f % 10-9 )

at high frequencies, ohms per em

In the case of a rectangular conductor, the radius of curvature varies so rapidly at
the corners that Eq. (6) must be modified as follows:
261 /7

2@to 107 ®

High-frequency resistance of ribbon, ohms per centimeter = K

where a and ¢ are the width and thickness, respectively, in centineters, fis in cycles,
and K is a constant determined by the ratio a/e¢, and given by Fig. 5.1 Equation (8)

1 This figure is calculated from formulas derived by J. D. Cockroft, Skin Effect in Rectangular Con-
ductors at High Frequency, Proc. Roy. Soc. (London), Vol. 122, No. A790, p. 533, Feb. 4, 1929,
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will give reasonably accurate results when the thlckness is appreciably greater than
twice the skin depth.

22

20 v

2 5 10 20 50 100
a

C
Fia. 5.—Factor K for Eq. (8).

Prozimity Effect—When two or more adjacent conductors are carrying current,
the current distribution in one conductor is affected by the magnetic flux produced
by the adjacent conductors, as well as

160 \ T the magnetic flux produced by the cur-

\ > d rent in the conductor itself. This effect

150 ‘ @ @ is termed prozimity effect, and ordinarily

L ec-s] causes the resistance ratio to be greater

140 \ l . than in the case of simple skin effect.

(S _~Current in gpposire Proximity effect is very important in

K \ \ —(firection in fwo wires radio-frequency inductance coils, and is
LE;’ 130 '\ \ sometimes a factor in other cases.

Formulas for accurately calculating

=190 AVAY . the proximity effect have been worked

E- \ /,CL{/‘/‘ef{flﬂ. same | out for only very simple cases. For a

i3 . aiirection in fwo wires ——] L. Y Stmp.

& o \\ ) two-vglre line employl.ng round or tub.u-

lar wires and operating at frequencies

N\\\ﬁ_ - so high that the skin depth is small,

the factor C by which proximity effect
015 2 3 456 810 IS joreasesthe resistance of the conductor
%-Raﬁo Interaxial Separation to Conductor Dia. ig given in Fig. 6.1 When the frequency

F1a. 6.—Proximity factor in parallel cylinders s low en(.)l{gh s0 that the Sklfl depth s

or tubes for very high frequencies. not negligible compared with other

dimensions involved, the proximity

effect will be less than that given by Fig. 6 and can be calculated according to for-
mulas available in the literature.?

1The curve for currents in the opposite direction is calculated by formulas given by Sallie Pero
Mead, Wave Propagation over Parallel Tubular Conductors: The Alternating Current Resistance,
Bell System Tech. Jour., Vol. 4, p. 327, April, 1925. The curve applying to currents Aowing in the same
direction is from S. Butterworth, On the Alternating Current Resistance of Solenoidal Coils, Proc. Roy.
Soc. (London), Vol. 1074, p. 693, 1925.

2 See Mead, op. cit.; also, H. B. Dwight, Proximity Effect in Wires and Thin Tubes, Trans. A.I.E.E.,
Vol. 42, p. 850, 1923.
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The case of two flat wound ribbons with parallel flat sides adjacent to each other
and very close together has not been worked out, but experiments indicate that the
proximity effect in this case, assuming the ribbons carry equal currents flowing in the
same direction, is very small and sometimes even negative (i.e., may actually reduce
the total resistance to alternating currents).

Litz Wire.—The resistance ratio of a conductor can be made to approach unity
very closely, at least at the lower radio frequencies, by use of a conductor consisting
of alarge number of strands of fine wire that are insulated from each other except at the
ends where the various wires are connected in parallel. Such a conductor is termed a
litz or Litzendraht conduector.

In order that a litz conductor may be effective, the strands must be woven
or transposed in such a way that each strand oceupies all possible positions in the
cable to approximately the same extent. In this way the total flux linkages surround-
ing the variousindividual strandsof the cable, when totaled over an appreciable length,
will be substantially the same for all strands even though at any one spot the strands
near the center are circled by more flux than the strands that are near the surface at
that particular point. Theresult of this equalizing the flux linkages, and hence
reactances, of the individual strands is to cause the current to divide uniformly
between strands. The resistance ratio then tends to approximate unity.

The ratio of a-c to d-c resistance of an isolated litz wire ist

. . .
Resistance to alternating currents —H+k (%i_a) a (8a)
0

Resistance to direct currents

where 1 = resistance ratio of individual strand when isolated, as obtained from
Table 18 (or Table 4), with z evaluated for the diameter of the tndividual
strand.
G = constant taking into account the proximity of neighboring wires, and given
by Table 18.
n = number of strands in cable.
d, = diameter of individual strand.

do = diameter of cable.

k = constant depending on n, given in the following table.

n = 3 9 27 Infinity
k= 1.55 1.84 1.92 2.0

Practical litz conductors are very effective at frequencies below 500 ke, but as the
frequency becomes higher the benefits obtained are less. This is because irregularities
in stranding and capacity between the individual strands result in failure to realize
the ideal conditions. As a consequence, litz wire becomes progressively less effective
as the frequeney is increased and seldom is useful at frequencies greater than about
2 me.

8. Types of Resistors Most Frequently Used in Communication.—Resistors used in
communieation work are commonly divided into wire-wound and composition types
according to whether the resistance element is metallic, or is a conducting compound,
respectively.

Fized Wire-wound Resistors.—Fixed wire-wound resistors consist of resistance
wire, normally nichrome or an equivalent type, wound on an insulating form. Where

1 8. Butterworth, Effective Resistance of Inductance Coils at Radio Frequency, Exp. Wireless and
Wireless Eng., Vol. 3, p. 483. August, 1926.
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appreciable power is to be dissipated, the form is either a ceramic tube, or a metal
sheet covered with asbestos. In the former case the resistance wire is protected
against mechanical injury and corrosion by a cement or vitreous enamel coating.
Power resistors of these types are available in a large variety of sizes and mounting
arrangements, and are also available with intermediate taps. The power ratings
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Fra. 7.~Various characteristics of typical carbon resistors. The behavior will vary
greatly with ohmage, wattage rating, manufacturer, etc.

depend upon the size, method of construction, and freedom with which air is allowed
to circulate around the resistor.

Resistors that are ealled upon to dissipate only a few watts commonly employ
insulated wire wound on a bakelite strip, or on a molded or ceramic spool. The
spool-type resistor is widely used for meter multipliers and similar applications,
while the strip type is employed for the center-tapped resistance across filaments, ete.

Composition Resistors—The commonest type of composition resistor is the “ear-
bon” resistor, widely used in radio work. This obtains its resistance by combining
powdered carbon or graphite with a synthetic resin bond and an inert material such as
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tale, in the proper proportions. Another type of composition resistor makes use of a
conducting filament that is painted or deposited on a glass rod or other insulator.
The “metalized’’ resistors are of this type.

Composition resistors are made in ratings from 14 watt to several watts dissipa-
tion, and can be obtained with a variety of terminal arrangements. The conducting
filament (or metalized) type and also many of the carbon types are inclosed in an
insulating tube. With carbon resistors, the resistance material is, however, often
simply formed in the shape of a stick, provided with terminals, and then painted.

Composition resistors differ from wire-wound resistors in that the resistance is
less stable with time, drops somewhat when large voltages are applied, and has a large
negative temperature coefficient of resistance.

Typical performance curves of composition resistors are shown in Fig. 7.
Standard procedures for making these and other tests on composition resistors have
been worked out by the Radio Manufacturers Association.

Color Code.—Composition resistors normally have their resistance value indicated
by a color code established by the Radio Manufacturers Association. In this code, the
color of the body of the resistor designates the first digit. The color at the end of
the resistor designates the second digit, and the color of the dot (or band) in the
center of the resistor indicates the number of ciphers after the first two digits.
The colors used to designate different numbers are as follows:

0 Black 5 Green
1 Brown 6 Blue
2 Red 7 Violet
3 Orange 8 Gray
4 Yellow 9 White

Thus a resistor with a black body, red end, and brown band would be 20 ohms,
whereas one with a green body, black end, and yellow band would be 500,000 ohms.

When direct current is passed through a composition resistor, there are minute
irregularities in the voltages appearing across the resistor. These are the result of
random variations in the resistance due to intermittent contacts between conducting
granules, and cause small audio-frequency (and also radio-frequency) voltages to
appear across the resistor terminals.! As a result of this “noise,” it is not permissi-
ble to use most types of composition resistors as the coupling resistance in the first
stages of high jgain amplifiers.

Variable Resistors Used in Communication Work=Volume Controls.—When g
resistor is to be used as a rheostat, potentiometer, or volume control, an adjustable
connection to the resistance element is required. The construction depends upon the
power that must be dissipated. An arrangement very widely used in laboratory
work to handle powers in excess of 25 watts makes use of resistance wire wound on
a ceramic metal tube provided with a sliding contact. The wire is ordinarily bare and
is oxidized to provide insulation between turns. In many cases all the wire except
that over which the slider operates is coated with vitreous enamel to provide mechani-
cal protection and additional insulation. Another arrangement employs a rotating
contact arm, with the resistance wire wound on a circular ceramic core or on an
asbestos-covered metal strip. )

Where the power to be dissipated is only a few watts, the resistance element is
generally wound on a fiber strip that is bent into a circular arc and mounted so that
a slider operates over an exposed edge. The wire is usually enameled, with the

1C. J. Christensen and G. L. Pearson, Spontaneous Resistance Fluctuations in Carbon Micp)-
phones and Other Granular Resistances, Bell System Tech. Jour., Vol. 15, p. 181, April, 1936.
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enamel being cleaned off where the slider touches. Wire-wound variable resistors of
these types are available up to about 100,000 ohms, and are capable of dissipating up
to about 15 watts, according to size.

When a variable resistance of very low ohmage is required, it is customary to use a
slide wire. In its simplest form this consists of a disk that has a single resistance wire
mounted on its periphery and is rotated in contact with a slider.

Resistors used for volume control and similar applications need dissipate only
negligible power, but often must have very high resistance. They must also generally
be tapered, i.e., the variation of resistance with rotation must be nonlinear. Such
resistors may be either of the wire-wound or composition types. The wire-wound
type is suitable for total resistances up to about 50,000 ohms, and, although more
expensive than the composition type, has greater durability, is able to dissipate more
power, and is less likely to become noisy. Wire-wound resistors can be tapered by
varying the shape of the form upon which the wire is wound to give a turn length that
varies for different parts of the resistor, by changing the winding pitch, and by
using a different size of wire in different parts of the resistor.

Composition-type volume controls in a typical case utilize a resistance element
consisting of either an absorbent paper upon which a conducting solution is painted ora
bakelite form upon which the conducting compound is deposited. The desired taper
is obtained by the shape of the pattern formed by the conducting paint, the number of
coats of paint, and the thickness and composition of this paint. Contact with
the rotating element can be made without introducing excessive wear by means of a
roller, a floating disk, or very fine sliding wires. Composition-type volume controls
are inexpensive, provide high resistances, and make possible almost any conceivable
taper. Their chief disadvantage is lack of durability and low dissipation.

6. Inductance and Capacity Effects Associated with Resistors and Resistor
Behavior at High Frequencies.—Every resistor has a certain amount of inductance
and capacity associated with it. The inductance arises because whenever current

R L flows through a conductor, magnetic fields are

AAA ST produced. Capacity is inevitably present because

of the capacity between terminals, between various
parts of the resistor and terminals, and between

1] parts of the resistor. As a result, a resistor
1] can be represented by the equivalent circuit shown
C in Fig. 8, in which L is an equivalent inductance

Tic. 8.—Equivalent circuit of that takes into account the magnetic fields pro-
resistor, showing inductive and duced by the current flowing through the resistor
capacitive effects associated witb and C is the equivalent lumped capacity which
a resistor. when connected in shunt with the resistance ter-
minals will act in the same way as the actual distributed capacities associated with
the resistor. This is a low @ parallel resonant circuit, the properties of which are
discussed in Sec. 3, Par. 2.

When effects from the inductance are to be minimized, it is necessary that
wL < < R and that 1/oC > > R. TUnder these conditions, the resistor can be thought
~ of as consisting of a resistance R, in series with an equivalent inductance Le,, for which

Equivalent resistance = R, = R[l + «?C(2L — R2C)] 9)
Equivalent inductance = L, = L — R2*C (10)

These equations show that if 2L = R2C, then the equivalent resistance R, equals
the actual resistance, and no error arises in the equivalent series resistance as a result
of the associated inductance and capacity (provided B > > oL and R < < 1/wC)
The resistance will, however, under these conditions, act as though it has an equivalent
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series induetance of —L, ¢.e., will have a capacitive phase angle. When, on the other
hand, L = R?C, then the equivalent reactance associated with the resistance
becomes zero, but the resistance between terminals drops as the frequency increases
according to the equation R., = R[1 + «?LC]. When L > R2C, as tends to be the
case with low resistances, an inductive impedance is obtained, whereas if L < R2C,
capacitive effects predominate.

The amount by which the power-factor angle of a resistor departs from unity is
termed the phase angle. When the phase angle is small, its value is to a good
approximation given by the equation

w(L — R2C)

B 1)

Phase angle, radians =
The merit of a resistance unit from the point of view of freedom from reactance
effects is also sometimes expressed in terms of the time constant (= Ley/Req), which
may be as low as 1078 when care is taken to minimize capacitive and inductive effects.
Phase-angle Characteristics of Commercial Wire-wound Resistors—The ordinary
wire-wound resistors, rheostats, and potentiometers used in commercial equipment
normally have reasonably low phase angles at audio frequencies, even though designed
on the basis of current-carrying capacity. Some typical values are given in Table 6.
Although the phase angle varies widely according to the method of congtruction, it is
so small at audio frequencies that the reactances associated with the resistance have
negligible effect upon the impedance. These commercial resistance devices are
satisfactory for such applications as voltmeter multipliers, attenuators, and voltage
dividers intended for audio-frequency service. It will be noted that when the resist-
ance is low, the impedance tends to be inductive, whereas high-resistance units have a
capacitive phase angle.
Characteristics of Composition Resistors at High Frequencies,—Composition resistors,
because of their small physical size and short current paths in proportion to resistance,
have negligible series inductance. The principal reactive effect is accordingly

TaBLE 6.—PHASE ANGLES OoF TYPIcAL COMMERCIAL WIRE-WOUND RESISTORS

. s Resistance, | Phase angle at
Description ohms 1,000 cycles

Wire-wound potentiometer............. 200 6’ lag
Wire-wound potentiometer............. 360 8’ lag
Wire-wound potentiometer............. 27 9 lag
Wire-wound potentiometer............. 50,000 24/ lead
50-watt vitreous enamel tube........... 100 14/ 1a,
50-watt vitreous enamel tube........... 10 26’ 1a
200-watt vitreous enamel tube.......... 100,000 2°54’ lead
l-watt wire wound. ................... 18,000 6’ lead
l-watt wire wound.................... 3,500 1" lag
Service test box....................... 50,000 1°40’ lead

produced by the electrostatic field existing between the terminal electrodes and
between electrodes and the resistance element itself. Approximate analysis indicates
that the effects produced by these electrostatic fields associated with the resistor are
equivalent to a lumped shunting capacity that inereases with the length and diameter
of the resistance unit.!

1G. W. O. Howe, The Behavior of High Resistances at High Frequencies, Wireless Eng., Vol. 124
p 291, June, 1935. .
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The effective resistance of a composition resistor, considered independently of the
squivalent shunting capacity, is influenced by two factors. Skin effect tends to make
the resistance increase with frequency, whereas the capacity between conducting
granules separated by the inert material in the mix tends to cause the resistance to
drop with increasing frequency.! With carbon resistors, the second effect is far
greater than the first, and the effective resistance falls off very greatly at high fre-
quencies. The extent of this falling off depends upon the composition of the resistor,
and in general tends to be greatest with units having high resistance. 'The behavior of
a particular carbon resistor at high frequencies is shown in Fig. 9.

Composition resistors of the filament or metalized type normally have a resistance
that is much less affected by frequency than carbon resistors. This is because, first,
the conductor is in the form of a thin tubular film so that skin effeet is small, and,
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Fic. 9.——Effect' of frequency on the resistance of typical metalized and carbon resistors,
showing the superior perfoxl'mance of the former type and the very pronounced falling off
in resistance with increase in frequency in the case of the carbon resistor.

second, the small conductor cross section permits the use of higher conduetivity mix
containing proportionately less inert material than carbon resistors. In a typical
metalized resistor, the two opposing influences on the resistance are of the same order
of magnitude, with one or the other predominating according to the frequency or con-
TABLE 7.—PERCENTAGE CHANGE IN EFFECTIVE RESISTANCE FROM DIRECT-CURRENT

VALUES
I.R.C. Ceramic-type Resistors (1-watt Size)

Nominal
value, 30 me 50 me 100 me 200 me 250 me
ohms
10,000 0 0 — 4 -2 0
20,000 0 -9 —10 -7
50,000 -7 ~11 —16 —-10 —6
100,000 -9 —12 —18 —11 -3
200,000 =17 —-17 —23 —17 —4

10. 8. Puckle, The Behavior of High Resistances at High Frequencies, Wireless Eng., Vol. 12, p.
303, June, 1935.
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struction. Some experimental data on the high-frequency behavior of metalized
resistors are shown in Table 7.! The excellent behavior at extremely high frequencies
is apparent,

Nonreactive Wire-wound Resistors.—Reactance effects associated with wire-wound
resistors can be minimized by special winding arrangements.

The inductance of a resistor is determined primarily by the number of turns of
wire and the area inclosed by the individual turns. To keep the inductance low, each
turn should inclose the minimum possible area, and the wire should have as many
ohms per foot of length as possible so that the length required to obtain the desired
resistance will be small. In addition, it is desirable that adjacent turns carry current
in opposite directions so that the residual inductance of an individual turn is neutral-
ized by the effect of adjacent turns. A low capacitive reactance associated with a

lalf-hitches

F foWa { 7 ;
{ I } ! I l} i
HHR il
=!JJJ _'A_.‘ ! |L|=
(o) Mica card (bYAyrton-Perry (c)Reversed loop
fa W aY
At Saanaaal
i
IEIRY
(d) Figure 8 () Fish line (f)Woven tape
T A A ",
AR
b H il ”
(9) Bifilar (h) Bifilar series (i) Slotted form

Fi1a. 10.—Types of resistor windings that minimize reactive effects.

resistor is obtained by arranging the winding in such a way that adjacent turns of
wire have a low potential difference between them and are as far apart as possible.
Methods that can be used to minimize the reactive effects associated with a
resistor are shown in Fig. 10. The mica-card type of resistor uses a single-layer
winding on a thin mica form provided with copper end strips that serve as terminals
and reinforcing. A low inductance can be obtained by making the card very thin and
using small wire to give a high resistance per turn.? The Ayrton-Perry type of
resistor is constructed by winding a spaced layer of insulated wire on a thin strip,
after which a second wire is wound in the opposite direction between turns of the first
winding. The two windings are connected in parallel and thereby produce practically
zero resultant magnetic effect. The distributed capacity is low, because adjacent
turns have very little potential difference between them. The reversed-loop winding
obtains low induective effects by making a half hitch at the end of each turn and thus.
reversing the direction of current in adjacent turns. The winding of Fig. 10d accom-

i Data by J. M. Miller and B. Salzberg, Measurement of Admittances at Ultra-high Frequencies,
RCA Rev., Vol. 3, p. 486, April, 1939.
2 The inductance of windings on cards can be calculated by Eq. (41) of this section.
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plishes substantially the same result in a different way. It should be noted that in
this winding the wire is passed through the slot only on the allernate times it comes to
the slot. The fish-line type of resistor consists of a fine resistance wire wound over a
silk cord that serves as a core, and the resulting ““fish line”’ is then space-wound on a
cylindrical form. The tape resistor is made by weaving the resistance wire into a
fabric in which the wire serves as the weft and silk thread functions as the warp.!
The bifilar winding has negligible inductance, but the capacity is relatively large,

because the beginning and end of the resistance

Resistance / '1(\"/”7"50’ are close together. This capacity effect can be
wiren \ minimized to some extent by subdividing the total

\ . . . . .
\ resistance into several bifilar sections, as shown in

Fig. 10h. The slotted-form winding will have
moderately low capacity because of the subdivision
of the winding, and the inductance can be kept

moderately low by reversing the direction of the
: N A winding in adjacent slots and by using small wire
.\_ ! ‘\‘ to keep down the required size and the number of

\

Sl

i
Insulating A turns.

sup_pg,-fg Z:’fg/ The mica-card, reversed-loop, and figure-eight

types of resistors can be made to have very low

phase angles and are the types used in radio-fre-
quency attenuators. The mica-card, fish-line, and
woven-tape types of construction are commonly
used in decade resistance boxes designed to have a low phase angle at radio trequen-
cies, particularly for the high-resistance units. The Ayrton-Perry winding is also
suitable for use at radio frequencies, particularly for resistances up to several thou-
sand ohms. The simple bifilar winding is suitable at radio frequencies only for
resistances so low that capacity effects are of no importance. The slotted type of con-
struction is used in very high resistance units where only moderately low phase angle
is essential, as in the case of voltmeter multipliers.

A radically different arrangement that is suitable for providing a fixed resistance
having low reactance effects at very . .
high frequencies is illustrated in Fig. IR per unit 10 Q per unif
11. Here the resistance element is a
very short, straight length of fine wire
in which the induectance is minimized
by mounting this wire against a metal
plate with only a thin mica sheet for .
insulation. The shielding effect of the
metal at high frequencies is such as to
prevent the penetration of magnetic
flux into the metal, with a consequent
virtual elimination of the magnetic field around the wire. Capacity is still present,
but can be minimized by using a wire of such small diameter and high resistivity that
only a short length is required. This type of construction is particularly suitable for
resistances of the order of five to two hundred ohms, and has good resistance and
reactance characteristics to frequencies exceeding 10 me. The power-dissipating
ability is reasonably large in spite of the small dimensions because of the proximity of
the metal plates.?

1 For a discussion of various types of weavea that may be used, see L. Behr and R. E. Tarpley,
Design of Resistors for Precise High-frequency Measurements, Proc. I.R.E. Vol. 20, p. 1101, July, 1932.

2 Further information on this type of resistance is given by D. B. Sinclair, Type 663 Resistor— A
Standard for Use at High Frequencies, Gen. Rad. Ezp., Vol. 13, p. 6, January, 1939.

Fig. 11.—Fixed resistor hav-
ing low reactive wtects at very
bigh frequencies.

-~

Fig. 12.—Circuit arrangement of decade
resistance box.
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Decade Resistance Bozes.—A decade resistance box consists of a number of individ-
ual resistance units associated with switches so that the total resistance is adjustable in
decade increments. Such boxes are used primarily in laboratory work and in test
ingtruments. The usual circuit arrangement of a decade resistance box is shown in
Fig. 12, where ten resistance units are connected in series to form a decade controlled
by an eleven-point switch. The use of ten instead of nine resistance units provides an
overlap between decades and is extremely desirable.

The phase angle of », resistance box depends upon the characteristics of the individ-
ual resistance units and upon the wiring, the shielding, and the eapacities introduced by
the switches. When it is desired to keep the

phase angle small, the resistance units must o—wng—o ,"?@3/37‘0/756‘ unifs
employ one of the nonreactive types of windings o—«,\/?gng—o [ mounted on
illustrated in Fig. 10, the switch and resistance O_WQQQW_J’ rotating drum
units should be as compact as possible, and the O_MZ\QQM_O

wiring must be carefully arranged. In partic- O_M%)VQ,V\_O

ular, the outgoing and return wires should be 500

placed reasonably close together, as illustrated 400

in Fig. 12 in order to minimize inductance 330

effects. KEven with the utmost precautions it 200

is always found, however, that the inductance °_N)%N_°

introduced by the connecting wires, and the °_"‘N8M—°

extra shunting capacity produced by the leads .

. Fig. 13.—Schematic diagram
and the switch, cause the phase angle of the showing decade resistance box which

resistance box to be much larger than that of is adjusted by rotating a drum to
the individual resistance units. The charac- connect the appropriate resistance
teristics of the individual decade resistance UDit-

assemblies of a particular type available commercially are given in Table 8.

The effect of the leads and switeh can be minimized by rotating the resistance
elements instead of the switch in the manner indicated schematically in Fig. 13. In
this way, it is possible to keep the leads as short as possible, and also to reduce the
capacity effects, because the unused resistance units are disconnected. Furthermore,
by proper design, the inductance and capacity effects can be made independent of the
value of resistance, which is of advantage in some cases.

TaABLE 8.—CHARACTERISTICS OF COMMERCIAL DECADE UNITS FOR MAXIMUM SETTING
oF Drcape

Percentage error Percentage error
in resistance in impedance
Accuracy
Decade :
' of adjust- s
OP Islés ment, Type of winding Frequency, ke Frequency, ke
pe €p per cent
100 1,000 5,000 100 1,000 5,000
0.1 1.0 Bifilar 0.19% 5 % .... 0.7%
1.0 0.25 Ayrton-Perry 0 1 . 0.2
10 0.1 Ayrton-Perry 0 0.5 119% 0 2 9
100 0.1 Ayrton-Perry 0 0.3 4 0 0.3 5%
1,000 0.1 Unifilar on mica [— 0.1 |[—11 . |[— 0.1 —6
10,000 0.1 Unifilar on miea |[—12  |[........ N —10

The best resistance boxes have inclosed switches to protect the contacts from dust
and are mounted in electrostatically shielding containers. In this way the resistance
1 Further and more detailed information on the behavior of decade resistance boxes is given by D. B.

Sineclair, Radio-frequency Characteristics of Decade Resistors, Gen, Rad. Exp., Vol. 15, p. 1, December,
1940,



46 RADIO ENGINEERS HANDBOOK [Sec. 2

and switch assembly are protected from electrostatic couplings with neighboring
objects. The shield may be connected to either terminal of the resistance box or may
. beleft floating. The phase angle will vary depending upon the way in which the shield
is handled.t
Inductance-compensated Resistors.—In certain types of measurements, particularly
in the determination of small inductances at audio frequencies, it is necessary that the
equivalent series inductance of a resistance unit be independent of the resistance
setting, although at the same time the inductance need not be zero. This result can be
obtained by compensating for the inductance of the resistances switched in and out by
switching an equivalent inductance in and out of the circuit. An arrangement of this
type is illustrated in Fig. 14a, where the opposite ends of the switch control, respec-
tively, resistance and inductance windings. The arrangement is so designed that as
the switch is rotated the total inductance stays absolutely constant, and the resistance
is increased or decreased by the desired increments.

(@) Inductively compensated decade  (b) Inductively compensated slide wire ier‘;ﬁ‘g’;‘\

A-A
Fia. 14.—Inductively compensated adjustable resistors.

Inductance compensation can also be used with slide wires, a typical arrangement
being shown in Fig. 14b. Here the moving slider causes a length of manganin wire to
be replaced by a length of copper in an equivalent position, so that the resulting
inductance is constant at all times.

Load Resistors for Absorbing Radio-frequency Power.—Resistors used as radio-
frequency loads, i.e., as dummy antennas, present a particularly difficult problem, since
here one desires a nonreactive unit capable of dissipating appreciable wattage. When
the power is of the order of fifty watts or less, several satisfactory arrangements are
available. One congists of a bifilar resistance element supported on mica and mounted
in a glass bulb filled with inert gas, preferably hydrogen.? Another arrangement con-
sists of a mica-card type of unit mounted between two large aluminum castings that
are for the purpose of conducting away the heat. Both these arrangements give
excellent phase-angle characteristics.

Where larger amounts of power are to be handled, various expedients are used. In
most of these the reactance is eliminated by tuning, and the dissipated power is
evaluated by a calorimetric or photometric method, or by measuring the equivalent
circuit resistance at the frequency involved. Another possibility is to use a metalized

1 For a detailed discussion of the problem of shielding resistance units, see J. G. Ferguson, Shielding
in High Frequency Measurements, Trans. A.I.E.E., Vol. 48, p. 1286, October, 1929,

2 The use of hydrogen as a cooling medium is very effective because of the high heat conductivity of
this gas. Thin wires in hydrogen will dissipate as much as 1,000 times as much heat at a given tem-
perature as in a vacuum. Furthermore, with small wires, the heat dissipated at a given temperature
does not change greatly with wire diameter, thus permitting a wide change in resistance without
changing dissipative ability and wire length. Detailed information on the theory and design of resistors

of this type is given by E. G. Linder, The Use of Gas-filled Lamps as High Dissipation, High-frequency
Resistors Especially for Power Measurements, RCA Rev., Vol. 4, p. 83, July, 1939.
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type of resistor immersed in cooling water.! In this way the rating can be increased
to 50 to 80 times that for air, and is of the order of 100 watts per square inch of surface.
The power being dissipated can be determined from the rate of flow and temperature
rise of the cooling water. By making the resistor the central conductor of a concentric
line shorted at the receiving end, the reactance at the input terminals can by suitable
design proportions be made zero.

INDUCTANCE AND MUTUAL INDUCTANCE

7. Self-inductance.—Self-inductance is that property of electrical circuits which
causes them to oppose a change in the current flowing through them. The opposition
to the change in current manifests itself in the form of a back emf that is developed
when the current is changed. A circuit is said to have an inductance of one henry if it
develops a back emf of one volt when the current through it changes at the rate of one
ampere per second.

By virtue of the way in which the back emf in a circuit is related to the time rate of
change of the magnetic field, inductance is related to the number of flux linkages per
unit current in the circuit. A flux linkage represents one flux line encircling the
circuit current once. Flux linkages may be fractional as well as integral. The rela-
tion between inductance, total flux linkages, and current is given by

flux linkages
current producing
the flux, amperes

Inductance L, henrys = X 108 (12)

Inductance is also related to the energy stored in the magnetic field by the relation
L =2 % henrys (13)

in which W is the energy stored in the field in watt-seconds.

Units and Dimensions.—The practical unit of inductance is the henry. This is
such a large unit of inductance that it is often more convenient to express inductance in
terms of millihenrys (1072 henrys) or microhenrys (10~¢ henrys).

Inductance has the dimensions of length. It will be found that in all inductance
formulas the inductance is proportional to a linear dimension and to the square of the
number of turns when the shape of the inductance is kept constant.

Inductance Formulas.—For various geometrical configurations it is possible to
calculate the number of flux lines set up or the energy stored in the magnetic field
for an assumed current. The inductance formulas that follow have been calculated
from Egs. (12) or (13) in this manner. The collection of inductance formulas given
here will be found complete enough to satisfy the ordinary needs of engineers and
physicists. In general the formulas are accurate to better than 0.5 per cent. TFor
more extensive collections, the reader is referred to treatises on the subject.2

Because of the way in which the current distribution within a wire changes with
frequency, the inductance of a circuit changes somewhat with frequency. Of most
interest are the values that the inductance assumes at very low frequencies when the
current distribution through the wire cross section is uniform, and the limiting value
that the inductance assumes as the frequency approaches infinity. This latter
inductance is always less than the low-frequency inductance, since the redistribution

1 See G. H. Brown and J. W. Conklin, Water-cooled Resistors for Ultrahigh Frequencies, Elecironics,
Vol. 14, p. 24, April, 1941.

2 E. B. Rosa and F. W. Grover, Formulas and Tables for the Calculation of Mutual and Self Induc-

tance, Bur. Standards Bull., Vol. 8, No. 1, pp. 1-237, Jan. 1, 1912,

Radio Instruments and Measurements, Bur. Standards Circ. 74, pp. 242—296.
J. Hak, ‘“Eisenlose Drosselspulen [Air-core Inductances],” Verlag K. F. Koehler, Leipzig, 1938.
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of current at high frequencies is always of such a character as to reduce the flux link-
ages. The difference between the low-frequency and high-frequency inductance is
usually not great, however.

8. Self-inductance of Straight Conductors.—The self-inductance of an unclosed
circuit is here taken as the inductance of the unclosed circuit considered as a part of
a closed circuit. The total self-inductance of the closed circuit is equal to the sum of
the self-inductances of all of its parts plus the sum of the mutual inductances of each
one of the component parts on every other part.
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Fia. 15.—Self-inductance of a straight round wire at high frequencies.

Straight Round Wires.—The self-inductance of a round straight wire of length /,
diameter d, and permeability u is

Lo = 0.00508] (2.303 Iogm% -1+ Z) microhenrys (14)

where L, is the low-frequency inductance and the dimensions are in inches. For
wires of nonmagnetic materials such as copper, this becomes

d

For such very short lengths of wire that I < 100d, 'a, term d/2[ should be inserted within
the parentheses above.

Lo = 0.00508] (2.303 Togro = — 0.75) microhenrys (15)
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As frequency increases, the inductance of a straight round wire assumes a limiting
value of

L = 0.00508! (2.303 logm%l - 1) mierohenrys (16)
Limiting values of inductance for various wire lengths and diameters are shown in
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F1a. 16.—Skin-effect correction factor 6 as a function of wire diameter and frequency.
Fig. 15. For intermediate frequencies, the inductance is

4 _

L = 0.00508! (2.303 log1o —

14+ pa) microhenrys an

where 3 is a skin-effect factor that depends upon the same quantity z defined in Eq.
3
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T = (d \/#_Ff) X constant (18)

where f is the frequency, p is the volume resistivity, and » the magnetic permeability.
Values of 5 for copper wire, as determined by d and f, may be obtained from the nomo-
gram of Fig. 16. To obtain from this chart the value of & for materials other than
copper, an equivalent value of frequency, f' = foc/p should be used instead of the
actual value of frequency f, where p, is the resistivity of copper. The factor &
approaches the value of 0.25 for low frequencies. For high frequencies, 3 is inversely
proportional to the square root of frequency, and approaches the value zero as the
frequency becomes very large.

The changes of inductance with frequency are comparatively small. Skin effect
at very high frequencies decreases inductance from about 6 per cent for short wires to
about 2 per cent for long wires.

Return Circuit of Two Parallel Round Wires.—The self-inductance of a pair of
parallel round wires carrying current in opposite directions, each having a length [, a
diameter d, and spaced a distance D from one another (dimensions in inches), is

L = 0.010161 (2.303 logio 22 — % + ,La) mierohenrys (19)

This neglects the inductance of the connecting link between the ends of the wires. As
before, 8 is a skin-effect factor that may be determined from Fig. 16.

Grounded Horizontal Round Wire—The self-inductance of a wire of diameter d,
length 7, height above ground h, placed horizontally, with the earth used as a return
circuit, is

L = 0.0011701 [logm e 2l o vZZ““W‘l) + loguo ﬂ‘]
1+ B+ 4 d

(20)
-+ 0.00508 I:\/l2 T 4h? — /12 + d?/4 + pld — 2R + g] microhenrys

The dimensions are in inches, and 8 has the same meaning as above. In most applica-
tions the diameter is very small compared with the length of the wire, and the preced-
ing expression may be simplified to the following forms:

For 2h/1 < 1:

L = 0.005081 (2.303 log1o 4—;—" - P+ ;‘6) microhenrys (21)
For l/2h < 1:

L = 0.00508! (2.303 logmj—l —Q+ ,‘a) microhenrys (22)

Here P and Q are functions of 2k/l and 1/2k respectively, which may be determined
with sufficient accuracy from the values in Table 9.

Further simplification is possible when the length is much greater than the height.
The inductance per foot for this case is

L = 0.1404 log1o % -+ 0.061 46 microhenrys per foot (22a)

Grounded Round Wires ¢n Parallel.—The formulas given here are for n parallel
wires evenly spaced in a plane. The resultant expression depends upon the self-
inductance of each wire and the mutual induetances between the wires. Exact
expressions for this case are quite complicated. The following are approximate
expressions accurate to about 1 per cent.
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L=Z[L1+(n'—1)M1

po — 0.00254Ic] microhenrys (23)

where [ is the length in inches, % is a function of the number of wires n, as tabulated in
Table 10, L, is the inductance per inch of a single grounded wire, as determined from
the Egs. (21) and (22) in the previous section, and M; is the mutual inductance per
unit length between two adjacent wires, as determined from the following:
For 2n/l1 = 1:
u =¥
For 1/2h £ 1:

M,

= 0.00508 (2.303 loge %—h - P+ ?) 24)

~/5

= 0.00508 (2.303 10g1o%l -Q+ 17)) (25)

in which P and @ may be found from the values in Table 9.
TaBLE 9.—VarLums or P anp Q 1N Egs. (21), (22), (24), aND (25)

2h/1 P 1/2h Q
0.0 0.0000 0.0 1.0000
0.1 0.0975 0.1 1.0499
0.2 0.1900 0.2 1.0997
0.3 0.2778 0.3 1.1489
0.4 0.3608 0.4 1.1975
0.5 0.4393 0.5 1.2452
0.6 0.5136 0.6 1.2918
0.7 0.5840 0.7 1.3373
0.8 0.6507 0.8 1.3819
0.9 0.7139 0.9 1.4251
1.0 0.7740 1.0 1.4672

Straight Rectangular Bar.—The inductance at low frequencies of a straight rectan-
gular bar of length I, width b, and thickness ¢ inches is

Lo = 0.005081 (2.303 loguo 5 z -+ 0.5 +0.2235 2 + C) (26)

The last term may be neglected for I > 50(b + ¢).
TaBre 10.—VALUES oF k 1IN Eq. (23)
k

S

2 0

3 0.308
4 0.621
5 0.906
6 1.18
7 1.43
8 1.66
9 1.86
10 2.05
11 2.22
12 2.37
13 2.51
14 2.63
15 2.74
16 2.85
17 2.95
18 3.04
19 3.14
20 3.24
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Inductance of Concentric Cable—The low-frequency inductance is
Ly = 0.140 loge —:—2 + 0.015 microhenrys per foot 27)
1

where 71 is the radius of the outside of the inner conductor and r; is the radius of the
inner side of the outer conductor.

Return Circuit of Two Parallel Rectangular Bars.—The low-frequency inductance of
two parallel rectangular bars of length I, width b, breadth ¢, and center spacing D
inches is

D
b+ec

- ? + 0.2235 ZZ—T«”) microhenrys (28)

+1.5

L, =0.010161 (2.30310g10

The accuracy can be increased slightly
by taking D as the geometrical mean dis-
tance between the wires.!

9, Self-inductance of Single-turn
Loops. Circular Ring of Circular Section.

4— The inductance of a circular loop of diam-
Z: eter D of wire of diameter d inches is
_ "4 L =0.01595D (2.303 logm%
é’ 05
é’ QZ—_ -2+ ;46) microhenrys  (29)
; (= . .
0053 In Fig. 17 is given a nomogram from
4 which the limiting value of inductance
ao2—] &t high frequencies may be obtained for
any loop and wire diameter. The nomo-

) . 01— gram may be extended by making use of
Fra. 17.—High-frequency inductance of & the fact that inductance is proportional to
circular loop. . . .
linear aimension.
Circular Ring of Tubular Section.—The low-frequency inductance of a tube of
inner diameter di and outer diameter d», bent into a circle of mean diameter D inches, is

8D d.?
Lo = 0.01595D [2‘303 logao 52 = 175 — 5 s

d P 30)
1 2 .
+ 2.303 @ = log1o E;] microhenrys
For infinite frequencies this assumes the value
L. = 0.01595D (2.303 logm%—D- - 2) microhenrys @31)
2

Square of Round Wire.—The inductance of a square of side s of wire of diameter d
inches is

L = 0.02032s (2.303 logm%s + % — 0774 + ua) microhenrys (32)

1 For a discussion of geometrical mean distance, see E. B. Rosa and F. W. Grover, Bur. _Standards
Bull., Vol. 8, p. 166, 1912. For parallel rectangular bars, the geometrical mean distance is slightly

greater than the center distance. The difference is inappreciable when the cross-sectional dimensions
are small compared to the center spacing.

~
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Rectangle of Round Wire—The inductance of a rectargle of sides s; and s; and
diagonal g of wire of diameter d inches is

4
L = 0.02339 [(81 + 82) 10g10'—s(-ils—2 - 81 Iogm (81 + g)

— s2logo (52 4+ g)] -+ 0.01016 [#6(.5‘1 + s2) (33)
+2 (g + g) — 2(s1 -+ 82)] microhenrys

Rectangle of Rectangular Wire—The low-frequency inductance of a rectangle of
sides s; and s. and diagonal g of rectangular wire of thickness b and width ¢, as shown
in Fig. 18, with dimensions in inches, is

— 51 logio (s1 + g) — salogie (52 + g)]
S1 + S2

2
Lo = 0.02339 [(S1 + 52 Toga ot

(34)
+ 0.01016 [29

+ 0.447(b + c)] microhenrys

Simplified Loop Formula for Regular Figures.——Examma,tlon of the foregoing loop-
inductance equations shows them to be of the
same general form regardless of the shape. If I |
is the total perimeter of the figure, then the induc-
tance at high frequencies can be written as

L, = 0.00508! (2.303 Iogw d— — 0) microhenrys
35)

The dimnensions are in inches. The quantity 6 is
a constant that depends upon the shape of the
loop.t Values of # for the commonest regular
figures are given in Table 11.

The above formula is fairly accurate when
the perimeter of the figure is large compared to
the wire diameter. For ordinary loop shapes it is correct to within 0.5 per cent.

TasLe 11.—Varuss oF 0 ror Ust 1N Eq. (35)

Fig. 18.—Rectangular loop of rec-
tangular cross section.

CIrCle. e 6 = 2.451
Regularoctagon........... ...l 6 = 2.561
Regular hexagon........... ... . ... ... ... . oL 0 = 2.636
Regular pentagon.................. ... . i 6 =2.712
SGUATE. oo ettt e s 6 = 2.853
Equilateral triangle............ ... ... ... .. oo 6 3.197
Isosceles right-angled triangle.......... .. .. ... ... ... 6 =3.332

10. Inductance of Single-layer Coils. Single-layer Solenoid of Round Wire.—The
low-frequency inductance of a single-layer solenoid is given by?

Ly = Fnd microhenrys (36)

1 For the development of the preceding expression, see V. L Bashenoff, Inductance of Oddly Shaped
Loobps, Proc. I.R.E., Vol. 15, p. 1013, December, 1927, For an extension of Bashenoff's work, see P. L.
Kalantaroff and V. I. Worobieff, Self Inductance of Polygonal Circuits, Proc. I.R.E., Vol. 24, p. 1585,
December, 1936, which tabulates constants for 51 polygonal shapes, including many with reentrant
angles.

2 This is a rearrangement of the well-known Nagaoka formula, which is frequently written in the

d 2
2.54 X 0.03948 (é) nt
1
length . Factor F in Eq. (36) is (2 54 % 0.03948 X o K) which is a function only of d/l. See E. B.

41
Rosa and F. W. Grover, Bur. Standards Bull., Vol. 8, p. 119, 1912,

form Lo = K, where K is a constant depending upon the ratio of diameter d to



54 RADIO ENGINEERS HANDBOOK [Sec. 2
TasLe 12.—VaLues or F ror Use v Eq. (36)
Diameter . Diameter .
Tongth F Difference Tengih F Difference
0.00 0.0000000 +0.0004972 3.00 0.03228 +0.00049
0.02 0.0004972 +0.0004888 3.10 0.03277 +0.00048
0.04 0.000986 +0.000481 3.20 0.03325 +0.00047
0.06 0.001467 +0.000472 3.30 0.03372 +0.00045
0.08 0.001939 +0.000465 3.40 0.03417 +0.00044
0.10 0.002404 +0.000457 3.50 0.03461 +0.00042
0.12 0.002861 +0.000449 3.60 0.03503 +0.00042
0.14 0.003310 +0.000442 3.70 0.03545 +0.00041
0.16 0.003752 +0.000434 3.80 0.03586 +0.00040
0.18 0.004186 +0.000428 3.90 0.03626 +0.00039
0.20 0.004614 +0.000420 4.00 0.03665 +0.00038
0.22 0.005034 +0.000413 4.10 0.03703 +0.00037
0.24 0.005447 +0.000407 4.20 0.03740 +0.00036
0.26° 0.005854 +0.000400 4.30 0.03776 +0.00035
0.28 0.006254 +0.000393 4.40 0.03811 +0.00035
0.30 0.006647 +0.000387 4.50 0.03846 +0.00034
0.32 0.007034 +0.000381 4.60 0.03880 +0.00033
0.34 0.007415 +0.000375 4.70 0.03913 +0.00033
0.36 0.007790 +0.000369 4.80 0.03946 +0.00032
0.38 0.008159 +0.000363 4.90 0.03978 +-0.00031
0.40 0.008522 +0.000358 5.00 0.04009 +0.00061
0.42 0.008883 +0.000352 5.20 0.04070 +0.00058
0.44 0.009232 +0.000346 5.40 0.04128 +0.00057
0.46 0.009578 +0.000341 5.60 0.04185 +0.00055
0.48 0.009919 +0.000336 5.80 0.04240 +0.00053
0.50 0.01026 +0.00081 6.00 0.04293 +0.00051
0.55 0.01107 +0.00079 6.20 0.04344 +0.00050
0.60 0.01186 +0.00076 6.40 0.04304 +0.00049
0.85 0.01262 +0.00073 6.60 0.04443 +0.00046
0.70 0.01335 +0.00071 6.80 0.04489 +0.00045
0.75 0.01406 +0.00068 7.00 0.04534 +0.00044
0.80 0.01474 -+0.00066 7.20 0.04578 +0.00043
0.85 0.01540 +0.00084 7.40 0.04621 +0.00043
0.90 0.01604 +0.00062 7.60 0.04664 +0.00041
0.95 0.01666 +0.00060 7.80 0.04705 +0.00040
1.00 0.01728 +0.00058 8.00 0.04745 +0.00095
1.05 0.01784 +0.00056 8.50 0.04840 +0.00091
1.10 0.01840 +0.00055 9.00 0.04931 +0.00085
1.15 0.01895 +0.00053 9.50 0.05016 +0.00081
1.20 0.01948 +0.00052 10.00 0.05097
1.25 0.02000 +0.00050 10.0 0.05097 +0.00151
1.30 0.02050 +0.00049 11.0 0.05248 +0.00138
1.35 0.02099 +0.00048 12.0 0.05386 +0.00128
1.40 0.02147 +0.00046 13.0 0.05514 +0.00119
1.45 0.02193 +0.00045 14.0 0.05633 +0.00110
1.50 0.02238 +0.00044 15.0 0.05743 +0.00102
1.55 0.02282 +0.00043 16.0 0.05845 +0.0005
1.60 0.02325 +0.00042 17.0 0.05940 +0.0090
1.65 0.02367 +0.00041 18.0 0.06030 +0.0086
1.70 0.02408 +0.00040 19.0 0.06116 +0.0081
1.75 0.02448 +0.00039 20.0 0.06197 +0.00151
1.80 0.02487 +0.00038 22.0 0.06348 +0.00138
1.85 0.02525 +0.00037 24.0 0.06486 +0.00127
1.90 0.02562 +0.00037 26.0 0.06613 +0.00119
1.95 0.02599 +0.00036 28.0 0.06732 +0.00112
2.00 0.02635 +0.00069 30.0 0.0684 +0.0024
2.10 0.02704 +0.00067 35.0 0.0708 +0.0022
2.20 0.02771 +0.00085 40.0 0.0730 +0.0020
2.30 0.02836 +0.00062 45.0 0.0750 +0.0016
2.40 0.02898 +0.00059 50.0 0.0766 +0.0028
2.50 0.02957 +0.00058 60.0 0.0794 +0.0025
2.60 0.03015 +0.00056 70.0 0.0819 +0.0022
2.70 0.03071 +0.00054 80.0 0.0841 +0.0019
2.80 0.03125 +0.00052 90.0 0.0850 +0.0017
2.90 0.03177 +0.00051 100.0 0.0877




Par. 10] CIRCUIT ELEMENTS 556

where » is the number of turns, F a quantity that depends upon the ratio of the diam-
eter to the length of the coil, and d is the diameter of the coil in inches. The quantity
F is tabulated for a wide range of values of the ratio of (diameter/length) in Table 12
and plotted in Fig. 19.

Where great accuracy is required, a correction factor may be applied to Eq. (36)
to take account of the fact that the coil is wound of spaced round wires rather than
with a uniform current sheet.! This correction rarely exceeds 0.5 per cent, is greatest
for widely spaced turns, and increases with the number of turns.

ot
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Fia. 19.—Factor F for single-layer solenoid in Eq. (36).

A simple approzimate formula for the low-frequency inductance of a single-layer

solenoid is?
rin? .
Lo = m mlcrohenrys (37)

where 7 is the radius of the coil and ! its length in inches. This formula is aceurate
to within one per cent for I > 0.8r, .e., if the coil is not too short.

Single-layer Solenoid of Wire of Reclangular Cross Section.—The low-frequency
inductance is most conveniently given by

2,
Lo = Fr?d — 0-_0152L"d£ (0.693 + B,) (38)
where n = number of turns of the winding.
d = diameter of the coil to center of winding, in.

I = length of the coil, in.
¢ = radial thickness of the wire strip, in.
F = function of diameter given in Table 12 and Fig. 19.
length
length
radial thickness ¢ of wire

1 Radio Instruments and Measurements, Bur, Standards Circ. 74, p. 253.

*H. A. Wheeler, Simple Inductance Formulas for Radio Coils, Proc. I.R.E., Vol. 16, p. 1398,
October, 1928,

B, = function of

given in Table 13.
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It will be recognized that the first term gives the inductance of the equivalent solenoid
of round wire and that the second is a correction for the fact that the wires are not
round.

TasiLr 13.—VaLues oF B; ror Usk N Eq. (38)

/e B, l/c B, l/c B,
1 0.0000 11 0.2844 21 0.3116
2 0.1202 12 0.2888 22 0.3131
3 0.1753 13 0.2927 23 0.3145
4 0.2076 14 0.2961 24 0.3157
5 0.2292 15 0.2991 25 0.3169
6 0.2446 16 0.3017 26 0.3180
7 0.2563 17 0.3041 27 0.3190
8 0.2656 18 0.3062 28 0.3200
9 0.2730 19 0.3082 29 0.3209
10 0.2792 20 0.3099 30 0.3218

Single-layer Polygonal Coil—The inductance of a single-layer polygonal coil can

be calculated from the formula for a single-layer
Sz solenoid, Eq. (36), by assuming that the polygonal
coil is equivalent to a single-layer solenoid whose di-
ameter is equal to the mean of the radii of the cir-
cumscribed and inseribed ecircles of the polygon.
Thus if a solenoid of N sides has a circumscribed
diameter d, then the equivalent solenoid diameter is

}/,’
S

-~

TS 7 yu—

- dy = d cos? %V (39)

Fra. 20.—Single-layer rectan-

gular coil The use of this equivalent diameter generally gives

results accurate to within one per cent. The results
become more accurate as the number of sides of the polygon increases.
Single-layer Rectangular Coil.—The low-frequency inductance is

Ly = pn*(@ + H) microhenrys (40)

where p = perimeter, 2(s; + s2).
81 = length of short side, in.

s = length of long side, in.

b = axial length of the coil, in.

n = number of turns.

@G = factor determined by s:/s. and b/s; given in Fig. 21.

diameter of wire
spacing between
; adjacent turns %
The foregoing expression is accurate only when the distance between turns is small
compared to the short side of the coil.
Single-layer Square Cotl.—This is conveniently obtained by setting s; = s; in the
formula, Eq. (40), of the previous section. ‘
Winding Very Long Compared with Smallest Cross-sectional Dimension.—The low-
frequency inductance of such a winding, irrespective of the shape of the cross section, is

H = factor determined by n and

and given in Fig. 21.

2
L, = 0.0319 AT" microhenrys (41)
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where 4 is the area of the cross section in square inches, ! is the length of the coil in
inches, and n is the number of turns.

Toroidal Coil of Circular Cross Section.—The low-frequency inductance of a
toroidal coil of n turns with a winding of circular cross section of diameter d and a
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Fra. 21.—Factors @ and H for single-layer rectangular coil, used in Eq. (40).
radius of revolution D/2 inches, as shown in Fig. 22, is
Lo = 0.01595n2D — (D? — d2)**] microhenrys (42)

For toroidal coils in which the turn diameter is much less than the toroid diameter
(i.e., d < 0.1D), the inductance is approzimately
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d?n?

L, = 0.007975 D

microhenrys (43)

Toroidal Coil of Rectangular Cross Section.—When the axial depth of the winding
is h and the inner and outer diameters d; and d» inches, respectively, as shown in
Fig. 23, the low-frequency inductance is

Ly = 0.01170n2h log;, % microhenrys  (44)
1

Flat Spiral.—The low-frequency inductance of a

v [ \\\\\
: R
' h
e}
N ORI S X
r€----= dl ""’I
e mmmme e dg---mmmemenas >
Fre. 22.—Toroidal coil of F1a. 23.—Toroidal coil of
circular cross section showing rectangular cross section illus-
notation of Eq. (42). trating notation of Eq. (44).

flat spiral of round wire of mean radius @ and radial depth of winding ¢ inches, as
shown in Fig. 24, is conveniently expressed by

Lo = an®K microhenrys (45)

in which = is the number of turns and K is a quantity depending upon a/c as given

in Fig. 24,
a4 ///

Q22—

[N
AN

oro—

008

K
Q06

\\ 000000 L

004

Q02

0

a5 L0 2.0 50 10 20
Fia. 24.—Factor K for flat spiral coil used in Eq. (45).

An approzimate formula for this type of inductance is!
a*n?
" 8a + 11¢

This formula is accurate to within 5 per cent for ¢ > 0.2a.
1 8ee Wheeler, loc, cit.

Ly microhenrys (46)
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The inductance of a flat spiral of flat ribbon is most readily found by using Eq. (61)
for a short solenoidal multilayer coil. This gives results that are, in general, small
by less than one per cent.

Tasre 14—VarLoes oF CorrecTioN TErM A 1N EqQ. (48)

d/D A Difference d/D A Difference
1.00 0.557 —0.051 0.20 —1.053 —0.051
0.95 0.506 —0.054 0.19 —1.104 —0.054 -
0.90 9.452 —0.057 0.18 —1.158 —0.057
0.85 0.394 —0.061 0.17 —1.215 —0.061
0.80 0.334 —0.065 0.16 —1.276 —0.064
0.75 0.269 —0.069 0.15 —1.340 —0.069
0.70 0.200 —0.074 0.14 —1.409 —0.074
0.65 0.126 —0.080 0.13 —1.483 —0.080
0.60 0.046 —0.087 0.12 —1.563 —0.087
0.55 —0.041 —0.095 0.11 —1.650 —0.096
0.50 —0.136 —0.041 0.10 —1.746 —0.105
0.48 —0.177 —0.043 0.09 —1.851 —0.118
0.46 —0.220 —0.044 0.08 —1.969 —0.133
0.44 —0.264 —0.047 0.07 —2.102 —0.154
0.42 —0.311 —0.048 0.06 —2.256 —0.173
0.40 —0.359 —0.052 0.05 —2.439 —0.223
0.38 —0.411 —0.054 0.04 —2.662 —0.288
0.36 —0.465 —0.057 0.03 —2.950 —0.405
0.34 —0.522 —0.061 0.02 —3.355 —0.693
0.32 —0.583 —0.064 0.01 —4.048

0.30 —0.647 —0.069

0.28 —0.716 —0.074

0.26 —0.790 —0.080

0.24 —0.870 —0.087

0.22 —0.957 —0.096

Flat Rectangular Coil—The low-frequency inductance of a flat rectangular coil
whose average dimensions are s; and s, with an average diagonal g = V512 F 5.2
wound of n complete turns of wire of diameter d with a pitch of winding D, as shown
in Fig. 25, is

L, = 0.02339n* [(31 + s2) logo 2;32 — 81 logio (51 4+ ¢) — s2logio (s2 + 9)]
- ehp)
+ 0.01016n2 (2g - -s% + 0.447nD)

— 0.01016n(s1 + s2)(A + B) microhenrys

The dimensions are in inches. In the preceding, A and B are constants depending
upon the wire spacing and number of turns, respectively. Values of 4 corresponding
to various values of d/D are given in Table 14. Values of B corresponding to various
values of »n are given in Table 15.

Flat Square Coil—If s = s; = s; are set in the previous section, the expression
for inductance reduces to

Lo = 0.02032n% [2.303 logso % +0.2235 @SB + 0.726]
— 0.02032ns(A -+ B) microhenrys

(48)
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TaBLE 15.—VarLuges oF CorrEcTION TerM B 1N EqQ. (48)

Number of B Number of B Number of B
turns, » turns, » turns, n
1 0.000 15 0.286 80 0.326
2 0.114 20 0.297 90 0.327
3 0.166 25 0.304 100 0.328
4 0.197 30 0.308 150 0.331
5 0.218 35 0.312 200 0.333
6 0.233 40 0.315 300 0.334
7 0.244 45 0.317 400 0.335
8 0.253 50 0.319 500 0.336
9 0.260 60 0.322 700 0.336
10 0.266 70 0.324 1,000 0.336

where s is the average length of side, n is the number of turns, d is the diameter of the
wire, D is the distance between turns, and 4 and B are constants that may be deter-
mined from Tables 14 and 15.
¥

-------- b
"_.XD

=

Bo oo

Fia. 25.—Flat rectangular coil. Fi1g. 26.—Long multiple-layer coil
of solenoidal form.

11. Inductance of Multiple-layer Coils. Long Solenoidal Form.—The low-fre-
bennn fy e quency inductance of a long multiple-layer coil of solenoidal form,
% as shown in Fig. 26, where b and c are the axial length and radial
i thickness of the winding, both measured to the outside of the
) i  wires, and a is the mean radius, is given by

i Y Lo = Fr2d — 0.03193n2ac
a b

The dimensions are in inches. It will be recognized that the first
kA term of this expression is the equation for the inductance of a
single-layer solenoid given in Eq. (36), F being the factor given in
Table 12. The second term is a correction for the thickness of
the winding with the quantity B, the same quantity given in
Table 13, except that b/c is substituted for I/c in the table.
%(JJ s The foregoing expression is generally accurate to within 0.5 per

d”
P

(0.693 + B,) microhenrys (49)

cent.
- If the insulation thickness is an appreciable fraction of the
wire thickness, the following correction should be added:

Fic. 27.—Short D
multiple-layer coil AL = 0.03193an (2.303 logio 7 + 0.155) microhenrys (50)

of soienoidal form.

where D is the distance between wire centers and d is the diameter of the bare wire
in inches. This incremental correction increases as the insulation thickness increases.
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Short Solenoidal Form.—The inductance of the multiple layer coil of the form
shown in Fig. 27, in which b and ¢ are the axial length and radial thickness of the
winding measured to the outside of the winding, d the diagonal of the winding cross
section, and a the mean radius, may be expressed in several ways. If nis the number
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¢ _Radial depth of winding
a~ Mean radius of coil

Fia. 28.—Factor I for use in Eq. (51) applying to multiple-layer eoil of solenoidal form.

of turns, [ the total length of the wire, and D the distance between centers of adjacent
wires, then the low-frequency inductance may be expressed by (dimensions in
inches)

15
L, = D% I microhenrys (51)
or
Ly = an?J microhenrys (52)

where I and J are the factors given in Figs. 28 and 29, respectively, in terms of ¢/a
and b/c. It will be observed that the maximum inductance is obtained from a given
length of wire when the cross section of the winding is square and the side of the cross
section is 0.662 times the mean coil radius.

Where greater accuracy is desired than may be obtained from the curves of Figs. 28
and 29, the following formulas may be used:

For b > ¢:

b2 b2
Lo = 0.03193an? [2 303 (1 + 5973 gﬁaz) logus o — g1 + @yz] (53)

where . and y. are constants depending upon b/c and given in Table 16 below.
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For b < ¢:
Lo = 0.03193an? [ 2.303 (1 4 220 4+ %Y log10 32 — g1 + < s | microhenrys (54)
o= : 32t T 96az) BTG T Y1 T 1gaa Y0 ys

where 7, and y; are constants depending upon b/c, as given in Table 16 below. The
foregoing expressions are accurate to within 0.1 per cent. When the insulation
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Fia. 29.—Factor J for use in Eq. (52) applying to multiple-layer coil of solenoidal form.

thickneés of the wire is an appreciable fraction of the wire diameter, the following
correction should be added:

AL = +40.03193an (2.303 log g + 0.155) microhenrys (55)

where D is the distance between adjacent wire centers and d is the diameter of the bare
wire in inches.

A simple approzimate formula for a short multiple-layer inductance of solenoidal
form?is
0.8a2n?

Lo = 52 95 + 10¢

microhenrys (56)

1 See Wheeler, loc cit.
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where the symbols have the significance indicated in Fig. 27 and the dimensions are in
inches. This formula is accurate to within one per cent when the terms of the denomi-
nator are of about the same size, 7.e., for a coil of about the shape shown in Fig. 27.

Circular Coil of Circular Cross Section.—The low-frequency inductance of such a
coil is

Ly = 0.01595Dn? (2.303 log %’ - 1.75) microhenrys 57
TaBLE 16.—VALUES OF ¥, Y3, AND y3 FOR UsE IN Egs. (53) aND (54)

b/c or Differ- Differ- Differ-
¢/b Y ence c/b Y2 ence b/e Ys ence
0 0.5000 | 0.0253 | 0O 0.125 | 0.002 | O 0.597 | 0.002
0.025 | 0.5253 | 0.0237

0.05 | 0.5490 | 0.0434 0.05 0.127 0.005 0.05 0.599 0.003
0.10 | 0.5924 | 0.0386 0.10 0.132 0 010 0.10 0.602 0.006
0.15 | 0.6310 | 0.0342 | 0.15 0.142 | 0.013 | 0.15 0.608 | 0.007
0.20 | 0.6652 | 0.0301 0.20 0.155 0.016 0.20 0.615 0.009
0.25 | 0.6953 | 0.0266 | 0.25 0.171 | 0.020 | 0.25 0.624 | 0.0092
0.30 | 0.7217 | 0.0230 | 0.30 0.192 | 0.023 | 0.30 0.633 | 0.010
0.35 | 0.7447 [ 0.0198 | 0.35 0.215| 0.027 | 0.35 0.643 [ 0.011
0.40 | 0.7645 | 0.0171 | 0.40 0.242 1 0.031 | 0.40 0.654 | 0.011
0.45 | 0.7816 | 0.0144 0.45 0.273 0.034 0.45 0.665 0.012
0.50 | 0.7960 | 0.0121 | 0.50 0.307 | 0.037 | 0.50 0.667 | 0.013
0.55 | 0.8081 | 0.0101 | 0.55 0.344 | 0.040 | 0.55 0.690 | 0.012
0.60 | 0.8182 | 0.0083 | 0.60 0.384 | 0.043 | 0.60 0.702 | 0.013
0.65 | 0.8265 | 0.0066 0.65 0.427 0.047 0.65 0.715 0.014
0.70 [ 0.8331 | 0.0052 | 0.70 0.474 | 0.049 | 0.70 0.729 | 0.013
0.75 | 0.8383 | 0.0039 | 0.75 0.523 | 0.053 | 0.75 0.742 | 0.014
0.80 | 0.8422 | 0.0029 | 0.80 0.576 | 0.056 | 0.80 0.756 | 0.015
0.85 | 0.8451 { 0.0019 | 0.85 0.632 | 0.059 | 0.85 0.771 { 0.015
0.90 | 0.8470 | 0.0010 ;| 0.90 0.690 | 0.062 | 0.90 0.786 | 0.015
0.95 | 0.8480 | 0.0003 | 0.95 0.752 | 0.064 | 0.95 0.801 | 0.015
1.00 | 0.8483 | ...... 1.00 0.816 | ..... 1.00 0.816

where D is the mean diameter of the turns and d is the diameter of the circular winding
cross section in inches. This will be recognized as being simply n2 times the expression
for a single turn of wire of diameter d. The expression neglects the space occupied by
the insulation between wires.
Rectangular Coil of Rectangular Cross Section.—The low frequency inductance may
be represented by
L, = pn*G microhenrys (58)

where p is to be defined as being the perimeter of the rectangle in inches, n is the
number of turns, and @ is a quantity depending upon the ratio s;/s; of the length of
the short side to the length of the long side, as given in Fig. 21. The quantity b/s,
appearing in this figure is taken to be the circumference of the winding cross seetion
divided by twice the length of the longer side (i.e., for b use b = circumference/2S;).

Where greater accuracy is desired than may be obtained from the preceding
formula, the following equation should be used. As before, let s; and s2 be the short
and long sides of the rectangle, respectively. Let ¢t and w be the thickness and width
of the cross section of the winding and g. the diagonal of the coil in inches. Let n
represent the number of turns, Then
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_ 28182 _ 81 _ 89
Lo =0.02339(s1 + s3)n? [logmt T 5+ logio (s1 + ¢g) sits, log1o (s2 +g)] 59)
2 g \_1 M] i
~+ 0.01016(sy + s2)n [2 (31 T sZ) 5 4 0.447 1 ¥ 5) microhenrys

If the insulation thickness is an appreciable fraction of the wire diameter, the correc-
tion of Eq. (55) should be added.

Square Coil of Rectangular Cross Section.—The inductance of a square coil may be
obtained by settings; = s; = sin Egs. (58) and (59). With this substitution, Eq. (59)
simplifies to

2s?
{4+ w

+ 0.02032sn? [0.914 + 0.2235 t_—l;_w] microhenrys

Lo = 0.04678sn2 [1og10 — logu 2.414s]

(60)

12, Mutual Inductance and Coefficient of Coupling.—When the relative position of
two inductances is such that lines of flux from one inductance link with turns of the
other, the two inductances are said to be inductively coupled, and mutual inductance
exists between them. Mutual inductance may be defined in terms of the number of
flux linkages in the second coil per unit current in the first coil, or vice versa. In
practical units, the relation is

flux linkages in second coil
gproduced by current in first coil% 10-8

M= current in first coil (61a)
; flux linkages in first coil %
produced by current in second coil 108 (61b)

current in second coil

where M is the mutual inductance in henrys.

Mutual inductance may also be defined as the voltage induced in the second
circuit when the current in the first circuit is changing at a unit rate. If the current
flowing in the first circuit is sinusoidal, then the voltage induced in the second circuit is

Ey = — joMI,. (62)

The negative of the ratio of the voltage induced in the second circuit to the current
in the first circuit is called the mutual impedance. That is

Zp = joM = =2 (63)

where Z,, is the mutual impedance and the quantity — j indicates that the induced
voltage lags the current by 90°. The concept of mutual impedance can be generalized
to give the mutual impedance between any two circuits coupled in any fashion no
matter how complex. The generalized mutual impedance is the vector ratio —E,/I,
where E; is the voltage appearing across the opened terminals of the second circuit and
I, is the current flowing in the first.

Coefficient of Coupling.—The maximum value of mutual inductance that can exist
between two coils of inductance L; and L is \/L;L,, which occurs when all the flux of
one coil links with all the turns of the other. The ratio of the mutual inductance
actually present to the maximum possible value that can ocecur is called the coefficient
of coupling™ and is written as

R (64)

a4 Lle

The coefficient of coupling & is a dimensionless quantity having a maximum value of 1.
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Closely coupled coils usually have a value of k of 0.5 or greater. Coils with a coefficient
of 0.01 or less are said to be loosely coupled.

Circuits may be coupled capacitively or resistively as well as inductively. In the
general case the coefficient of coupling is the ratio of the mutual impedance, as defined

R, R L L, Cu C;
! e
Rm L '|' Crn
) (o ©

Fia. 30.—Directly coupled circuits.

above, to the square root of the product of the total self-impedances in the coupled
circuits of the same nature as the coupling element. Thus, in general

ZI

=
(Z:2)%

(65)

where the primes indicate that all impedances are of the same kind. For circuits
coupled resistively, as in Fig. 30a, the coefficient of coupling is

k= L
V@B + Bm)(Ra T Br)

Similarly, for cireuits directly coupled by a common inductance, as shown in Fig. 30b,
the coefficient of coupling is

(66)

k= L
V@i + La) (T + L)

For circuits that are directly coupled by a common capacity, as shown in Fig. 30¢, the
coeflicient of coupling is
AV C.C,

k= (68)
V(€1 + Cn)(C: + Cn)
Combinations of Inductances Involving Mutual Inductances—The total self-induct-
ance of combinations of inductances depends upon the self- and mutual inductances
involved. The total inductance resulting from two inductances in serges is

L=1Li+L, +2M (69)

where L; and L, are the self-inductances of the two coils and M is the mutual induet-
ance between them. In general the total self-inductance of a number of inductances in
series is the sum of the self-inductances of all the components plus the algebraic sum of
the mutual inductances of each one of the component parts to all the other parts.

The total inductance resulting when two inductances are in parallel is

I = Li\L, — M?
L+ L, 7 2M

13. Mutual Inductance between Straight Conductors. Two Parallel Wires Side by
Stde.—The mutual inductance between two straight parallel wires of the same length,
as shown in Fig. 31, is given by

(67)

(70)

M = 0.00508] (2.303 logw% -1+ ?) microhenrys @)



66 RADIO ENGINEERS' HANDBOOEK [Sec. 2
where [ is the length of the wire in inches and D is the distance between the wires.

The formula assumes that the length of the wires is much greater than their spacing
and that the effect of the cross section is unappreciable.

e >

P - Jo L L oo >l< ----------- Lz>‘|

Fic. 31.—Two parallel
wires side by side.

Fia. 32—Two wire segments in same line,
end-to-end.

Two Wire Segments in the Same Line End to End.—If the wire lengths are I; and 1,
in inches, as shown in Fig. 32, the mutual inductance is

M = 0.005850 (l1 log1o L —l|: L + Iz logie h —ll— Zz) microhenrys (72)
2

= Two Wire Segments in the Same Line,
I<_____’ ______ N JR— —;LD J | eeeee L ___] Ends Separated —If the wire lengths are

Iy and I, in inches and the ends are sepa~
rated a distance D, as in Fig. 33, mutual
inductance is

Fia. 33.—Two wire segments in same line,
ends separated.

M = 0.005850[(; + I + D) logio (1 +1s + D) + D logio D (73)
— (i + D) logw (L + D) — (I, + D) logis (I + D)) microhenrys

Two Parallel Segments—The mutual inductance for this case is

M = 0.00294 [zl logio (.Rl'“ + 1, logio (Eﬂ) + elogio Ris o R“ﬁ)]
R1,3 R2.35 (74)

5, RLSG sz46
— 0.00254(r14 — 713 + 793 — 734) microhenrys
where
Rinm = Thn + Thm

Tkn = Tkm
where

ru=va+ i+ L+ e)?

rie =1L — I + ¢ ete.
and the other symbols are the lengths and distances indicated in Fig. 34 in inches.
7/ 2 5 3 /

2 3
b ) 1T
el MRS L > & }
. x (e d
3 4 4 5 ¢

Fia. 34,—Two parallel wire segments. Fic. 35—Two overlapping parallel

wire segments.
The formula of Eq. (74) holds for ¢ = 0, but not when one wire overlaps the other.
When the wires overlap, as in Fig. 35

M = Ma.ca + My + Mpa microhenrys (75)

where M4 is caleulated by. Eq. (74), using e = 0, using the length 1-2 for I;, and
using the length 4-6 for I, Similarly, for M use e = 0, length 2-3 for I,
length 5-6 for I,. My, is calculated from Eq. (71).
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Two Parallel Symmetrically Placed Wires.—For the configuration of Fig. 36, the
mutual inductance is

M = 0.00508 [4.606 1 Togso (l‘ +hLt ‘/% + L)+ Dz)
L+L+O+ 1)+ D2
2.303( 1) 1
+ 2.3 3( 1+ 2) 0g10 l— 1, * '\/(lz = l1)2 +,,D2
+ A/ U=+ D — (L + )+ D2] microhenrys

where the dimensions are in inches.!

(76)

A 010 -
s < =
E AN ]’ \
<___ D — _> .: \ N é \\r’ A
2z, 20, Y
. A
H -<~D-\‘->
| 001 i
~
| ¥ AN
Fia.36.—Two parallel AN
symmetrically placed . \
wires. (254N)
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Fig. 38.—Two concentrie Fira. 37.—Factor 2.54N for use in Eq. (77)
circles. applying to two parallel coaxial circles.

14. Mutual Inductance between Single-turn Coils. Two Parallel Coazial Circles.

The mutual inductance between two parallel coaxial circles having the configuration
shown in Fig. 36 is given by

M = 2.54 N A/ Aa microhenrys 77

where A is the radius of the large circle in inches, ¢ is the radius of the small circle,
and N depends upon ri/rs, as given in Fig. 37 and Table 17. The quantities r; and .
are, respectively, the longest and the shortest distances between points on the circum-

1 For formulas for wire segments in positions other than given here, see Hak, op. cit., p. 81, 1938;

V. I. Bashenoff, Mutual Inductance of Circuits of Arhitrary Form, Elektrotech. u. Machinenbau, p.
1027, 1929.
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ferences of the two circles. Their ratio in terms of the circle radii and spacing is

r_ (-2 +7 (-2 +% 78)

T1 1
(ra) + 5%

Two Conceniric Circles.—The mutual inductance of any two concentric circles of
diameters D; and D; turned so that the angle between their planes is 6 as in Fig. 38
may be expressed by

M = 0.00254D,¢ microhenrys (79)

where D, is the diameter of the larger circle in inches and ¢ depends upon the ratio
. of diameters D,/D,, and the angle 6, as given by the curves of Fig. 39. For a ratio

1.0 Y —
TN N INCRR AN IR N o
09H \ \ \ \ \ A\ \\ \ \\ \\\\ \.)10'0'0\\
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IRV A NASNEZ R NN
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F1a. 39.—Factor ¢ for use in Eq. (79) applying to two concentric circles.

of diameters of 0.55, the mutual inductance is almost exactly proportional to the angle
between the planes of the circles.?

Formulas are also available for the mutual inductance between two circles of any
size in any arbitrary relative position.2 These formulas tend to be quite complex,
being usually given as a series expansion of spherical harmonics.

Two Equal Parallel Coazial Rectangles—Two equal parallel coaxial rectangles
having the configuration shown in Fig. 40, with sides of length Iy and I, in inches and

spaced a distance D, have a mutual inductance given by

I + /12 + D? /1.2 + D?
— X
L+ V0212 + D2 D
L+ VEEFD VI ¥ D (80)
+ 1 (10g10 X D
L+ VL + 12+ D?
+0.02032 (VIE + 12 + D2 — V2 + D* — V/I2* + D2* + D) microhenrys

1 Hak, op. cit., p. 78, 1938.
2 Hak, op. cit., p. 77; Chester Snow, Mutual Inductance of Any Two Circles, Bur. Standards Jour.
Research, Vul. 1, p. 531. October, 1928

M = 0.02339 [ L ( logio
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TasLe 17—VaLues oF N ror Use N Eq. (77)
r2/71 N Difference r2/T1 N Difference
....................... 0.30 0.008844 |—0.000341
0.000 T 0.31 0.008503 |[—0.000328
0.010 0.05016 —0.00120 0.32 0.008175 |—0.000314
0.011 0.04897 —0.00109 0.33 0.007861 |—0.000302
0.012 0.04787 —0.00100 0.34 0.007559 {—0.000290
0.013 0.04687 —0.00093 0.35 0.007269 |—0.000280
0.014 0.04594 —0.00087 0.36 0.006989 |—0.000270
0.015 0.04507 —0.00081 0.37 0.006720 |—0.000260
0.016 0.04426 —0.00148 0.38 0.006460 |—0.000249
0.018 0.04278 —0.00132 0.39 0.006211 |—0.000241
0.020 0.04146 —0.00119 0.40 0.005970 |—0.000232
0.022 0.04027 —0.00109 0.41 0.005738 |—0.000225
0.024 0.03918 —0.00100 0.42 0.005514 |[—0.000217
0.026 0.03818 —0.00093 0.43 0.005297 |—0.000210
0.028 0.03725 —0.00086 0.44 0.005087 |—0.000202
0.030 0.03639 —0.00081 0.45 0.004885 |—0.000195
0.032 0.03558 —0.00076 0.46 0.004690 |—0.000189
0.034 0.03482 —0.00071 0.47 0.004501 |—0.000183
0.036 0.03411 —0700068 0.48 0.004318 {—0.000178
0.038 0.03343 —0.00064 0.49 -0.004140 |—0.000171
0.040 0.03279 —0.00061 0.50 0.003969 |—0.000166
0.042 0.03218 —0.00058 0.51 0.003803 |—0.000160
0.044 0.03160 —0.00055 0.52 0.003643 |—0.000156
0.046 0.03105 —0.00053 0.53 0.003487 |—0.000150
0.048 0.03052 —0.00051 0.54 0.003337 [—0.000146
0.050 0.03001 —0.00226 0.55 0.003191 [—0.000141
0.060 0.02775 —0.00191 0.56 0.003050 |—0.000137
0.070 0.02584 —0.00164 0.57 0.002913 |—0.000133
0.080 0.02420 —0.00144 0.58 0.002780 |—0.000128
0.090 0.02276 —0.00128 0.59 0.002652 |—0.000125
0.100 0.02148 —0.00116 0.60 0.002527 |—0.000120
0.11 0.02032 —0.00104 0.61 0.002407 |—0.000117
0.12 0.01928 —0.00096 0.62 0.002290 |—0.000113
0.13 0.01832 —0.00089 0.63 0.002177 {—0.000109
0.14 0.01743 —0.00082 0.64 0.002068 |—0.000106
0.15 0.01661 —0.00075 0.65 0.001962 |—0.000103
0.16 0.01586 —0.00071 0.66 0.001859 |—0.000099
0.17 0.01515 —0.00066 0.67 0.001760 |—0.000096
0.18 0.01449 —0.00062 0.68 0.001664 |—0.000093
0.19 0.01387 —0.00059 0.69 0.001571 |—0.000090
0.20 0.01328 —0.00055 0.70 0.001481 |—0.000087
0.21 0.01273 —0.00052 0.71 0.001394 |—0.000084
0.22 0.01221 —0.00050 0.72 0.001310 |—0.000081
0.23 0.01171 —0.00047 0.73 0.001228 |—0.000078
0.24 0.01124 —0.00045 0.74 0.001150 |—0.000076
0.25 0.010792 —0.000425 0.756 0.0010741 |—0.0000731
0.26 0.010366 —0.000408 0.76 0.0010010 |—0.0000704
0.27 0.009958 —0.000388 0.77 0.0000931 [—0.0000680
0.28 0.009570 —0.000371 0.78 0.0000863 |—0.0000643
0.29 0.009199 —0.000355 0.79 0.0000797 |—0.0000628
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TaBLE 17—Varuss or N ror Use v Eq. (77).—(Continued)

re/r1 N Difference re/r1 N Difference
0.80 0.0007345 |—0.0000604 0.950 0.00008107 |—0.00000494
0.81 0.0006741 |—0.0000579 0.952 0.00007613 |—0.00000482
0.82 0.0006162 | —0.0000555 0.954 0.00007131 |—0.00000470
0.83 0.0005607 |—0.0000531 0.956 0.00006661 | —0.00000458
0.84 0.0005076 |—0.0000507 0.958 0.00006202 |—0.00000446
0.85 0.0004569 [—0.0000484 0.960 0.00005756 |—0.00000436
0.86 0.0004085 |—0.0000460 0.962 0.00005320 (—0.00000421
0.87 0.0003625 |—0.0000437 0.964 0.00004899 |[—0.00000409
0.88 0.0003188 |(—0.0000413 0.966 0.00004490 |—0.00000397
0.89 0.0002775 |—0.0000389 0.968 0.00004093 |—0.00000383
0.90 0.0002386 |—0.0000365 0.970 0.00003710 |—0.00000370
0.91 0.0002021 |—0.0000341 0.972 0.00003340 |—0.00000356
0.92 0.0001680 [—0.0000316 0.974 0.00002984 [—0.00000341
0.93 0.0001364 |—0.0000290 0.976 0.00002643 {—0.00000327
0.94 0.0001047 [—0.0000263 0.978 0.00002316 |—0.00000312
0.95 0.00008107 {—0.00002351 0.980 0.00002004 |—0.00000296
0.96 0.00005756 [—0.00002046 0.982 0.00001708 |—0.00000278
0.97 0.00003710 |—0.00001706 0.984 0.00001430 |—0.00000262
0.98 0.00002004 {—0.00001301 0.986 0.00001168 |—0.00000242
0.99 0.00000703 |—0.00000703 0.988 0.00000926 | —0.00000223
1.00 0.00000 0.990 0.00000703 {—0.00000201
0.992 0.00000502 |—0.00000177
0.994 0.00000326 |—0.00000148
0.996 0.00000177 |{—0.00000115
0.998 0.00000062 |—0.00000062

Two Equal Parallel Squares.—If [ is the side of each of two squares spaced a dis-
tance D inches, then Eq. (80) becomes

VI1F + D2

M = 0.04678 (l logio L+ VIt D X

1+ /212 F D¢
+0.02032 (v/2a? + D® — 2 /0 + D? 4+ D) microhenrys

)

e == D ===

P

ol

Fra. 40.—Two equal parallel
coaxial rectangles.

(81)

4

Fia. 41.—Coplanar rectangles
with parallel sides.

Coplanar Rectangles with Parallel Sides.—If the two rectangles have their sides
numbered as in Fig. 41, then

M = M15 + Mo + M37 + Mys — M17 - Mzg - M35 - M46 microhenrys (82)

If the rectangles are concentric

MIE = Mx't.

,M;zs = M4g,

Mﬂ = Mas,

Mo = M4e,
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so that
M = 2(Mys + My) — 2(My; + M3s) microhenrys (83)
If the figures are concentric squares
M = 4(Mis — Myy) (84)

The separate terms are calculated by Eq. (76) if the sides are symmetrically placed.
If they are not symmetrically placed, the terms are calculated by Egs. (76) and (74).

Coaxial Concentric Solenoids-Outer Coil the Longer

Coaxial Solenoids not Concentric b mm e mee ) >
. i
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Fia. 42,—Coaxial solenoids not con- Fia. 43.—Coaxial concentric solenoids, outer
centrie. coil the longer.

16. Mutual Inductance between Single-layer Solenoids. Coaxial Coils Not Con-
centric—When the configuration is as shown in Fig. 42, the mutual inductance is
given by

- 242
M = 002505 LATN (¢, 4 Koy + Kgke) microhentys (85)
where @ = smaller radius, measured from the axis of the coil to the center of the

wire, in.
A = larger radius, measured in the same way, in.
2/ = length of coil of smaller radius = number of turns times pitch of winding,
in.
2z = length of coil of larger radius, measured in the same way, in.
n; and n; = total number of turns on the two coils.
_ 2 T2 31 _
=5\, — ) ki =21
=D — 2 ro= V. F A?
z2 =D + 2z, Ty = VT2 + A2
2
Ks =3 (% “), ks =a2z(3—ﬂ)

3 g’ a2

Ay 4z,? Zs 4,2
K, = —_8—[r_19(3__2)_r_29(3__2)]
5 2 2

D = axial distance between centers of coils, in.
Coazial Concentric Cotls—Outer Coil the Longer.—TFor coils having the configuration
shown in Fig. 43 and for symbols having the significance shown (measured in inches),
the mutual inductance is given by
2 202 2
M = 0.0501 Xrama [y 4 A (3 —4Z ] microhenrys (86)
g 894 a?
A simple approzimate expression for the coefficient of coupling for coils having
the configuration of Fig. 43 is given by
_al
T A

(8D
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Coazial Conceniric Solenoids—Outer Coil the Shorter~—~When the coils have the
configuration shown in Fig. 44, mutual inductance is again given by Eq. (86), pro-
vided ¢ is defined as indicated in Fig. 44 and all dimensions are in inches.

Discussion of Formulas.—In the preceding formulas for the mutual inductance
between solenoids, the expressions involve differences between quantities of nearly
the same size. To obtain a high degree of accuracy it is hence necessary to carry out
the calculations with a considerable number of significant figures. Other formulas
are also available for calculating the mutual inductance of solenoids in which the
calculations are not so exacting but involve a greater number of terms.! Where great
accuracy is not demanded and many calculations are to be made, time can be saved
by using a combined graphical and computational method. Formulas are also
available for other cases of mutual inductance between solenoids than those given
here.? These are invariably quite complex, involving @
elliptic infegrals or series expansions with spherical
harmonies.

16. Mutual Inductance between Multilayer Coils.
Two Coaxial Circular Coils of Small Rectangular Cross

ren e

{aaxial Concentric Solenoids-Outer Coil the Shorter

O
e O e
F. ; ,o)': \ A g:'\/Az-fxz
—Y .
I I )
! 1

<

|
1] I
1 |
Fic. 44.—Coaxial concentric solenoids, Fia. 45.—Two coaxial
outer coil the shorter. circular coils of small rec-

tangular cross section.

Section.—For coils having the approximate configuration shown in Fig. 45, the
mutual inductance is given by

M = nnsM, microhenrys (88)

where n; and n, are the number of turns of the two coils and M, is the mutual induct-
ance of the coaxial circles located at the centers of the cross sections of the two wind-
ings. Thus if ¢ is the mean radius in inches of the small coil and 4 is the mean radius
of the large coil and D the distance between their planes, the value of M, is that
computed by Eq. (77) and Table 17 for the two coaxial circles thus defined. This
formula is best suited for coils with square cross section and gives results in error by
less than 0.5 per cent, even with relatively large cross-sectional dimensions, except
when the coils are close together.

Two Coazial Circular Coils of Rectangular Cross Section.—For coils whose cross-
sectional dimensions are relatively large, compared to the coil diameters, as shown in
Fig. 46, the mutual inductance is given by

nin

M= —23—% [(Mm' + My + My + May)
(89)
+ Myt Mus + Myg + Mys) — 2M11'] microhenrys
1 H, B. Dwight and F. W. Grover, Some Series Formulas for Mutual Inductance of Solenoids, Elec.
Eng., Vol. 56, p. 347, March, 1937; F. W. Grover, Tables for the Calculation of the Mutual Inductance

of Any Two Coaxial Single-layer Coils, Proc, I.R.E., Vol. 21, p. 1039, July, 1933.
2 F. W. Grover, Mutual Inductance of Coils not Coaxial, Communications, Vol. 18, p. 10, August,

1938, See also Chester Snow, Mutual Inductance of Concentric Solenoids, Bur. Stendards Jour.
Research, Vol. 1, p. 531, 1928.
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where the various terms represent the mutual inductance between the coaxial circles
corresponding to the subscripts as indicated in Fig. 46. The separate terms are
calculated by Eq. (77) and Table 17.1

12
d Tyt 7
4 £ : fl - 2
L — : 0 sl 14
+ |5 I T 1T -
13 i |
! 1[ 13
|
|
Fia. 46.—Two coaxial circular Fia. 47.—Two identical coaxial coils.

coils of rectangular cross section.

Two Identical Coaxial Coils.—When the coils are identical and of rectangular cross
section, as shown in Fig. 47, the mutual inductance is given by

2
M = % Moz + Mos + Moy + Mos — Mor) microhenrys : (90)

where 7 is the number of turns per coil and the separate terms are the mutual induct~
ances between the coaxial circles corresponding to the subscripts, as indicated in the
figure. As before, the separate terms are calculated by Eq. (77) and Table 17.

Two Coils of Equal Diameter—When the coils are of equal diameter and radial
depth but of different lengths, as shown in Fig. 48, the mutual inductance is given by

M = 71«%”1«2 @My + My + M1y + Mys + Mys) microhenrys o1

where n; and ns are the number of turns of the two coils and the M terms are the
mutual inductances between the coaxial circles

corresponding to the subscripts as indicated in the v 'LZ’
figure as calculated by Eq. (77) and Table 17. 4715 S _;L’_____,
5 5

COILS WITH AIR CORES

17. Types of Windings Used in Air-cored
Coils.—Most air-cored coils are single or multilayer
arrangements wound on cylindrical forms. Other
types occasionally used are toroids, flat spirals (or Fig. 48.—Two coaxial coils of
disks), and single or multilayer windings on square, equal diameter.
hexagonal, ete., forms. ‘

Single-layer coils are used to provide inductances for resonant circuits at broadcast
and higher frequencies and for radio-frequency choke coils at very high frequencies.
Multilayer coils are used when a large inductance is to be obtained in a small space.
Such coils are employed in resonant circuits at broadcast and lower frequencies, as
radio-frequency choke coils and as inductance standards for audio frequencies.

— —_—

1 Hak, op. cit., p. 61, 1938,
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18. Losses in Air-cored Coils at Radio Frequencies. Method of Expressing
Losses.—Coil losses can be expressed in terms of the equivalent series resistance R, in
terms of power factor of the coil, or in terms of the ratio wL/R = Q. The coil power
factor and @ are related by the equation

Power factor = ! (92)

V@ +1
When @ > 5, the power factor can be taken as 1/Q.

Factors Contributing to Coil Losses.—The equivalent series resistance of a coil is
greater than the d-c resistance at all but the very lowest frequencies, as a result of:?
(1) skin effect in the conductor that modifies the current distribution over the cross
section of the individual conductor; (2) proximity effect with respect to adjacent con-
ductors in the coil, which produces an additional modification in the current distribu-
tion; (3) losses in dielectrics in the vicinity of the coil, particularly in the coil form;
(4) eddy-current losses in neighboring metal objects. These effects tend to increase
with frequency, with the result that the ratio wL/R = @ varies only slowly with
variations in frequency.

Q of Single-layer Coils.—The @ of a single-layer coil depends upon the frequency,
size, and shape of the coil, and such constructional details as the number of turns,
gize, and character of the wire, etc. With a given coil, the @, as observed experi-
mentally, varies somewhat with frequency and goes through a broad maximum at a
frequency that is usually either in or near the working frequency range of the coil.
With a given inductance and coil diameter, the @ is maximum when the ratio
(length)/(diameter) is of the order of 14:1, although the relation is not at all critical.
With everything fixed except the size of wire, it is usually found that maximum @ is
obtained with wire somewhat smaller than the largest that could be used in the
available space. When the size of a coil is increased while maintaining the induetance
and shape constant, the @ will be roughly proportional to square root of the coil
diameter, provided the wire diameter is always maintained at the optimum value.

Edgewise-wound strip and ribbon conductors are sometimes used in large single-
layer and panecake coils, respectively. Such conductors can be expected to give lower
@ than solid wire of the same surface area, but if the dimensions are large and the
strip or ribbon of ample cross section, the losses will still be low.

Litz wire gives a higher @ than solid wire at the lower radio frequencies, while at
very high frequencies solid wire is as good as or better than litz. The frequency at
which litz loses its advantage depends upon circumstances, but is normally of the
order of 1,000 to 2,000 ke. The proper size of litz wire to use depends upon the
frequency and coil construction, and, in general, does not have the same cross section
as does the corresponding solid wire of optimum proportions. The effect of broken
or insulated strands in a coil wound with litz wire is far less than the loss in d-¢
conductivity. :

The form, binder, etc., used with single-layer coils have relatively little effect
upon the losses, except possibly at very high frequencies, provided the dielectrics
involved do not absorb moisture. Thus bakelite, polystyrene, isolantite, etec., are
quite satisfactory, whereas untreated paper or cardboard is not. Experiments
indicate that there is no unusual advantage, even at very high frequencies, of using
types of construction such as “‘basket-weave’’ coils, in which the amount of dielectric
associated with the coil is reduced to the barest minimum.

1 Considerable attention is sometimes paid to coil proportions that have the lowest possible d-c
resistance. Such considerations are, however, of little significance at radio frequencies because of

skin and proximity effect. Their only usefulness is in connection with inductances for low frequencies,
such as standard inductances for audio-frequency bridge work.
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Fia. 49.—Values of circuit @ for single-layer coils designed for different frequency ranges,

All of these data were measured on the assumption

that the tuning condenser had zero losses (i.e., the condenser losses are charged against
the coil).
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Experimental data giving @ as a function of frequency for a variety of single-
layer coils are given in Fig. 49. These data have been obtained from various sources,
and are representative of what can be expected.! 2

Q of Multilayer Coils.—The losses in a multilayer coil depend upon the frequency,
size, and shape of the coil, the arrangement of the winding, the size and kind of wire,
etc., just as in the single-layer coil. With a given coil, the @ varies only slowly with
frequency and goes through a broad maximum at a frequency that is usually in or
near the working range of the coil. The @ increases with the size of the coil providing
the optimum wire size and arrangement is maintained, but the effect of size is not as

Actual Size of Coil Litz Wire Q
[T 1] 340 sS4
3/40  sS 79
/41 £ 87
74 sS 87
' i E 7/4) SS N
E i 538 SS 48
i l? 0/4l  ss 87
: i 7/40  SS 74
g 10/40  SS 68
i 540 SS 90
1}
{
| 10/38  SS 64
.

Fia. 50.—Characteristics of typical multilayer coils such as used at intermediate frequencies.

great as might be expected, and is frequently overshadowed by other factors. The
exact shape and arrangement of the winding space is not critical, and satisfactory
multilayer coils can be built in such widely different arrangements as a thin winding
having two or three layers of many turns, and a disk or pancake winding having
many layers, each of only a few turns. Good efficiency will be obtained provided the
proportions do not depart too greatly from the relation 3¢ 4 2b = D, where ¢ is the
radial thickness of the winding, b the axial length, and D the outer diameter.

1 Values given by the curves involve in nearly every case the assumption that the condenser used to
tune the coil to resonance when the measurements were being made had zero losses. As a result, the
true coil losses are probably somewhat less than those presented in the figures, particularly toward the
high-frequency end of the useful range of the coil.

2D, Pollack, The Design of Inductances for Frequencies between 4 and 25 Megacycles, Elec. Eng.,
Vol. 56, p. 1169, September, 1937; D. Grimes and W. Barden, Coil Design for Short Wave Receivers,
Electronics, Vol. 7, p. 174, June, 1934; F. E. Terman, * Radio Engineering,’’ 2d ed., p. 38; A. J. Palermo
and F. W. Grover, Study of the High-frequency Resistance of Single Layer Coils, Proc. I.R.E., Vol. 18,
'p. 2041, December, 1930; E. L. Hall, Resistance of Conductors of Various Types and Sizes as Windings
of Single-layer Coils at 150 to 6,000 Kilocycles, Bur. Standards Teck. Paper 330, October, 1926; August
Hund and H. B. DeGroot, Radio-frequency Resistance and Inductance of Coil used in Radio Recep-
tion, Bur. Standards Teck. Paper 298, October, 19%5.
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The optimum size of wire ordinarily has a wire diameter that gives a cross section
of copper considerably less than the cross section of the winding space, corresponding
to a not too closely packed winding. Litz gives a higher @ than solid conductors at
broadcast and lower frequencies, which are the frequencies where multilayer coils
find their principal use. The size and number of the strands in litz for best results
depends upon the frequency, physical size of the coil, ete., and ranges from three
strands of No. 40 or five strands of No. 41 wire for very compact coils intended for
broadcast and intermediate frequencies, to proportionately larger and more numerous
strands as the physical size of the coil is increased.

Data on typical multilayer coils of the type used in radio receivers are shown in
Fig. 50, and indicate the type of behavior that can be expected.!

Q of Torotdal Coils.—The @’s obtained with toroidal coils are always appreciably
lower than for ordinary single-layer or multilayer coils of corresponding physical
dimensions. In fact, an ordinary radio-frequency coil that is well designed and
enclosed in a shield will have at least as high a @ and no more external magnetic
field than a toroid of corresponding dimensions, and will also have zero external
electrostatic field.

Maximum ¢ with given outer diameter is obtained in single-layer toroids of cir-
cular cross section wound with the best size of wire when the diameter of the winding
section is approximately 0.35 times the over-all diameter. With single-layer toroids
of rectangular cross section wound with the optimum size of wire, the optimum
radial depth of winding is approximately 0.3 times the outside diameter, and the
optimum height is approximately 0.4 times the outside diameter.?

The losses of toroidal coils can be reduced by using a single-layer winding and a
relatively flat conductor so curved that the flat side follows exactly the surface of the
toroid, as in Fig. 52.3 The maximum ¢ of such a toroid with circular cross section
oceurs at r/R = 0.71 for fixed outer diameter. For rectangular cross section, the opti-
mum condition for given height h and outer diameter are r;/r; = 0.279. The @ of such
coils is theoretically proportional to the size and to the square root of the frequency.
With large dimensions and very high frequencies, @’s of the order of 1,000 to 10,000
are theoretically realizable. There are practical difficulties of construction, however.

19. Calculation of Copper Loss in Coils.—The most important loss in coils is the
copper loss as influenced by skin and proximity effects. The problem of deriving
formulas for calculating coil losses when skin and proximity effects are involved has
been attacked by several investigators. The most extensive work of this character
is that of Butterworth?, who considered a coil to be composed of a number of short
cylindrical parallel sections of conductor, and then determined the losses in each of
these cylinders as a result of the magnetic fields produced by the current in each
cylinder and in the neighboring cylinders. The results of these calculations are
summarized below.

Copper Losses in Single-layer Solenoids.—For not too closely wound single-layer
solenoids employing solid wire, one has

A-c resistance do\?
D-c resistance H +u (?) ¢ (93)

1D, Grimes and W. S. Barden, A Study of Litz Wire Coils, Electronics, Vol. 6, p. 303, November;
p. 342, December, 1933. .

2§, Butterworth, The High-frequency Resistance of Toroidal Coils, Exp. Wireless and Wireless
Eng., Vol. 6, p. 13, January, 1929,

3 F. E. Terman, Some Possibilities for Low Loss Coils, Proc. I.R.E., Vol. 23, p. 1069, September,
1935.

4 8. Butterworth, Effective Resistance of Inductance Coils at Radio Frequencies, Exp. Wireless and
Wireless Eng., Vol. 8, p. 203, April, 1926; p. 302, May, 1926; p. 417, July, 1926; p. 483, August, 1926;
On the Alternating Current Resistance of Solenoidal Coils, Proc. Roy. Soc. (London), Vol. 107, p. 693,
1925, A summary of Butterworth’s work is given by B. B. Austin, Effective Resistance of Induct-
ance Coils at Radio Frequency, Wireless Eng. and Exp. Wireless, Vol. 11, p. 12, January, 1934.
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TasLE 18.—VaLUEs oF TEE FuNctioNs H anD @
d = diameter of wire, cm; p = resistivity, cgs units; f = frequency, cycles per sec;

[Sec. 2

x = wd \/2f/p. For copper of resistivity 1,700 cgs units z = 0.1078 d \/f

z | H| @ |z |H| @ |« |H |G|z | H ¢
0.0 [1.000)\ 2.5 [1.1750.2049) 5.0/2.043)0.755| 10.0{ 3.799 | 1.641
0.1 (1.000 , . |2.61.2010.3184 5.2(2.114/0.790] 11.0| 4.151 | 1.818
0.2 [1.000|0=*/64 | 27 [1.228/0.3412 5.4/2.184/0.826] 12.0| 4.504 | 1.995
0.3 [1.000 2.8 [1.256/0.3632) 5.6[2.254/0.861} 13.0| 4.856 | 2.171
0.4 [1.000 2.9 |1.286/0.3844| 5.812.324/0.806| 14.0| 5.209 | 2.348
0.5 [1.0000.00097) 3.0 |1.318/0.4049) 6.0,2.394/0.932{ 15.0| 5.562 | 2.525
0.6 1.0010.00202] 3.1 [1.351/0.4247) 6.22.463(0.967| 16.0| 5.915 | 2.702
0.7 [1.0010.00873] 3.2 |1.385(0.4439] 6.4/2.533(1.003| 17.0| 6.268 | 2.879
0.8 [1.0020.00632) 3.3 |1.4200.4626| 6.62.603(1.038) 18.0| 6.621 | 3.056
0.9 [1.003/0.01006) 3.4 |1.456/0.4807| 6.8(2.673(1.073| 19.0| 6.974 | 3.233
1.0 1.0050.01519) 3.5 (1.4920.4987) 7.0/2.743(1.100] 20.0| 7.328 | 3.209
1.1 [1.008/0.02196| 3.6 [1.529/0.5160{ 7.2|2.813|1.144] 21.0| 7.681 | 3.586
1.2 [1.0110.03059) 3.7 1.566/0.5333| 7.42.884(1.180| 22.0 8.034 | 3.763
1.3 |1.015(0.04127 3.8 |1.603/0.5503, 7.6(2.954/1.216] 23.0| 8.388 | 3.940
1.4 [1.020/0.0541 | 3.9 |1.640/0.5673| 7.8[3.024[1.251) 24.0| 8.741 | 4.117
1.5 [1.0260.0691 | 4.0 [1.6780.5842] 8.0/3.004/1.287} 25.0] 9.094 | 4.204
1.6 [1.0330.0863 | 4.1 [1.71500.601 | 8.2!3.165[1.822] 30.0| 10.86 | 5.177
1.7 [1.0420.1055 | 4.2 |1.752(0.618 | 8.4/3.235[1.357) 40.0| 14.40 | 6.946
1.8 [1.0520.1265 | 4.3 [1.789/0.635 | 8.6/3.306/1.393| 50.0| 17.03 | 8.713
1.9 11.064/0.1489 | 4.4 |1.826/0.652 | 8.83.376(1.428] 60.0| 21.46 | 10.48
2.0 [1.0780.1724 | 4.5 |1.863/0.669 | 9.03.446(1.464] 70.0| 25.00 | 12.25
2.1 [1.094(0.1967 | 4.6 [1.899/0.686 | 9.2[3.517|1.499] 80.0| 28.54 | 14.02
2.2 [1.1110.2214 | 4.7 |1.9350.703 | 9.4(3.587|1.534| 90.0| 32.07 | 15.78
2.3 |1.131/0.2462 | 4.8 |1.971/0.720 | 9.6[3.657|1.570/100.0| 35.61 | 17.55
2.4 [1.152(0.2708 | 4.9 |2.007/0.738 | 9.8/3.728|1.605

2.5 [1.175/0.2949 | 5.0 [2.0430.755 10.03.7991.641Large\/2—:2+1ﬂg_1

TABLE 19.—VALUES OF u FOR SINGLE-LAYER SOLENOIDS OF MaNY TURNs (SPACED)
D = diameter of coil

length of coil
coniribution of radial component of field
contribution of axial component of field

b
U1
Uz

[T T

b/D C Uy Uz U =u + uz
0.0 3.29 0.00 3.29
0.2 3.13 0.50 3.63
0.4 2.83 1.23 4.06
0.6 2.51 1.99 4.50
0.8 2.22 2.71 4.93
1.0 1.94 3.35 5.29
2 1.11 5.47 6.58
4 0.51 7.23 7.74
6 0.31 8.07 8.38
8 0.21 8.52 8.73

10 0.17 8.73 8.90
00 0.00 9.87 9.87
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where H = resistance ratio of wire when isolated, as given by Table 4 (or Table 18).
G = proximity effect factor, given by Table 18.
u = a constant given by Table 19 or 20.
dojc = . wire diameter ' .
spacing between centers of adjacent turns

I

This equation holds for single-layer solenoids having many turns provided u is obtained
from Table 19 and do/c 2 0.6 (i.e., turns not too closely spaced!). It also applies to
coils having a few spaced turns provided the length is small compared with the
diameter and u is obtained from Table 20.

TABLE 20.—VALUES OF % FOR SINGLE-LAYER SOLENOIDS oF FEw TURNs (SPACED)

No. of turns.......... 2 4 6 8 10 12 16 24 32 )
U see et 1.00/1.80[2.16(2.37|2.51(2.61|2.74(2.91|3.00(3.29

TABLE 21.—VALUES OF «, 8, v IN Eq. (94)*

z =1 =2 =3
do/C
« B ¥ a B b4 a B Y
1.0 1.01 1.02 0.96 1.09 1.34 0.67 1.31 2.29 0.49
0.9 1.00 1.02 0.97 1.06 1.29 0.72 1.20 1.99 0.55
0.8 1.02 0.98 1.04 1.23 0.78 1.13 1.73 0.62
0.7 1.02 0.98 1.02 1.18 0.83 1.08 1.52 0.68
0.6 1.01 0.99 1.00 1.13 0.87 1.04 1.36 0.75
0.5 1.01 0.99 1.09 0.91 1.02 1.24 0.82
0.4 1.01 0.99 1.06 0.94 1.01 1.14 0.88
0.3 1.00 1.00 1.04 0.97 1.00 1.06 0.93
0.2 1.01 0.99 1.03 0.97
0.1 1.00 1.00 1.01 0.99
z =4 z=5 2=
do/c -
« B ¥ [ B ¥ a B Y

1.0 1.43 3.61 0.43 1.50 4.91 0.41 1.71 inf. 0.35
0.9 1.30 2.75 0.49 1.37 3.39 0.46 1.55 | 12.45 0.39
0.8 1.21 2.12 0.55 1.25 2.48 0.53 1.41 4.83 0.44
0.7 1.12 1.71 0.62 1.15 1.94 0.60 1.27 2.87 0.52
0.6 1.07 1.51 0.70 1.09 1.60 0.68 1.16 2.03 0.60
0.5 1.03 1.32 0.78 1.04 1.37 0.76 1.08 1.59 0.69
0.4 1.02 1.19 0.85 1.02 1.22 0.84 1.03 1.33 0.78
0.3 1.00 1.10 0.91 1.00 1.11 0.90 1.01 1.17 0.87
0.2 1.04 0.96 1.05 0.96 1.00 1.07 0.94
0.1 1.01 0.99 1.01 0.99 1.02 0.98

* 2z has the same meaning as in Tables 4 and 18.

1 At frequencies such that H does not differ greatly from unity, the formula holds even when the
spacing is less,
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With closely wound coils having very many turns of solid wire, the resistance ratio
for any spacing between turns, even very close spacing, is
A-c resistance

do\ 2
Docrosistance ~ 1 T (Bus + 7)€@ (?O) (94)

where o, 8, and v depend on (do/c) and are given by Table 21, u; and u. depend upon
the ratio of length to diameter of the coil, as in Table 19, and the remaining notation is
ag in Eq. (93).

At very high frequencies, Eqgs. (93) and (94) reduce to the following:

For Eq. (93), assuming copper wire:

A-c resistance _ — 1 (do\?
D-cresistance 38/ fnedy [1 t 2" (?) ] (98a)

For Eq. (94), assuming copper wire:

A-c resistance
D-c resistance

=H¢ (94a)

Here do is the wire diameter in centimeters. The factor ¢ is given in Table 22, and
depends upon the ratio of eoil length to diameter and upon the closeness of the winding.

When litz wire is used, the resistance ratio of single-layer coils of many turns not too
closely spaced is

A-c resistance _ do\*] [d:\2 ,
D-cresistance ~ 1 T [k +u (c) ] do) G (95)

where dy = diameter of cable.
¢ = spacing between centers of adjacent turns.
d, = diameter of individual strand of cable.
n = number of strands in cable.
k = constant depending on =, given in Table 23.
G and H are the same as above, except that x in Table 18 is evaluated for
the diameter of the individual strand.

TaBLE 22.—VALUEs OF FacTOR ¢ IN EqQ. (94a)

b _  coil length

d D "~ coil diameter
do
c
0 0.210.410.60.8]|1.0 2 4 6 8 10 ©
1.0 LS PRV (Y S U I P Y IR R IR B 1 |
0.9 18.2 [17.5 (16.1 |14.6 |13.2 |11.9 | 8.02| 5.27| 4.39{ 3.96| 3.78| 3.11
0.8 6.49| 6.32| 5.96| 5.57| 5.23| 4.89| 3.91| 3.20| 3.04| 2.97| 2.92 2.82
0.7 3.59| 3.53| 3.43| 3.29| 3.17| 3.07| 2.74] 2.61| 2.51| 2.51| 2.50{ 2.52
0.6 2.36| 2.35| 2.32| 2.29| 2.26] 2.23| 2.16| 2.15| 2.14| 2.16| 2.16} 2.22
0.5 1.73] 1.74| 1.75| 1.75| 1.75} 1.76| 1.77| 1.85| 1.85| 1.86| 1.86| 1.93
0.4 1.38] 1.39) 1.41| 1.42| 1.44| 1.45| 1.49| 1.56] 1.57| 1.59] 1.60| 1.65
0.3 1.16[ 1.19] 1.21] 1.22| 1.22| 1.24| 1.28} 1.34| 1.34] 1.35] 1.36| 1.39
0.2 1.07| 1.08 1.08| 1.09| 1.10( 1.10{ 1.13| 1.16| 1.16| 1.17| 1.17| 1.19
0.1 1.02( 1.02| 1.03| 1.03; 1.03| 1.03| 1.04] 1.04| 1.04] 1.04] 1.04| 1.05
TasLE 23
No.ofstrands, n........................... 3 9 27 o
......................................... 1.55 1.84 1.92 2
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Calculation of Copper Losses in Multilayer Coils.—Butterworth has also derived
a formula for the a-¢/d-c resistance ratio of multilayer coils having many turns not too
compactly wound. For solid wire one has

A-c resistance 1 (Kbm)2 (d0)2
A-c resistance _ g 4 2 (20mY)" (o
D-c resistance * 4\ D c ¢ (96)
T LI T H ’ i LI T T T l
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F1a. 51.—Values of constant K in Eqs. (96) and (97) for multilayer coils.

where K = a constant depending upon the type of winding, obtainahle from Fig. 51.
b = axial length of winding.
D = over-all diameter.
m = number of layers.



82 RADIO ENGINEERS' HANDBOOK [Sec. 2

dofe = diameter of wire
o spacing between centers of adjacent turns in same layer

H and @ = constants given by Table 18.
For litz, one has

A-c resistance 1 (Kbm\? {do\2] [d:\*
Dreresistanes = 1+ [+ +7 (52) (2)'] () we D
The notation in Eq. (97) is the same as in Eqs. (95) and (96).

Equations (96) and (97) apply to all shapes of coils, ranging from solenoids in one
extreme (¢/D — 0) to disk or pancake coils in the other extreme (D/b — «). The only
restriction is that there must be many turns and these must be reasonably well spaced
(i.e., not too compactly wound). In the particular case of a single-layer solenoid, the
value of K is such that Eqgs. (96) and (97) reduce to Egs. (93) and (95).

Calculation of Copper Losses in Toroidal Coils.—The resistance ratio of toroidal coils
is given by Eq. (96) when solid round wire is used, and by Eq. (97) when litz wire is
employed, provided that the following modified definitions are used.!

D = over-all diameter of toroid.

b = D = outer periphery of winding section.
¢ = spacing between centers of adjacent turns of same layer at outer periphery.

K = a constant given, depending upon the type of toroid and the proportions, as
given in Table 24.

I

TABLE 24.—VALUEs OF K FOR SINGLE-LAYER TOROIDS

Circular cross section Rectangular cross section
K
Diam. of winding X Radial depth Axial length
Over-all diam. Over-all diam. Over-all diam.
0.125 | 0.250 | 0.375 | 0.500
0.05 2.110
0.10 2.243
0.15 2.409 0.1 2.25 2.25 2.26 2.26
0.20 2.602 0.2 2.65 2.67 2.69 2.70
0.25 2.913 0.3 3.37 3.47 3.54 3.58
0.30 3.327 0.4 5.25 5.68 5.96 6.14
0.35 3.978
0.40 5.180
0.45 8.341

In the case of single-layer toroids wound with conductor of the type illustrated in
Fig. 52, the @ obtained with optimum proportions for Fig. 52q is?

o 843VFin
i (1 + 0.556 2

@ for optimum

(98)
h

18, Butterworth, The High Frequency Resistance of Toroidal Coils, Exp. Wireless and Wireless
Eng., Vol. 6, p. 13 January, 1929.

2 Terman, loc. cif. See also G. Reber, Optimum Design of Toroidal Inductances, Proc. I.R.E.,
Vol. 23, p. 1056, September, 1935.
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For a toroid of circular cross section (Fig. 52b),
Q for optimum = = 52.1b \/f (99)
1

The dimensions in these equations are in centimeters, and the frequency f is in
megacycles.

Practical Usefulness of Formulas for Calculating Copper Losses.—Equations (93) to
(99) take into account only the copper losses resulting from skin and proximity
effects. At frequencies somewhat less than that giving maximum @, these losses
represent nearly the entire loss of energy in the coil. At higher frequencies, dielectric
losses become important and lower the Q.!

The chief value of the formulas for calculating losses is in indicating the relative
effect that such factors as size, shape, wire size, and other proportions have upor

Fia. 52.—Toroidal coils wound with strip conductor that is curved to follow the surface
of revolution formed by the toroid.

the coil Q. These formulas will satisfactorily compare the merit of different proposed
designs, and indicate which are most promising, even under conditions where the
absolute accuracy of the formulas is not particularly high.

The formulas are especially useful in indicating the size of wire for winding a given
form. In the case of a single-layer solenoid in which Eq. (93a) applies, the wire
diameter giving maximum @ when the length, diameter, and number of turns is fixed is

Optimum diameter _ .\/g
{Spacing between nenters} B
of adjacent turns

(100)

where u is given by Table 19.

! A comparison of calculated and observed coil losses is given by W. Jackson, Measurements of
the High-frequency Resistance of Single-layer Solenoids, Jour. I.E.E., Vol. 80, p. 844, 1937; see also
Wireless Section, I.E.E., Vol. 12, p. 133, June, 1937.
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20. Distributed Capacity of Coils.—The voltage difference that exists between
different parts of a coil produces an electrostatic field in the air and in the dielectric
near the coil. The effect of the resulting storage of electrostatic energy upon the coil
behavior is to a good approximation equivalent to the effect produced by a small
capacity shunted across the terminals of the coil. Such a hypothetical shunting
capacity is termed the distributed capacity of the coil. Under practical conditions,
there are also capacities between the coil terminals, and between lead wires, which
increase the total effective shunting capacity.t

The distributed capacity of an isolated single-layer solenoid is approximately
proportional to the diameter of the coil and decreases slowly with increasing length.
The distributed capacity is largely independent of the number of turns if there are a

considerable number of turns and these are not

%gﬁ%gﬁé too closel}-r spaced. Very close spacing increases
Pt the capacity somewhat, however, particularly if

there are only a few turns.
Multilayer coils tend to have higher distrib-
m uted capacity than do single-layer coils. In
OOOOVY  order to avoid excessive distributed capacity, the
(o) Layer Winding (b)Bark Winding  winding of a multilayer coil must be arranged so
that the difference of potential between adjacent
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31 turns is only a small fraction of the total voltage
a0 066 applied to the coil. Thus a simple two-layer
ool ooe@] Winding, as shown in Fig. 53a, will have very

high distributed capacity, whereas with a wind-

ing in which the turns are wound as indicated in

% ] TFig. 53b (bank winding), the distributed capacity

will be only moderate. Other means of minimiz-

g . OCOG ing distributed capacity consist of employing a
EQOOO‘ narrow winding of many layers with few turns

{c) Deep Narrow (d) Spaced Layer  per layer, as shown in Fig. 53c, or the use of
Winding Winding spaced layers, as in Fig. 53d. The common uni-

F1e. 53.—Several types of multi-  versal or honeycomb-type multilayer coil has a
layer windings. The numbers in  peqsanahly low distributed capacity, since it is
the drawing indicate the order of B N .
the turns. equivalent to a coil of many layers with few turns

per layer.
_ Dielectric in the field of a coil, such as the form upon which the coil is wound, the
insulation of the wire, etc., increase the distributed capacity. Metal objects such as
a shield, metal panel, etc., near a coil increase the distributed capacity, particularly if
the distance from the coil is of the same order of magnitude as the coil dimensions or is
less.

Effects of Distributed Capacity.—The presence of distributed capacity introduces
losses, because some of the electrostatic energy storage involves solid dielectrics, which
are never perfect. Dielectric losses have an effect equivalent to adding a resistance
in series with the inductance coil according to the equation '

Equivalent series
resistance representing ¢ = 7w3L?C (101)
dielectric losses

where w = 27 X frequency.
L = true coil inductance.

1 The effective distributed capacity will also depend to some extent upon the current distribution
in the coil, and will in general be larger when the coil is shunted with a large external tuning capacity
than when the coil is resonated with its self-capacity.
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C = distributed capacity.

T = power factor of distributed capacity.
The resistance given by Eq. (101) is a part of the coil resistance B in Fig. 54a¢. Experi-
ments indicate that the dielectric losses are not over 20 per eent of the total loss in the
working range of the coil, unless the form or wire insulation has absorbed moisture.?
When hygroscopic forms are used, and when the wire has cotton insulation, it is
advisable to impregnate the coil with wax, shellac, or lacquer to prevent the absorp-
tion of moisture.

The presence of the distributed capacity causes a partial resonance that modifies
the apparent resistance and reactance of the coil as viewed from the terminals. The
apparent series resistance L., and R., that appear to be present when the coil is

Afdﬁi&/ co//
inductance Resistance of coil

L f R lincluding dreletric fosses)
—A—

Distributed
capacity
(a) Actual coi! circuit

Fra. 54.—Actual circuit of coil with distributed capacity, together with equivalent serie
circuit. .

(b} Equivalent series circuit

viewed from its terminals (see Fig. 54b) are related to the true resistance and induet-
ance according to the equations

Apparent inductance L., of % _ L (102)
coil with distributed capacity 1 — 42

Apparent resistance R, of % _ R (103)
coil with distributed capacity (1 — y2)2

where L and R are the true coil inductance and resistance, respectively, and v is the
ratio of actual frequency to the frequency at which the coil inductance would be
resonant with the distributed capacity.

21. Temperature Coefficient of Inductance.>—The inductance of a coil varies with
temperature as a result of (1) changes in dimensions with temperature and (2) changes
in current distribution in the wire as a result of the change of wire resistivity with
temperature modifying the skin and proximity effects.

The relation between the dimensions of a coil and the temperature depend upon
several factors. In the ideal case of a freely suspended coil expanding according to the
coefficient of linear expansion of the metal, the temperature coefficient of inductance
will be the same as the temperature coefficient of expansion of the metal. Actually,
however, the mechanical strains existing in the conductor ordinarily cause added
changes in dimensions, with the result that the temperature coeflicient of such a coil ig

© *'W. Jackson, Dielectric Losses in Single-layer Coils at Radio Frequencies, Exp. Wireless and
Wireless Eng., Vol. 5, p. 255, May, 1928.

2H, A. Thomas, The Stability of Inductance Coils for Radio Frequencies, Jour. I.E.E.,
Vol. 77, p. 702, 1935; also Wireless Section, Jour. I.E.E., Vol. 11, p. 44, March, 1936; D. A. Bell, Tem-
perature Coefficient of Inductance, Wireless Eng., Vol. 16, p. 240, May, 1939; H. A. Thomas, The
Dependence on Frequency of the Temperature-coefficient of Inductance of Coils, Jour. I.E.E., Vol. 84,
p. 101, 1939; also, Wireless Section, Jour. I.LE.E., Vol. 14, p. 19, March, 1939; E. B. Moullin, The
Temperature Coefficient of Inductances for Use in a Valve Generator, Proc. I.R.E., Vol. 26, p. 1385,
November, 1938; Janusz Groszkowski, The Temperature Coefficient of Inductance, Proc. I.R.E.,

Vol. 25, p. 448, April, 1937; Janusz Groszkowski, Temperature Coefficient of Inductance, Wineless
EBng., Vol. 12, p. 650, December, 1935.
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usually a number of times the coefficient of linear expansion. When the coil is
wound on a form instead of being freely suspended, the changes of dimension tend to
be controlled by the form, but even here it is found that the temperature coefficient of
inductance will normally be considerably greater than the expansion coefficient of
either the form or the wire.

The change in wire resistivity with temperature modifies the skin and proximity
effect and so causes the inductance to vary. Inasmuch as skin and proximity effects
depend upon the frequency, this causes the temperature coefficient of inductance to
depend likewise upon the frequency. The contribution to the temperature coefficient
resulting from resistance changes is low at low frequencies when the skin and proximity
effect are small, and is also low at very high frequencies, where these effects are very
large. The change in inductance is maximum at a frequency between the extremes,
where the skin and proximity effects are only moderate and the current distribution is
particularly sensitive to resistance changes.

It is frequently found that the variation of coil inductance with temperature is
noneyclical; 4.e., if the coil undergoes temperature cycles the inductance will not
follow the temperature exactly, but, rather, will vary irregularly and will not return
to its initial value when the temperature returns to normal. This is apparently the
result of mechanical changes such as result from slippage of the wire over the form,
and permanent changes in physical dimensions occasioned by the relieving of initial
stress.

Practical Inductance Coils Having Low Temperature Coefficients.—Several methods
have been suggested for designing coils to have a low and stable temperature coeffi-
cient. Probably the best arrangement is a single-layer solenoid with flat conductor
wound directly on an insulating form having a low coefficient of expansion. The
conductor can be a flat strip, but is preferably a conducting film deposited directly
on the surface. If the radial depth of the flat conductor is very small and if the turns
are well spaced axially, then the temperature coefficient of inductance will be of the
same order of magnitude as that of the form, will be independent of frequency, and
will be stable over repeated temperature cycles. Temperature coefficients of indue-
tance of 5 to 15 parts per million per°C can be obtained in this way.

Another possible method of construction is to anneal the turns to relieve initial
stress, and then mount them so that the coefficient of expansion in an axial direction
is controlled by material having a relatively large temperature coefficient, while the
coefficient of expansion in a radial direction is fixed by material having a low expan-
sion coefficient. By suitable choice of the relative coefficients, it is then possible to
obtain either zero or any desired temperature coefficient. Such coils must, however,
be very carefully constructed or their behavior will not repeat on successive temper-
ature cycles.!

Small induetances having low temperature coeflicient can be constructed by
employing a single-layer coil in which the conductor is a copper- or silver-plated invar
(or nilvar) wire wound on a ceramic form having a low temperature coeflicient of
expansion. It is possible in this way to obtain an inductance coefficient of about one
part in & million per°C.?

22. Practical Air-cored Coils. Coils for Resonant Circuits in Radio Recefvers.—
Coils for resonant circuits of radio receivers must be compact, and at the same time
have a moderate to high Q. At frequencies in excess of 1,500 ke, the coils are prac-
tically always single-layer solenoids using spaced turns of solid wire wound on insu-

1 For further information on such coils, see W. H, F. Griffiths, Recent Improvements in Air-cored
Inductances, Wireless Eng., Vol. 19, p. 8, January, 1942.

28, W. Seeley and E. I. Anderson, UHF Oscillator Frequency-stability Considerations, RCA
Rer., Vol. 8, p. 77, July, 1940.
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lating tubes. Coils for broadcast frequencies (550 to 1,500 ke) are usually also
single-layer solenoids, although bank and universal windings are sometimes employed.
At frequencies below 550 ke, the coils for resonant circuits are nearly always multi-
layer, usually of the universal or similar type.! Litz wire is generally preferred for
these frequencies, although solid wire is often used because of lower cost.

Disk, toroidal, and other types of coils are practically never used for resonant
circuits in receivers. At broadcast and lower frequencies, coils with finely subdivided
iron cores are sometimes used (see Par. 27).

Coils for Resonant Circuits of Radio Transmitters.—Coils for transmitters are sub-
jected to high voltage stresses and must handle large amounts of reactive circulating
energy. This requires relatively large spacings in order to obtain the required voltage
insulation and heat-dissipating ability. The size of coils for transmitters tends to be
directly proportional to the power and inversely proportional to frequency.

In short-wave transmitters, it is customary to use coils wound with solid wire on
ceramic forms when the power is low, and to use coils of copper tubing supported from
the terminals for high power. In high-power broadcast transmitters, coils may be

/,r~7érmina/5—«\

R

Spaced
turns--
Ins\Z//aﬁng
A ’ rod \\\
Universal S/otted insulating’ ot
coils bobbin Insulating
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(o) (b) ©

Fia. 55.—Typical examples of radio-frequency choke coils.

either large single-layer solenoids wound with copper tubing or edgewise wound strip.
Single-layer disk or pancake coils using ribbon or solid conductors are also sometimes
employed. When large powers are to be handled at still lower frequencies, it is
customary to use a very large solenoid, either single or multilayer, with conductor
consisting of large copper tubing, or litz, of large cross section.

Radio-frequency Choke Coils.—A radio-frequency choke coil is an inductance
designed to offer a high impedance to alternating currents over the frequency range
for which coil is to be used. This result is obtained by making the inductance high,
and the distributed capacity low. Radio-frequency choke coils are commonly used
at frequencies in the neighborhood of the natural resonant frequency of the coil.
Thus the coils will normally offer a capacitive impedance to an applied voltage over at
least a part of their working range.

The usual radio-frequency choke consists of two or more universal wound coils
mounted some distance apart on an insulating rod, as shown in Fig. 55a. Another
method of construction is to use a series of “‘pies” wound in deep narrow slots (Fig.
55b). A long single-layer solenoid, as in Fig. 56¢, is sometimes used at very high
frequencies.

The important characteristic of a radio-frequency choke coil is the variation of
impedance with frequency. This depends upon the inductance and capacity of the

1 The design of such multilayer windings is discussed by A. A, Joyner and V. D. Landon, Theory
and Design of Progressive Universal Coils, Communications, Vol. 18, p. 5, September, 1938; A. W.

Simon, Winding the Universal Coil, Electronics, Vol. 9, p. 22, October, 1936; L. M. Hershey, The
Design of the Universal Winding, Proc. I.R.E., Vol. 29, p. 442, August, 1941.
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sections, the mutual inductance and mutual capacities between sections, the capacity
to ground, and the lead arrangements. The behavior in a simple idealized case is
illustrated in Fig. 56, in which the choke is considered as consisting of two inductances
each with distributed capacities, but with mutual inductance and mutual capacities

Idealized two-section choke
(No mutual inductarice ard capacity)

C C ~--Co/,
Minimum ! 2, C"’/sa resonant
impedance ~ S Fre :éne
Forsatistactory/ \ N Trequency

! ‘T\C oifs resonant
\ at different
\\frequenc/ey

performance /
/ / Y/

N\
N\

Impedance-Relative values

. \
rregularity v/

Frequency
Fia. 56.—Impedance characteristics of idealized radio-frequency choke coils.

ignored. If the resonant frequencies of the two sections are the same, 7.e., if
L,C; = L:C; in Fig. 56, then the choke acts as a single resonant circuit and has an
impedance characteristic as shown by the solid line of Fig. 56. On the other hand, if
the two sections have different resonant frequencies, the impedance will vary as a
function of frequency in the manner shown by the dotted line. At a frequency some-

vy [}
o /| e ﬂ_j;o.wsr
M [ ! S ]IO.S‘?rl
[ T |’,/ l ] [— ﬁT0.195r

“Rofor corls
F1ag. 57.—Brooks inductometer.

where between the two resonant frequencies, the choke has negligible impedance as a
result of one section offering an inductive reactance of the correct magnitude to be in
series resonance with the capacitive reactance of the second section. The actual
gituation existing in a practical radio-frequency choke coil is more complicated than
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that of Fig. 56, because of mutual inductance and capacity effects and capacity to
ground. The behavior is, however, of the same character, though more complex.
By careful balancing of inductances, capacities, and couplings, it is possible to obtain
performance approximating that corresponding to a single resonant frequency.t

Practical radio-frequency choke coils are designed either to have a single resonant
frequency or to be proportioned so that the ‘‘holes’ in the impedance characteristic
occur at frequencies other than those for which the coil is to be used. Where the
choke coil is to be shunted across the resonant circuit of a receiver that is tuned over a
frequency band, it is necessary that the choke be very carefully proportioned to avoid
even minor irregularities in the impedance curve, as shown by the dashed line in Fig.
56.

Variable Inductances—The most common type of variable inductance is the
ordinary variometer or inductometer. This consists of two systems of coils that are
connected in series and rotated with respect to each other in order to vary the mutual
inductance. The total inductance is L, 4+ Ly & 2M, and if the
coeflicient of coupling is large, the ratio of maximum to minimum M.
inductance obtainable will be of the order of 10:1. F

Two methods of constructing variable inductances are shown
in Figs. 57 and 58. In the variometer, the rotating coil is wound
on a spherical section, and mounted inside a corresponding
fixed coil. In the Brooks inductometer, the same result is O
achieved in a slightly different way. The Brooks inductometer
has the advantage that the calibration is not appreciably
affected by axial displacements of the rotating coil-and, further,
that by proportioning the coils as shown in Fig. 57, the induec- .
tance varies linearly with the angle of rotation.? %Wﬂé

The inductance of single-layer coils wound with relatively
large wire can be varied by providing a wheel or trolley assembly Fig. 58.—Vari-
that rides on the wire and provides a sliding contact that is ometer type of vari-

. : . s 3 able inductance.
adjusted by rotating the coil to vary the position of contact.
With proper mechanical design, such an arrangement provides a satisfactory and very
fine control of the inductance.

Small variations in the inductance of coils used at radio frequencies can be obtained
by rotating a copper disk or ring in the magnetic field of the coil. Such a copper
object reduces the inductance in proportion to the magnetic flux lines that it inter-
cepts, and so gives maximum inductance when the plane of the ring or disk is at right
angles to the magnetic flux. The extra losses resulting from this method of controlling
inductance are small, provided that the range of control is not excessive.

Fized Inductances for Audio Frequencies.—Fixed inductances for such purposes
as standards at audio frequencies are made of several types, as illustrated in Fig. 59.
The conventional multilayer coil shown at Fig. 59¢ gives the largest inductance in
proportion to the direct-current resistance, but it has the disadvantage of a large
external field.* Inductances of this type will have minimum loss when proportioned
so that b = ¢, and ¢/a = 0.66. The toroid has no external field but requires a very

1 The design of radio-frequency choke coils for optimum performance is discussed by Harold A.
Wheeler, The Design of Radio-frequency Choke Coils, Proc. I.R.E., Vol. 24, p. 850, June, 1936; Herman
P. Miller, Jr., Multi-band R-f Choke Coil Design, Electronics, Vol. 8, p. 254, August, 1935.

2 For detailed design information on the Brooks induetometer see H. B. Brooks and F. C. Weaver,
A Variable Self and Mutual Inductor, Bur. Standards, Sct. Paper 290.

3 Paul Ware, A New System of Inductive Tuning, Proc. I.R.E., Vol. 26, p. 308, March, 1939; L. E.
Herborn, A Precise High-frequency Inductometer, Bell Lab, Rec., Vol. 17, p. 351, July, 1939.

¢ The design of standard inductances of this type is thoroughly discussed by H. B. Brooks, Design
of Standards of Inductance, and the Proposed Use of Model Reactors in the Design of Air-core and
Iron-core Reactors, Bur, Standards Jour. Research, Vol. 7, p. 289, August, 1931,



90 RADIO ENGINEERS' HANDBOOK {Sec. 2

large amount of wire in proportion to the inductance obtained, and so has high direct-
current resistance. The double-D winding is intermediate in its characteristics
between the toroid and the multilayer coil with respect to both external field and
direct-current resistance. This type of coil has the advantage that the individual
coils can be wound with a suitable number of turns, impregnated, taped, and mounted,
all before final adjustment. The adjustment to give the exact value of inductance
desired is then made by shifting the relative position of the two coils slightly with
respect to each other before clamping them into final position.

Fixed inductances for use at radio frequencies should have low losses, good mechan-
ical stability, and a minimum of dielectric loss. Litz wire is desirable for frequencies
up to and including broadcast frequencies. The construction must be substantial,
the form should be of good dielectric material, and the coil should be protected from
moisture by suitable ‘“dope.” The distributed capacity should be low in order that
the frequency at which the inductance is resonant with the distributed capacity will
be as high as possible. In this way, the working range of frequencies over which the

[« b
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Fic. 59.—Types of fixed inductances used in audio-frequency work.

apparent and the true inductance are approximately the same will be as great as
possible.

The temperature coefficient of inductance standards should be low. However,
it is impractical to achieve a particularly low coefficient in multilayer and toroidal
coils, as there is no material for the coil form that has the requisite low temperature
coefficient combined with other desirable characteristics, such as stability, machina-
bility, etc. Wood impregnated with beeswax and certain grades of porcelain are
to be preferred, while bakelite and hard rubber are not recommended because of their
high coefficients of expansion.

COILS WITH MAGNETIC CORES

23. Fundamental Properties of Magnetic Substances.—The relationship between
flux density and magnetizing force in the core of a coil when the core is of magnetic
material that has been previously demagnetized is shown in Fig. 60a, and is termed the
saturation or magnetization curve. When such a core is carried through a complete
cycle of magnetization, as when the magnetizing force is supplied by an alternating
current, the relationship between flux density and magnetizing force follows a loop,
as illustrated in Fig. 60b. This is termed the hysteresis loop. The residual flux B.
remaining after a positive magnetizing force has been removed is termed the retentivity
of the material. The negative magnetizing force H. required to reduce the flux to
zero is termed the coercive force.
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Permeability and Incremental Permeability.—The permeability of a magnetic
material is defined as the ratio B/H, where B is the flux density in lines per square

centimeter (gauss) and H the magnetizing force in oersteds (1 ampere turn per centi-

meter = 1.256 oersteds). With these units the permeability of air is unity. The
§ . I,E'\\ Mag curve
sl /X
© l/ ‘\ 8
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Fre. 60.—Typical magnetization curve, permeability curve, and hysteresis loop of a
magnetic material.

permeability u depends upon the flux density, and is in general small at low flux densi-
ties, maximum at moderate values of B, and quite small when the core is saturated,

as shown in Fig. 60a.

The permeability at very low magnetizing forces is termed the instial permeability,

and is of considerable importance in communication
equipment. With ordinary magnetic materials, the
initial permeability is very small.

The permeability offered to an alternating mag-
netizing force superimposed upon a d-c magnetizing
force is termed incremental permeability, apparent per-
meability, or a-¢c permeability. Under such condi-
tions, the cycle of magnetization follows a small
displaced hysteresis such as is illustrated in Fig. 61;
and the permeability to the alternating magnetiza-
tion is determined by the slope of the line joining the
tips of this displaced hysteresis loop.! The incre-
mental permeability increases with increasing alter-
nating flux densities (up to the point at which the core
is saturated) and decreases with increasing d-c mag-
netization. The behavior in a typical case is illus-
trated in Fig. 62. )

When both alternating and direct magnetizing
forces are acting simultaneously, the permeability
offered to the d-c magnetization in the low or moder-
ate flux-density range is increased by a small amount
of superimposed a-¢ excitation, and decreased by a
large amount.? With large d-¢ magnetizations, the
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F1e. 61.—Typical hystere-
sis loop showing displaced
minor hysteresis loops 1, 2,
and 3, obtained when a small
alternating current is super-
imposed on a direct-current
magnetization. The effective
permeability to the superim-
posed alternating current is
proportional to the slope of the
line joining the tips of the dis-
placed hysteresis loop.

permeability to d-c is reduced by a superimposed alternating magnetization.

! Thomas Spooner, Permeability, Trans. A.I.E.E., Vol. 43, p. 340, 1923,
2 R. F. Edgar, Silicon Steel with A-C and D-C Excitation, Trans. A.I.LE.E., Vol. 53, p. 318, Feb-

ruary, 1934,
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Core Loss—When a core is subjected to an alternating magnetization, there is a
dissipation of energy in the core as a result of hysteresis and eddy currents. The
total power loss in core materials used in transformers is often expressed in curves,
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F1e. 62.—Incremental permeability of a typical sample of silicon steel as a function of
alternating-current magnetization, for several values of superimposed direct current.
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F1a. 63.—Core-loss curves of typical silicon steel sample.
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such as those of Fig. 63, that give the watt loss per pound of material as a function of
flux density for a given frequency. Such curves are of convenience in the design of
power and audio transformers.
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A coil having hysteresis and eddy-current losses can be represented by postulating
series resistances R, and R., respectively, in series with an inductance having no
losses, together with a resistance R. representing copper losses, as shown in Fig. 64b.
In many cases, it is found convenient to represent the eddy-current losses as a resist-
ance R, shunted across the inductance as in Fig. 64¢, instead of as a series resistance.
When the eddy-current losses are small, this shunting resistance is independent of
frequency, whereas the series resistance R, is proportional to the square of the
frequency.

The eddy-current loss in a core is the result of currents induced in the core by the
varying magnetic flux. The magnitude of the power loss per unit volume is pro-
portional to the square of the frequency and to the square of the flux density, inversely
proportional to the resistivity of the core material, and directly proportional to the
square of the thickness (or diameter) of the individual core laminations (or particles).
The eddy-current loss is not affected by d-c¢ saturation of the core.

L
Rc Rh Re L RC Rh
—
Ry, -wl)?
{a) Actual coil withfosses (b) Equivalent circuit sh Re Rsh

(¢) Equivalent circuit (second form)

F1g. 64.—Equivalent circuits showing methods of representing hysteresis and eddy current
losses in a coil having a magnetic core.

The equivalent series resistance R, in Fig. 64b that can be considered as represent-
ing the eddy-current loss in a laminated core is?

2
. = 0.00658 ’f— pnf X1 (104)
1

where ¢ = thickness of the laminations, cm.
p1 = resistivity of core material, microhm-cm.
km = permeability of core corresponding to the maximum flux density produced
by the magnetization (un = 1 for air).
X1 = inductive reactance of the coil with its magnetic core.
The value of the equivalent series resistance R. for the case of a powdered core, on
the assumption that the individual magnetic particles are of spherical shape is

AL LI, & (105)
P1

where pm, f, p1, and Xz, have the same meaning as before, while #2 is now defined as the

mean square diameter of the spherical magnetic particles in em and % is the fraction

of the core volume that is occupied by the magnetic material. Equations (104) and

(105) assume that the core is sufficiently subdivided so that magnetic skin effect is

negligible.

Hysteresis is a form of magnetic friction, and for a given maximum flux density
gives rise to a power loss per unit volume that is proportional to the frequency and
to the area under the hysteresis loop. At flux densities sufficiently low that the
permeability at the maximum flux density is not over 10 to 20 per cent greater than
the initial permeability of the material, the hysteresis power loss per unit volume of
most core materials is proportional to the fractional increase of the permeability over
the initial value, and is approximately?

I

1V. E. Legg, Magnetic Measurements at Low Flux Densities using the Alternating Current Bridge,
Bell System Tech. Jour., Vol. 15, p. 39, January, 1936.
2 This is a consequence of the Rayleigh hysteresis loop. See Legg, loc. cit.
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Ry = 0.425 (1 - IE“’-) X5 (106)

where po and pn are the initial permeability and the permeability corresponding to
the maximum flux density, respectively, and X, is the reactance of the coil with its

iron core. 'With low magnetizing forces, the value of (1 - %}-) is proportional to the

magnetizing force, and hence to the peak flux density B,. Under these conditions
the equivalent resistance R, representing hysteresis loss is proportional to B, and
the power loss due to hysteresis! is proportional to B,%. When the flux density is
moderately high, the hysteresis loss increases less rapidly with flux density. Thus,
for silicon steel at flux densities such as used in ordinary transformers, the hysteresis
power loss per volume is approximately proportional to B,'¢, corresponding to an
equivalent resistance Rj that decreases slowly with increase in Bi.

Hysteresis loss is affected by d-c saturation and also by the presence of currents
of other frequencies. The relations are relatively complicated but can, in general,
be summarized as follows: With alternating flux densities below a critical value (13,000
to 14,000 gausses for silicon steel), the hysteresis loss rises with increasing d-¢ magneti-
zation, when constant alternating flux density is assumed. With alternating flux
densities greater than this critical value the hysteresis loss with constant alternating
flux density decreases with superimposed d-c excitation.? When high- and low-
frequency magnetizations are superimnposed, the hysteresis loss to the high frequency
is greater than it would be in the absence of the low-frequency magnetization, and
the hysteresis loss of the latter is reduced. This action, termed flutter effect,® is of
practical importance in loaded telephone lines carrying superimposed telegraph cur-
rents. The magnitude of the flutter effect is proportional to the area of the normal
hysteresis loop and to the frequency of the high-frequency current.

Harmonics and Cross-modulation Caused by Magnetic Cores.*—The nonlinear rela-
tion existing between flux and magnetizing force in magnetic cores results in the
production of harmonies when a sine-wave magnetizing force is applied to the coil,
and also to cross modulation when two or more frequencies are applied.

With sine-wave excitation, the distortion components are in the form of odd
harmonics, of which the third is the most important. With high maximum flux
densities, the principal cause of such harmonic generation is the variation of perme-
ability with flux density. With very low flux densities, hysteresis is the principal
factor accounting for harmonic generation.

When the magnetizing force consists of a sine wave upon which a d-¢ current is
superimposed, there results a second-harmonic distortion component having an ampli-
tude depending upon the core material and upon the direct and alternating magnetiz-
ing forces involved.

When two alternating magnetizations are superimposed upon a core, the result
is to produce combination frequencies (cross-modulation), the magnitude of which is
dependent upon the amplitude of the magnetizing forces involved and upon the
magnetic material. It has been determined experimentally that the third harmonic
produced with a sinusoidal magnetizing force is an index of the tendency toward
cross-modulation, which, accordingly, depends primarily upon hysteresis effects at
low flux densities and upon the variation of permeability at high flux densities.

1 There is also a component of hysteresis loss at low flux densities that is proportional to B2 This
is termed a “residual loss’ and is of importance only at very low frequencies. For further discussion,
see Legg, loc. cit.

2 8ee Edgar, loc. cit.

3 W. Fondiller and W. H. Martin, Hysteresis Effects with Varying Superimposed Magnetizing
Forces, Trans. A.I.LE.E., Vol. 40, p. 553, 1921.

4 Eugene Peterson, Harmonic Production in Ferromagnetic Materials at Low Frequencies and Low
Flux Densities, Bell System Tech. Jour., Vol. 7, p. 762, October, 1928.
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Permalloy is many times better than silicon steel in freedom from harmonic
generation and cross-modulation, while perminvar is many times better than permalloy.
24. Magnetic Materials Used in Communication.! Silicon Steel.2—The most
widely used magnetic material in communication work is silicon steel. Silicon steel
is available in various grades and types, according to the particular properties to be
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F1a. 65.—Typical magnetization curves of various nickel-iron alloys.

emphasized. It is used for power transformers, filter chokes, and as a core material
for most audio-frequency, interstage, and output transformers.

Magnetic Alloys of Iron, Nickel, and Cobalt (Permalloys, Perminvar, and Per-
mendur).*—Alloys of iron, nickel, and cobalt have some remarkable properties that
are very useful in specialized applications. The characteristics of these alloys depend
upon their composition and heat treat-
B ment, and a wide variety of properties
are obtainable.

An important class of alloys of this
type are those consisting of nickel and
iron in the range 45 to 80 per cent
nickel, with small amounts of chromium
and molybdenum added in some cases.
Such alloys go by such names as Per-
malloy, Hipernik, Electric metal, Mu-
metal, etc., according to the exact
composition and the manufacturer.

When properly heat-treated, they are

Fra. 66.—Hysteresis loop of perminvar at  .1) ¢haracterized by high maximum per-
moderate flux density, showing the negligible . . . ..
coercive force and residual magnetization. meability and high initial permeability.

The flux density at which saturation
oceurs is, however, the same as or even slightly less than for silicon steel. Typical
magnetization curves are shown in Fig. 65. The addition of molybdenum to per-
malloy increases the resistivity, and hence reduces the eddy-current losses, without
serious sacrifice in the low hysteresis loss which permalloy has. Molybdenum per-

1V. E. Legg, Survey of Magnetic Materials and Applications in the Telephone Systems, Bell System
Tech. Jour., Vol. 18, p. 438, July, 1939.

2 C. H. Crawford and E. J. Thomas, Silicon Steel in Communication Equipment, Elec. Eng., Vol. b4,
p. 1348, December, 1935.

2 G. W. Elmen, Magnetic Alloys of Iron, Nickel, and Cobalt, Elec. Eng., Vol. 54, p. 1202 December,
1935.



96 RADIO ENGINEERS' HANDBOOK [Sec. 2

malloy accordingly gives low losses at relatively high frequencies provided the flux
densities are not too great.

Alloys of nickel, iron, and cobalt are termed perminvars, and when suitably heat-
treated are characterized by substantially constant permeability and extremely low
hysteresis loss at low flux densities. At medium flux densities, the hysteresis loop is
severely constricted in the middle, as shown in Fig. 66, so that although the area
of the hysteresis loop is not zero, the coercive force and retentivity are very small.
At high flux densities, this constriction disappears, and the hysteresis loop has normal
shape. Typical characteristics of perminvar are shown in Fig. 67.

Iron and cobalt in equal parts yield a useful magnetic alloy termed permendur.
Its outstanding property is high permeability at high flux densities, corresponding to
a saturation flux density higher than that of most materials. Permendur also has
higher incremental permeability than most magnetic materials at relatively high d-c
magnetizing forces. A magnetization curve of permendur is shown in Fig. 67.
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Fie. 67.—Typical magnetization curves of permendur and perminvar, showing the
high flux density at saturation of the former and the constant permeability of low flux
densities of the latter.

Permanent Magnets.'—The merit of a magnetic substance for use as a permanent
magnet can be expressed in terms of the coercive force H, the retentivity B,, and the
maximum value of the energy product BH of the demagnetization curve. The value
of the energy product BH gives the relative energy available to sustain flux in the
external magnetic circuit per unit volume of magnetic material. For most efficient
utilization of the magnetic material, it is accordingly necessary to make the cross
section of the magnet such that the desired flux will be obtained in the external circuit
with a flux density in the permanent magnet corresponding to the flux giving maximum
energy product. The demagnetizing force corresponding to the flux density existing
in the magnet represents the magnetizing force per unit length of magnet available to
force this flux through the reluctance of the magnetic circuit external to the permanent
magnet. As a result of these factors, the total cross section of the permanent magnet
is determined by the total flux required in the external circuit, and the length of the
magnet is determined by the reluctance of the circuit. :

The most desirable materials for permanent magnets are listed in Table 25, and
have characteristics such as shown in Fig. 68 in the demagnetization portion of their

1 C, 8. Williams, Permanent Magnet Materials, Elec. Eng., Vol. 55, p. 19, January, 1936; K. L. Scott,
Magnet Steels and Permanent Magnets—Relationship among Their Magnetic Properties, Bell Sysiem
Tech. Jour., Vol. 11, p. 383, July 1932,
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Alnico and the related Alnic and Alnico-cu, are the best com-

promises between high coercive force and high retentivity. These alloys are inex-
pensive, but have the disadvantage that they must be cast to shape and finished by

grinding, since they are so brittle that drilling and machining are impossible.
oxide material has the highest coercive force.

Demagnetization
curves

Chrome stee/ - A

The

It is also the least expensive and has an

Energy- Product
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F1e. 68.—Demagnetization curves for permanent magnet materials.

unusually low specific gravity, but is even weaker mechanically than Alnico, since it
Cobalt steel has a very high retentivity but low
coercive force, is machinable, but is relatively expensive.

consists of a sintered mass of oxides.

TaBLE 25
Coercive P
Name C(l)mpontegt force, Retentivity,
elements oerstods gausses
Alnic.........ooooivvn oL Al-Ni-Fe 100-600 8 000-4,000
Alnico............ ..o Al-Ni-Co-Fe 450-650 7,000-6,000
Alnico-cu................oo. ... Al-Ni-Co-Cu-Fe 550 7,000
Cobalt steel.................... Co-Fe 150-250 10,000
Cobalt-tungsten................ Co-W-Fe 30-150 13,500-11,000
Chrome........................ Cr-Fe 60 10,000
Oxide......................... Co0, Fe 03, Fe;04 | 300-1,100 6,000-1,500

* Ni = nickel; Al = aluminum; Fe = iron; Co = cobalt; W = tungsten

26. Calculation of Properties of Iron-cored Coils. Inductance.—The inductance
of an iron-cored coil subjected to an alternating magnetization corresponding to a
maximum a-c¢ flux density Bmeax in the iron is as follows:

1 Another permanent magnet material called Vicalloy has recently been announced, and promises

to be of commereial importance.
Bell Lab. Rec., Vol. 19, p. 36, September,

1940.

It is composed of vanadium, iron, and cobalt, and is described in



98 RADIO ENGINEERS HANDBOOK (Sec. 2

Dimensions in centimeters:

2
Inductance in henrys = L = 1.256N

- I; la
pr +a:)

3.19N?2 X 10-8
Ay
uas Qa

X 108 (107a)

Dimensions in inches:

Inductance in henrys = L = (107b)

where N = number of turns.
l; = length of magnetic circuit in iron.
lo = length of magnetic circuit in air.
p = permeability of magnetic material evaluated at the appropriate maximum
alternating flux density Bumaz.
a; = cross section of iron (not including the area of insulation between lamina-
tions).
a. = effective cross section of air gap.
The effective cross section a, of the air gap will in general be somewhat greater than
the cross section a; of the iron because of fringing flux, and because the insulation
between laminations makes the effective cross section of iron less than the cross section
calculated from the external dimensions of the core.
The relationship between the maximum alternating flux density in the core and the
rms value of a sinusoidal voltage is

Voltage (rms) = 4.44fNABp.. X 10-8 (108)

where f = frequency in cycles per sec.
N = number of turns.
A = net area of core.

Bax = maximum flux density in core in lines per unit area.

Incremental Inductance.—The ineremental inductance, sometimes called also the
apparent, or a-c, inductance, is also given by Eq. (107) for any given alternating flux
density Bmar provided the permeability u appearing in the equation is interpreted to
mean the incremental permeability evaluated at the appropriate a-¢ and d-¢ flux densi-
ties from data such as are presented in Fig. 62.

The value of d-¢ flux density B, existing in an iron core having & winding of N turns
carrying a d-c current 7, can be determined from. the fact that it is necessary to satisfy
the relation,

1.256N1, = Hil; + B, (g—) ls (109)
The notation is the same as above, with the addition that H; represents the magnetiz-
ing force in oersteds per centimeter required to support a d-c flux density of By lines per
square centimeter in the iron. The value of d-c flux density B, that satisfies Eq. (109)
can be obtained by the cut-and-try process of calculating the value of the right-hand
side of Eq. (109) for different assumed flux densities By until a value is obtained that
satisfies the equation. An alternative method is to employ the graphical solution
shown in Fig. 69. Here B, is found as the intersection of the BH magnetization curve
of the magnetic material, with a straight line crossing the horizontal axis at

H = 1.256N1/I;
and the vertical axis at B = 1.256N1/[l.(a:/a.)].

Leakage Inductance—The leakage inductance existing between two coils wound
on the same core depends upon the geometry of the windings. The leakage induc-
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tance is independent of the character of the core material or of the d-¢c magnetization,
since the paths of the leakage flux are largely in air, and the core contributes negligible
reluctance to them.

B= 1.256 NI
/ 1 (q;.
algg
B =-B-H curve of
magnefic material
[Bo N
He I.25§ NI
U
,/l
H Oersteds

FIé. 89.~—Graphical method of determining the flux density By existing in a magnetic core
having a series air gap and subjected to a known magnetizing force.

F1g. 70.—Typical coil arrangements in audio transformers,
When the secondary is wound on the outside of the primary, as shown in Fig. 70a,
the total leakage inductance of the windings, referred to the primary side, is?

2.9CN,?
L, = z ? (h +2 ;“"2) X 1078 henry (110)

where C is the length of the mean turn in inches, N, the number of primary turns, and

1 The total leakage inductance referred to the secondary side is obtained by replacing Ny in Eq.
(110) with the number of secondary turns N.. The total leakage inductance Ly’ referred to the primary
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the remaining symbols have the meaning indicated in Fig. 70a (all measured in inches).
This equation applies to coils wound on both circular and rectangular forms.

If the primary and secondary windings are arranged side by side as in Fig. 70b,
the leakage inductance referred to the primary side is

2
L, = 3‘2°;N” (h +& ';ﬂz) X 1078 henry (111)

where the notation is as in Fig. 70, or is as above.

The leakage inductance can be reduced by dividing the primary and secondary
coils into sections and interspersing these. Simple arrangements of this type are
shown in Figs. 70c and 70d, and have leakage inductances referred to the primary
that are

For Fig. 70c:

’ 0.72CN ,?
» T
For Fig. 70d:

(h1 + hy + °i1+++“3) % 1078 henry (112)

L _ 08CNy

B1 + B2 + 8 _
) A A (h1+h2+————1 3"’ 3)><10

8 henry (113)

Sectionalization of windings, although greatly reducing the leakage inductance,
simultaneously increases the winding capacities. The reduction achieved in leakage
inductance is accordingly not all net gain.

In push-pull output transformers, the primary is frequently sectionalized to main-
tain symmetry. When this is done, the leakage reactance between each half of the
primary and the secondary can be kept at a minimum by dividing the secondary into
two identical parts, as in Fig. 71a, and connecting these in parallel.

& 2]
iE i

(@) (b)

Fia. 71.—Transformers with divided windings.

Distributed and Other Capacities of Iron-cored Coils.—The distributed capacity of
multilayer windings such as commonly wound on iron cores is made up primarily of
the layer-to-layer capacities.! The turn-to-turn capacities can be neglected unless
there are only a few layers. When the coil is wound in the normal manner so that
the voltage between one end of the adjacent layers is twice the voltage per layer and
the voltage between layers at the other end of the same layers is zero, the equivalent
distributed capacity C, that can be considered as shunted across the terminals of the

side is Lp"" + Ls''/n?, where n is the step-up ratio of the transformer and Ly and L’ are the leakage
inductances of the individual primary and secondary windings, respectively.

In the textbooks where the leakage inductance for Fig. 70a is calculated for an idealized case, the
numerical constant in the equation is found to be 3.2 instead of 2.9. This latter value is obtained by
introducing an empirical modifying factor of 0.9 to give more accurate agreement with observed results,
as recommended by J. G. Story, Design of Audio-frequency Input and Intervalve Transformers,
Wireless Eng., Vol. 15, p. 69, February, 1938.

1 Glenn Koehler, The Design of Transformers for Audio-frequency Amplifiers with Preassigned Char-
acteristics, Proc. I.R.E., Vol. 16, p. 1742, December, 1928.
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winding is
.30PIK
¢, = S0P (114)

where P = mean circumference of coil turns, in.

! = axial length of coil, in.

d = distance between copper of adjacent layers, in.

T = number of layers.

K = average dielectric constant of insulation between layers, in. For paper-

insulated wax-impregnated wire, K is approximately 3.

1t is to be noted that Eq. (114) gives the distributed capacity of the coil referred to
its own terminals. The equivalent value of the same distributed capacity referred to
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Fie. 72.—Example of incremental inductance as a function of air-gap length with various
d-¢ magnetizing currents.

another winding on the core is obtained by converting in accordance with the inverse
of the square of the turn ratio.

The coil capacity may be reduced by splitting the coil into two or more sections
as in Fig. 71, each coil having the same number of layers as the single coil, but fewer
turns per layer. In such an arrangement the capacity of each section can be deter-
mined by Eq. (114), and the capacities of the various sections then considered as

" acting in series. Thus subdivision into two equal sections quarters the distributed
capacity. Subdivision will, however, inerease the capacity of the winding to ground,
and so may not improve the performance of the coil.

26. Design of Coils and Transformers with Magnetic Cores.—The design of coils
with magnetic cores is normally carried out by a cut-and-try process. A typical
procedure is to start by assuming a core cross section on the basis of previous experi-
ence. The space available for winding is then allotted to the various coils to be
wound on the core, and a tentative selection is made of wire size and winding details
in aceordance with the insulation required, current to be carried, flux densities desired,
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the space available, etc. The performance of the resulting reactor or transformer is
then calculated, and the tentative design modified as required.

Winding Data.—The coils of chokes, transformers, etc., using magnetic cores are
normally layer-wound by machine. The insulation employed depends upon the size
of wire and the voltage between turns and between layers. In the case of small coils
using relatively large wire, cotton-covered insulation is often sufficient. With very
small wire, such as is used in audio-frequency transformers, the bulk of cotton or silk
insulation is proportionately excessive, and the coils usually use enameled wire with
paper insulation between layers in many cases.

TaBre 26a.—TurNs PossiBLE PER SQUARE INcH oF WiNDING Spack, Using ONE

Layer orF Paper OF Proper THICKNESS As SHOWN
Table Based on Average Commercial Practice

B & S| Plain Layer
same | cnamel e 8.CE. | D.C.C{8.C.C.| S8E. |88.C.|D8.C.
10 70| .010 in, Kraft 56 56 64
11 86| .010 in. Kraft 72 64 72
12 105| .010 in, Kraft 90 90 90
13 126| 010 in. Kraft url m| 12
14 162| 010 in. Kraft 143} 125 143
15 191] .010 in. Kraft 180 | 143 168 | Sain.of winding
16 238/ 010 in. Kraft 208 | 180 | 208 space = B X F
17 310] 007 in. Kraft 255 | 238 | 2710
18 396| .007 in. Kraft 304 | 288 | 340
19 473| .007 in. Kraft 378 | 340 | 396
20 621/ .005 in. Kraft 460 | 418 | 504
21 750| 005 in. Kraft 5721 504 | 621
22 952| 005 in, Kraft 696 | 621 750
23 | 1,140 .005 in. Kraft 832 | 725 | 980

24 1,596/ .0022 in. Glassine | 1,120 928 | 1,258

25 | 1,074 0022 in. Glassine | 1,330 | 1,054 | 1,517 | 1,506/ 1,800 1,517

26 | 2,392 .0022 in. Classine | 1,596 | 1,238 | 1,800 | 1,974/ 27200 1,800

27 | 3000| 0022 in. Glassine | 1,886 | 1,440 | 2,156 | 2,302/ 2.840| 2,150 A—margins®

2 | 3,894 0015 i Cluseine | 2,307 | 1720 | 20040 | 2,064 3.355| 2,538 B—winding length
20 | 4745 [001oin Glassino | 2750 | 1,678 | 3,074 | 3501 4020/ 3,078 C—overalllength
30 | 5,004 .0015in. Glasine | 3,300 | 2,254 | 3,648 | 4,300] 4,888] 3,608 P picdedameter
31 | 7,189 0015 in. Glassine | 3,712 | 2,548 | 4216 | 5,025 5,757 4216 F_puildeup

32 | 8888l 0013 in. Glassine | 4,414 | 2,360 | 4,801 | 6,068 6,864] 4,891 G_tubo

33 | 11,172| 0013 in, Glassine | 5,100 | 3,132 | 5,688 | 7,280 8,245 5688

34 | 14)336] .001 in, Glassine | 6,150 | 3,658 | 6,715 | 8,910| 10,085 6,794

35 | 17,324 .001 in. Galssine | 6,880 | 3,965 | 7,728 | 10,272| 12,051 7,728 *Margins are determined by
36 | 21,330| 001 in. Glassine | 7,840 | 4,352 | 8,722 | 12,168! 13,860| 8,722 Wire sumes. The following are

37 | 25,404/ .001 in. Glassine 14.112| 15,182| 10,379 the minimum allowances for
38 31,878] .001 in. Glassine 16,184 18,270| 11,845 commercial windings:

39 42,020| .0007 in. Glassine 19,140| 22,594 14, 1022

40 51,168| .0007 in. Glassine 21,855 25,992} 15,600 Wire gage:

41 62,746( .0007 in. Glassine ; 18-29 14 in. each end

42 75,392 .0005 in. Glassine 30-37 342 in, each end

43 91,800/ .0005 in. Glassine 3844 14 in. each end

44 |105,534| .0005 in. Glassine

Data useful in the winding of coils are given in Tables 26a to 26d.1

Some Factors Involved in the Design of Inductances Carrying Direct Current.—There
is a particular air gap for which the incremental or a~¢ inductance is maximum when
the core material and dimensions, the number of turns, and the d-c magnetizing current
are fixed. As the d-c magnetizing current is increased, the optimum air gap becomes
longer and the corresponding incremental (a-c¢) inductance less. The behavior in a
typical case is shown in Fig. 72.2

This best length of air gap can be obtained by plotting curves of LI2/V as a function
of NI/I for various percentage air-gap lengths, as shown in Fig. 73, where L is the

1 Data from Inca Bull. 3, Phelps Dodge Copper Products Corporation, Inca Mfg. Division.

2 H. M. Turner, Inductance as Effected by the Initial Magnetic State, Air-gap, and Superimposed
Currents, Proc. I.R.E., Vol. 17, p. 1822, October, 1929.
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TasLE 26b.—RaNpoM Wounp CorLg sucH As DyNamic SpEaker Fierps UsiNag
ENaMELED WIRE
Table Based on Average Commercial Practice

Turns
possible TUI:I];? Ohl.%sl
B & S |per linear | POSSID:e possib e
age in. of |Persqin.| per cuin.
g windin of cross | of winding
spac e"‘g section gpace
10 9 85 0.00716
11 10 106 0.0112
12 11 131 0.01733
13 12 160 0.02673
14 14 209 0.0440
15 15 251 0.0666
16 1790 % 319 0.1068
17 19 99 0.168
18 22 519 0.275
19 24 631 0.424
20 27 794 0.672
21 30 987 1.053
22 34 1,255 1.689
23 31 1,525 2.59
24 |35 1,933 4.14
25 39 %,428 8.55
26 44 ;080 10.48 Linear . of windi
27 | 49 3,891 17.6 space = B ding
28 56 5,001 27.3
29 62 6,200 42.4
30 69 7,797 67.1
31 77075 % 9,800 106.2
32 86 12,210 166.9 Sq in. of winding
33 98 15,740 271.5 space = B X F
34 (109 19,520 425
35 |121 24,680 677
36 |136 31,280 | 1,082
37 150 38,500 | 1,681
38 |170 49,350 | 2,720 Cu in. of winding space =
39 [192 63,400 | 4,370 [(D? X 0.7854) — (E + 2G)? X 0.7854]B
40 2;3 (837 ,500 | 5, g%O
41 (274 5,800 | 9,370
42 (304859 | 104,900 |14,410
43 340 130,900 |23,300
44 1369 153,850 133,300

No insulation used between layers on random wound coils.
* Percentages give normal space factor.

ineremental (a-¢) inductance, I the direct current in the winding, ¥V the volume of
the core, N the number of turns, and [ the length of the magnetic circuit.! The
envelope of these curves, shown dotted in Fig. 73, gives the maximum incremental
inductance per unit volume obtainable for a particular current I, with any given d-c
magnetizing force per unit length N1/I, and corresponds to a percentage air gap given

1C. R. Hanna, Design of Reactances and Transformers which Carry Direct Current, Trans.
A.IE.E., Vol. 46, p. 155, 1927, An alternative method of design is given by John Minton and Ioury
G. Maloff, Design Methods for Soft Magnetic Materials in Radio, Proc. I.R.E., Vol. 17, p, 1021, June,

1929,
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by the particular curve tangent to the envelope at the point in question. Information
such as shown in Fig. 73 is particularly useful where a large number of cores are to be
designed employing the same material, since then it is worth while to calculate or
measure the special curves required for the particular material involved. Where only
a single core is to be designed, it is simpler to determine the optimum air gap by assum-
ing various values and calculating the behavior of each case.

TaBLE 26c.—QOums PossisLE PER Cupic INcHE IN LAYER INSULATED CoILs*
Table Based on Average Commercial Practice

B&S Plain

zage enamel S.C.E. | D.C.C. | 8.C.C. S.8.E. S8.8.C. | D.S.C.
10 0.00584 0.00466, 0.00466| 0.00534
11 0.00904| 0.00756| 0.00672] 0.00756
12 0.0139 0.0119 0.0119 0.0119
13 0.0210 0.01852] 0.01852| 0.02003
14 0.0341 0.0301 0.0263 0.0301
15 0.05075| 0.04775| 0.03895 0.0446
16 0.0797 0 0696 0.06025{ 0.0696
17 0.1305 0.1074 0.1002 0.1136
18 0.21 0.1614 0.153 0.1805
19 0.318 0.254 0.2285 0.266
20 0.526 0.3895 0.354 0.426
21 0.800 0.610 0.5375 0.6625
22 1.275 0.936 0.835 1.09
23 1.935 1.412 1.23 1.613
24 3.41 2.395 1.983 2.685
25 5.325 3.59 2.84 4.09 4.31 4.86 4.09
26 8.140 5.43 4.28 6.125 6.725 7.48 6.125
27 12.79 8.10 6.18 9.25 10.82 11.35 9.25
28 21.05 12.95 9.30 14.33 16.05 18.15 13.71
29 32.81 18.80 13.50 21.00 24.50 27.43 20.99
30 50.90 28.40 19.40 31.42 37.35 42.05 31.40
31 77.95 40.25 27.65 45.70 54.50 62.50 45.70
32 121.4 60.40 39.10 66.80 82.95 93.75 66.80
33 192.5 87.95 54.15 98 .05 125.60 142.20 98.05
34 312.3 133.75 79.50 146.25 194.25 219.00{ 147.75
35 475 188.65 108.85 212.00 280.65 330.15] 212.00
36 729 271.50 150.50 301.50 421.00 479.00; 301.50
37 1,110 ... e 616 662 452
38 1,750 e 882 1,002 649
39 2,920 ... 1,330 1,568 974
40 448 | 1,913 [2,269 [1,365
41 6,860
42 |10,390
43 16,380
44 (22,850

* This table based on using one layer of paper insulation of proper thickness.

In the design of filter reactors, the allowable d-¢ voltage drop in the winding is
frequently the limiting factor rather than the heating of the winding. TUnder these
conditions, a larger core and winding will be required to obtain a desired inductance
than would otherwise be the case.

Factors Involved in the Design of Small Transformers.—In the design of transformers,
the first step is to determine the volt-ampere ratings of the windings. In the case of
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TaBLe 26d.—TurNs PossiBLE PER LiNEAR INcH OoF WINDING SPACE IN LAYER
InsurLaTep Corvs* ) ’
Table Based on Average Commercial Practice

B&S Plain
sage | cnamelf | S-CE-1 | D.CC.t| 8.0C.t | SSEf | 88.C.t | DSC.t
10 9 8 8 8
1 10 9 8 9
12 11 10 10 10
13 12 11 11 12
14 14 13 12 13
15 15 14 13 14
16 17 16 15 16
17 19 17 17 18
18 22)90% | 1990% | 18 790% | 20 790 %
19 2 a1 20 22
20 27 23 22 24
21 30 26 24 27
292 34 29 27 30
23 38 32 29 35
24 | 42 35 32 37
25 47 38 34 41 42 45 11
26 52 42 37 45 47 50 45
27 59 46 40 49 52 55 49
28 66\800;, | 51580% | 433899 | 54380 % | 57)80% | 61789% | 543809
29 73 55 16 58 63 67 58
30 82 60 49 64 70 74 64
31 91 64 52 68 75 81 68
32 [101 gg 55 73 82 sg 73
33 [114>889% | 75 58 79 91 9 79
34 [128( [ 82/88% | 62)88% | 85,88% | 00)88% (106 88% | 86988 %
35  [142 86 65 92 107 117 92
36 (158 92 68 98 117 125 98
37 |174.87% 126 134 107
33 198 136 145 115
39 220y 145%87% 158%87% 123‘87%
40 246} ° 155 171 130
41 1274
42 (304
43 340%85 %
44 (369

* These figures are for paper layer insulated coils.

T The percentages represent the space factor under normal conditions.
small transformers used for heating filaments, etc., this is done on the assumption of
80 to 90 per cent efficiency and 90 per cent power factor in the primary and unity
power factor on the secondaries. In transformers used with rectifiers, it is commonly
necessary to increase the volt-ampere ratings, particularly of the secondary, because
the utilization factor is appreciably less than unity. The next step in the design is
to select a suitable core area. Experience with small transformers shows that, with
ordinary silicon steel, the net area of iron in the core, in square inches, should be at
least! 0.16 \/primary volt-amperes. Where a conservative design is to be used, a
somewhat larger core area than this minimum is recommended.

L The actual cross section of the core will be somewhat larger because of the insulation between
laminations. The ratio of the area of iron to the gross area of the core, i.e., the stacking factor, is
commonly of the order of 0.9.
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The third step in the design is to select a suitable maximum flux density, and then
to calculate the turns per volt from the equation
108

Turns per volt = m

(115)
The notation is the same as in Eq. (108). The maximum flux density Bmax should
normally not exceed 75,000 lines per square inch for 60-cycle operation and 90,000 lines
per square inch for 25-cycle operation. Lower flux densities will reduce the core losses
and also the exciting current, but require more copper and iron.

The next step is the determination of the wire size and winding arrangements. It
is customary to allow from 500 to 1,000 circular mils per ampere for transformers
under 50 watts, and up to 1,500 to 1,750 circular mils per ampere for larger trans-

- a_Length of air gap

- L Length of magnetic circuit

F1a. 73.—Graphical method of determining best air-gap length.

formers. The insulation between turns and layers, and between the winding and
core are arranged in accordance with the voltages involved.

A core is now selected that will have sufficient window space to accommodate the
winding to be used. The core is customarily composed of laminations of standard
E-I punchings. This gives a shell-type core that is assembled in interleaved fashion
to eliminate butt joints and minimize the air gap. Standard laminations of this type
are available in a wide variety of shapes and in sizes large enough for power trans-
formers of moderate power transmitters. With 60-cycle operation, the laminations
are normally 29 gage (0.014 inches) silicon steel.

This completes the formal design of the transformer. The copper losses of the
various windings can now be calculated from the currents and resistances of the
windings, and the core loss can be evaluated from the volume of the core, the fre-
quency, and the flux density, with the use of curves such as those of Fig. 63. The
efficiency and the power that must be dissipated in the transformer can then be
readily calculated. Voltage regulation can be determined from the resistances of
the windings, and the leakage inductance as calculated by Eqs. (110) to (113). After
the design has been completed and the important features of the performance cal-
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culated, it is always desirable to examine the design as a whole. This may indicate
that modifications will give an improved performance or a satisfactory performance at
a lower cost.

27. Magnetic Cores in Audio- and Radio-frequency Coils.—The permeability of
iron (and other magnetic materials) drops off slowly with increasing frequency, but the
reduction is not great at broadcast and even short-wave frequencies. Thus tests with
iron and nickel have indicated that the permeability does not drop to unity until the
frequency is in the range 10° to 10! cycles.! Magnetic cores can accordingly be
employed in high-frequency coils. It is merely necessary that the core be subdivided
sufficiently that the ratio R./Xy in Eqgs. (104) and (105) are not too great.

If the core is not sufficiently subdivided (i.e., if t3f in Eqs. (104) and (105) is large),
not only will the eddy-current losses be excessive, but also the magnetic flux produced
by the eddy currents will be sufficient to modify the flux distribution over the cross
section of the magnetic material. The net result is then to reduce flux density at the
center of the laminations or particles, producing a form of magnetic skin effect or
shielding that reduces the effective cross section of the core and lowers the inductance.2

Hysteresis does not introduce any special problems at high frequencies, since the
ratio of hysteresis loss to inductive reactance is independent of frequency, 7.e., the
power loss is proportional to the number of cycles per second.

Use of Laminated Cores at Audio and Radio Frequencies.—The silicon steel lamina-
tions of No. 29 gage (0.014 inches thick) used in 60-cycle transformers, also have
reasonably low losses at the lower audio frequencies. Such laminations are also used
in filter reactors for smoothing rectified 60-cycle currents, for the cores of audio-
frequency input, interstage, and output transformers, and in some cases in wave
filters having pass bands below 1,000 to 1,500 cycles. At higher frequencies it is
necessary to use laminations thinner than 0.014 inches if excessive eddy current losses
are to be avoided. Thicknesses as small as 2 mils have been used, and in this way
magnetic cores can be obtained that have fairly low loss even at moderately high radio
frequencies.®* Thin laminations of this character were at one time used to a consider-
able extent in communication work, but have now been largely displaced by cores of
compressed powdered magnetic material.

Coils Using Cores of Compressed Powdered Magnetic Material.—The most effec-
tive way to employ magnetic material at the higher audio frequencies and at radio
frequencies is to mix the magnetic material in the form of a very fine powder or dust

1 For a discussion of the effect of frequency on permeability see G. W. O. Howe, Permeability at
Very High Frequencies, Wireless Eng., Vol. 16, p. 541, November, 1939.

2 Analyses are available for calculating the extent of the magnetic shielding in the case of lamina-
tions of rectangular cross section. See K. L. Scott, Variation of Inductance of Coils Due to the Magnetic
Shielding Effect of Eddy Currents in the Cores, Proc. I.R.E., Vol. 18, p. 1750, October, 1930.

In practice there is a thin surface layer, normally about 1 mil thick, having lower permeability
than the main body of the laminations. This surface film is apparently the result of the rolling opera-
tion used in producing the lamination, and is not affected by annealing. Its effect is important at high
frequencies where the penetration of the flux is small, and at these frequencies the simple theory will
accordingly fail to give correct results. Where the layer is important, it can be removed by etching.

For further discussion of magnetic skin effect, with particular reference to the oxide film layer, see
E. Peterson and L. R. Wrathall, Eddy Currents in Composite Laminations, Proc. I.R.E., Vol. 24, p.
275, February, 1936; M. Reed, An Experimental Investigation of the Theory of Eddy Currents in
Laminated Cores of Rectangular Section, Jour. I.E.E., Vol. 80, p. 567, 1937; also Wireless Section,
I.E.E., Vol. 12, p. 167, June, 1937; M. Reed, Losses in Ferromagnetic Laminae at Radio Frequencies,
Wireless Eng., Vol. 15, p. 263, May, 1938.

3 Information on losses of thin silicon steel laminations at radio frequencies is given by Thomas
Spooner, High Frequency Iron Losses, A.I.E.E. Jour., Vol. 39, p. 809, September, 1920; Leon T. Wil-
son, The Behavior of Iron in Alternating Fields of between 100,000 and 1,500,000 cycles, Proc. I.R.E.,
Vol. 9, p. 56, February, 1921.

¢W. J. Polydoroff, Ferro-inductors and Permeability Tuning, Proe. I.R.E., Vol. 21, p. 690, May,
1933; V. E. Legg and F. J. Given, Compressed Powdered Molyhdenum Permalloy for High-quality
Inductance Coils, Trans. A.I.E.E., Vol. 59, p. 1940; W. J. Shackelton and I. G. Barber, Comoressed
Powdered Permalloy, Trans. A.I.E.E., Vol. 47, p. 429, April, 1928; Buckner Speed and G. W. Elmen,
Magnetic Properties of Compressed Powdered Iron, Trans. A.I.E.E., Vol. 40, p. 596, 1921.
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with an insulating binder, and then compress the combination into cores of the appro-
priate form. In such cores the insulating binder surrounds the magnetic particles,
thereby giving a very complete subdivision of the core, and low eddy-current losses.

The size of the magnetic particles and the amount of magnetic material in propor-
tion to insulating binder control the effective permeability of the resulting core and also
the frequency at which the coil @ is highest. The smaller the particles the less the
effective permeability, and also the higher the optimum frequency. The effective
permeabilities used in practice range from 75to 150 for coils designed to be optimum at

Moly bdenum Core dimensions in inches
permalloy Group Outside Inside Axial
— — 81 permailoy digm. _diom. height
""" Electrolytic iron 1 3.06 |.94‘ 0.84
Inductarice of all coils=20mh. 1 240 150 060
Current=! milliampere jui 1.84 13 060
350
=125
300 | H=26
/ Group L sroup I
250 f=H4.
[} / //7_?\\ |
8|5 / 1 ferowpm
€%, 200 / \ 756 51
2 g / / _L ) /7!4‘\
g dﬁu / /”6 ~//\___J \
V|5 7 AV A
I!_.C_i 150 ,I 7{"‘ /Afn
9] / N
II'— / / / r \ \\
/ / \
100 / //' \‘ t
A ¥
e e \
50 .
0

02 05 L0 20 50 10 20 50 100 200
Frequency in Kilocycles per Second

F1a. 74.—Variation of coil @ with frequency for several coils using toroidal dust cores.

audio frequencies, to values of 4 to 6 for coils intended for operation at frequencies of
500 to 1,500 ke.

The materials most frequently used in powdered cores are iron, permalloy, and
molybdenum permalloy. Molybdenum permalloy has the lowest losses and hence
gives the highest @, while iron has the highest losses. The total core loss in any case
will be quite small, however, provided that the core is used in its proper frequency
range.

Coils employing powdered iron cores are often used in the intermediate-frequency
and radio-frequency tuned circuits of radio receivers, up to and beyond the broadcast
range.! For such radio-frequency application, the cores are commonly in the form of

1 An excellent discussion of the properties of such cores and of the measurement of these prop-~
erties is given by D. E. Foster and A. E. Newlon, Measurement of Iron Cores at Radio Frequencies,
Proc. I.R.E., Vol. 29, p. 268, May, 1941.
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cylindrical slugs upon which the coil is wound. At intermediate (175 to 460 ke) and
lower frequencies, the use of iron-dust cores makes it possible to realize a decidedly
higher @ in a very small coil than is obtainable by the use of an air-cored coil of com-
parable size. In the case of intermediate-frequency transformers, magnetic cores also
have the advantage that the resonant frequency can be controlled by adjusting the
position of the core, thereby eliminating the trimmer condenser otherwise needed.

Toroidal coils using cores of compressed powdered molybdenum permalloy,
permalloy, and iron-dust rings are widely used in telephone work for loading coils, in
wave filters, etc. The logses of such coils are quite small, as shown by Fig. 74,
with molybdenum permalloy the most desirable core material and permalloy next.
Not only are the losses lower than with iron but also the inductance is less affected
by the intensity of the magnetizing foree, and the harmonics and cross-modulation are
also lower than with iron. Another advantage is that a large d-¢c magnetization has
less permanent effect upon the inductance.

CAPACITY AND CAPACITORS

28. Definitions of Capacity.—Any pair of electrical conductors that will store
electrical charge when a difference in potential is applied to them constitutes a con-
denser. The defining relation for capacity may be written

_9Q
c=% (116)
where C is the capacity in farads, Q is the charge in coulombs, and E is the potential in
volts. Capacity may also be defined in terms of the energy stored in the electrostatic

field about the condenser plates; thus
W = }4CE? (117)

where W is the energy stored in watt-seconds (joules), C is the capacity in farads, and
E is the potential in volts. Since current is the time rate of change of charge, the cur-
rent flowing into any condenser is proportional to the time rate of change of the poten-
tial across it. This relation is given by

_ dE
I=c— (118)

where I is the current in amperes, ¢ is the time in seconds, and the other symbols have
their previous significance.

Capacity has the dimensions of length when expressed in electrostatic units. As a,
result the capacities of similar condensers are proportional to the first power of their
linear dimensions. Doubling all dimensions of a condenser doubles its capacity.

29. Condenser Losses and Their Representation.—A perfect condenser when dis-
charged gives up all the electrical energy that was supplied to it in charging. Actual
condensers never realize this ideal perfectly but, rather, dissipate some of the energy
delivered to them. Most of the loss in ordinary condensers oceurs in the dielectric.
Other ways by which energy can be lost in a condenser are from the resistance of the
leads and metal plates, from leakage resistance between plates, and as a result of
corona,

The merit of a condenser from the point of view of freedom from losses is usually
expressed in terms of the power factor or phase angle.! The power factor represents
the fraction of the input volt-amperes that is dissipated in the condenser, while the
phase angle is the angle by which the current flowing into the condenser fails to be 90°

1 The merit of a condenser is occasionally expressed in terms of the condenser @, which represents

the ratio of the capacitive reactance of the condenser to the equivalent series resistance. For all prac-
tical purposes the condenser @ is the reciprocal for the power factor.
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out of phase with the applied voltage. When the losses are low, as 19 practically
always the case, the phase angle expressed in radians is equal to the power factor.
The power factor (or phase angle) is a ratio representing the fraction of the input
volt-amperes that is dissipated in the condenser, and for a given type of condenser
tends to be independent of the applied voltage, of the condenser size, etc., and with

ordinary dielectrics is substantially

R, constant over wide frequency ranges.

The effect of the condenser losses

SSSC c c—— %Rz on the circuit in which the condenser is
connected can be obtained by replac-

ing the actual condenser by the com-

(o) (b) (¢) bination of a perfect condenser of the

Fie. 75.—Representation of imperfect con- Same capacity with a resistance in
denser by a perfect condenser of same capacity series, as shown in Fig. 75b (or with a
with series resistancq, and by a perfect con- pegistance in parallel, as in Fig. 75¢).
denser with shunt resistance. The value of the series (or shunt)
resistance is so selected that the power factor of the combination of perfect condenser
with its associated resistance is the same as the power factor of the actual condenser.
The value of the resistances are

. . _ _ power factor
Series resistance = R; = TogC 119)
1

(2xfC) (power factor)

30. Dielectrics.—The insulating medium that separates the plates of a condenser is
known as the dielectric, and plays an important role in determining the characteristics
of the condenser. The presence of a dielectric other than a vacuum raises the capacity
of the condenser in comparison to its capacity in the absence of the dielectric by a factor
known as the dieleciric constant (also sometimes called specific inductive capacity).
The dielectric constants of the commonest insulating materials are given in Table 27,
which also gives other properties of dielectrics.

Two very important classes of dielectrics listed in Table 27 are plastic and ceramic
types. Some of the plastic dielectrics as, for example, bakelite, cellulose acetate,
vinylite, etc., have very poor power factors. Others, notably polystyrene, have an
unusually low power factor, which in some cases approaches that of quartz.

The more important ceramic dielectrics include steatite, cordierite, and titanium
dioxide ceramics, and mycalex.! The term steatite refers to ceramic products that
contain hydrous magnesium silicate (tale) as a predominant constituent of the fired
body. Steatite materials combine low dielectric losses, high dielectric strength, and
high insulation resistance. They are particularly suitable for general-insulation
purposes at high frequencies and high temperatures. It is possible to employ dry
pressing in forming the product, so that parts can be manufactured in automatic
presses to good accuracy and with economy. Cordierite is a complex magnesium
aluminum silicate. Ceramics based upon it can be made that have an unusually low
coefficient of thermal expansion, so that this material is particularly suitable for coil
forms. The titanium dioxide ceramics are characterized by a high dielectric constant
and low dielectric losses. This material finds its chief use as the dielectric of con-
densers and gives high mechanical stability and a high capacity in a relatively small
volume. The temperature coefficient of capacity of such condensers depends upon the

L For further information on ceramic dielectrics, see Hans Thurnauer, Ceramic Insulating Mate-
rials, Elec. Eng., Vol. 59, p. 451, November, 1940; M. D. Rigterink, Improved Ceramic Dielectric
Materials, Rev. Sci. Instruments, Vol. 12, p. 527, November, 1941; W. G. Robinson, Ceramic Insula-
tions for High-frequency Work, Jour. I.E.E., Vol. 87, p. 570, 1940.

Shunt resistance = R, =

(120)
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mixture, and values can be obtained that range from substantially zero to relatively
large negative values. This gives the possibility of providing a condenser that will
correct for the positive temperature coeflicient of the remaining coils and condensers in
a circuit.

Mycalex is composed of greund mica and lead borate glass mixed and fired. Metal
inserts can be molded into mycalex pieces because of the relatively low firing tempera-
ture and the fact that there is no shrinkage. Mycalex can be machined, although
with difficulty. It is used in radio transmitters for coil supports, control shafts,
antenna insulators, and in other places where an msulator must be employed that is
capable of withstanding high voltage.

Dielectric Losses—Loss Factor.—The merit of a dielectric from the point of view of
losses can be expressed by the equivalent power factor or phase angle. When these
terms are applied to a dielectric (as contrasted with a condenser), they are defined as
the power factor (or phase angle) that would be obtained with a condenser having no
losses other than those in the dielectric. Power factors of common dielectrics are
given in Table 27,

The power factor (or phase angle) is independent of the size and shape of the dielec-
tric or the applied voltage. It also tends to be independent of frequency, since the
fraction of the energy lost during each cycle of charge and discharge is substantially
independent of the number of cycles per second, over wide frequency ranges. The
power factor of a dielectric depends not only upon the kind of dielectric involved but
also upon the conditions of temperature and moisture under which it is used. In
general, moisture and high temperature increase the power factor.

The power loss (and hence heating) per unit volume of dielectric is?

Power loss in
watts per cu- } = 2xfG2Kr X 0.2244 X 1012 (121)
bic inch

where f = frequency in cycles.

@ = voltage gradient in dielectric, rms volts per in.

K = dielectric constant.

7 = power factor of dielectric.
The rate at which heat is generated in a dielectric is proportional to Kr, which is
termed the loss facior of the dielectric. The loss factor is the best single criterion of the
ability of a solid insulating material to withstand high radio-frequency voltages.

31. Calculation of Condenser Capacity. Parallel Plate Condenser.—The capacity

of a parallel plate condenser is

C = 0.2244K % puf (122)

where K = dielectric constant of the dielectric between the plates.
A = area of one plate, sq in.
d = spacing of plates, in.

If the dimensions are in centimeters

C = 0.08842K % wif (122a)

These expressions neglect the fringing flux lines at the edges of the plates and so give a
result slightly less than the actual capacity.

1 E. T. Hoch, Power Losses in Insulating Materials, Bell System Tech. Jour., Vol. 1, n. 110, October,
1922,
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Long Parallel Strips in Air.—The capacity between two parallel strips of great
length compared with the width or spacing is given by the following approximate
formulas:!

For B = width of strips

separation of strips

C = ﬂ’%}— puf per inch (128)
log1o (I_E)

This expression becomes more accurate as the value of E becomes smaller. For R less
than 0.5, the formula gives results less than 2 per cent high, and for B = 1, the results
are about 10 per cent high.

For B > 1:*

C = 0.2244R (1 + 71-1—1—3 (1 4 2.303 loge 27rR)) puf per inch (124)

This expression gives values that are lower than the exact value, and whose aceuracy
increases as the value of R increases. The error is 4 per cent for B = 2 and less than
10 per cent for B = 1.

When the plates of the condenser are immersed in a dielectric of constant K (as if
the dielectric were a liquid), the results obtained from Egs. (123) and (124) must be
multiplied by K. With solid dielectric between the plates but not projecting beyond
the edges, these equations still hold, but with less accuracy. When the solid dielectric
projects considerably beyond the edges of the plates, fair results can be obtained by
multiplying values from Egs. (123) and (124) by the dielectric constant.

Concentric Spheres.

dads
d—d "
where d; = outer diameter of inside sphere, in.
d. = inner diameter of outside sphere, in.
K = dielectric constant of material between spheres.
Isolated Sphere.

C = 1412K

uf (125)

C = 1.412d puf (126)

where d is the diameter of the sphere in inches and the sphere is assumed to be in free
space (vacuum). This will be seen to correspond to the capacity of a set of concentrie
spheres with d, = infinity.
Isolated Disk.
C = 0.8992d puf (127)

where d is the diameter of the disk in inches. The disk is presumed to be of negligibie
thickness, and is assumed located in free space (vacuum).
Single Wire Parallel to Ground.—When the wire can be considered as infinitely long,
then
7.354

C = —
oe {7 (14 V1 - )

where h = height of wire center above earth,
d = diameter of wire.

puf per foot (128)

1 The exact expression for this case involves elliptic integrals and can be solved only by trial and
error. See H. B. Palmer, Capacitance of a Parallel Plate Capacitor by the Schwartz-Christoffel
Transformation, Trans. A.I.E.E., Vol. 56, No. 3, p. 363, March, 1937.

2 A, E. H. Love, Some Electrostatic Distributions in Two Dimensions, Proc. London Math. Soc.,
Vol. 22, p. 337, Mar. 8, 1923. ‘
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In the usual case, & is considerably greater than d, and Eq. (128) can be written as

7'35i‘h uuf per foot (129)

].ng '—d‘

¢ =

Curves of capacity per inch as calculated by Eq. (129) for various wire sizes and
heights above ground are given in Fig. 76. These curves are useful for determining
wiring capacity in radio receivers.
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F1a. 76.—Capacity per inch of single-wire conductor of various diameters as a function of
height above ground.

When the wire cannot be considered infinitely long, but still has a small diameter
compared with the height, then!

c - 734
. 4h
10g1o (7) -8

where [ is the length in feet, » and d are the height and wire diameter, respectively, in
the same units, and S is a constant given in Table 28.

(130}

TasLe 28.—VALUES oF THE CoNsTANT S*

2h/1 S 1/2h S 1/2h S

0 0 1.00 0.336 0.50 0.541
0.1 0.042 0.95 0.350 0.45 0.576
0.2 0.082 0.90 0.364 0.40 0.617
0.3 0.121 0.85 0.379 0.35 0.664
0.4 0.157 0.80 0.396 0.30 0.721
0.5 0.191 0.75 0.414 0.25 0.790
0.6 0.223 0.70 0.435 0.20 0.874
0.7 0.254 0.65 0.457 0.15 0.990
0.8 0.283 0.60 0.482 0.10 1.155
0.9 0.310 0.55 0.510 0.05 1.445
1.0 0.336 0.50 0.541

* The argument to be used is either 2h/1 or /2h, according to which is less than unity.

1 Frederick W. Grover, Methods, Formulas, and Tables for the Calculation of Antenna Capacity,
Bur. Standards Sci. Paper 568.
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Capacity to Ground of Parallel Wires of the Same Height Joined Together.'—On the
assumption that the wire diameter is small compared with the spacing between wires,
then

o= 7.;61 uud 131)
P+ (n—1)Q

n

P = logm% - 8.

where F' = - 8.

Q = ]ng2D_h - 8.

]

length of wire, ft (assumed same for all wires).
= wire diameter, ft.
number of wires.
spacing between adjacent wires, ft (assumed same for all adjacent pairs).
height above the surface of the earth, ft.
constant given by Table 28.
S. = constant given by Table 29.
This equation assumes that (n — 1)D =< 1/4.

I

> U8 ;e
i

]

TaBLE 29.—VALUEs OF THE CONSTANT S,

n S. n Sa n Sn n Sn
2 0 8 0.347 14 0.550 20 0.688
3 0.067 9 0.388 15 0.576 30 0.847
4 0.135 10 0.425 16 0.601 40 0.970
5 0.197 11 0.460 17 0.625 50 1.063
6 0.252 12 0.492 18 0.647 100 1.357
7 0.302 13 0.522 19 0.668

For the case of two wires, Eq. (131) reduces to

c - - 14.731 - 132)
logm + 10g10 - 2S

-Capacity to Ground of a Horizontal Cage.l—When the wires are closely spaced
around the circumference of the cage, the capacity to ground can be obtained very
approximately by using Eq. (130), if the cage is considered to be a wire having a
diameter equal to the diameter of the cage. The capacity obtained in this way is
large. Accurate results are given by

C = 7.36ln sk (133)

r=n— D
lOglo 2 (loglo D, 4 0.434 ——r —nS

where [ = length of wires in cage, ft.
n = number of wires in cage.
d = diameter of wires in cage, ft.
h = height of cage center above ground, ft.
8 = constant from Table 28,

1 Grover, loc. eil.
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- . . . . m
D, = distance between any given wire and another wire, ft. = & sin T where

8 is the diameter of the cage, ft.

Capacity to Ground of Vertical Wire and Cage Antennas.!—For a single vertical wire
¢ = ~7§’l- o (134)
logm _m —k
d
where m = length of vertical wire, ft.
k' = height of lower end of wire above ground, ft.
d = diameter of wire, ft.
k = constant given by Table 30 and depending on A’/m.
For accurate results, &’/m must be small.

The capacity to ground of a vertical cage of n wires of diameter d, length m,
arranged as elements of a cylinder of diameter § whose axis is vertical and whose
lower end is at a height A’ above ground is (dimensions in feet):

C = 7.36nm wuf (‘13 5)

r=n—1

logw — + 2 (loglo D, + 0.434 ——) — nk

where k is obtained from Table 30 and

—ssnrk 1
D, = §sin e (136)
TaBLE 30.—VaLues oF THE CONSTANT k*

h/m k h'/m k m/h k
A 0.3 0.280 1.0 0.207
0.02 0.403 0.4 0.261 0.9 0.202
0.04 0.384 0.5 0.247 0.8 0.196
0.06 0.369 0.6 0.236 0.7 0.190
0.08 0.356 0.7 0.227 0.6 0.184
0.10 0.345 0.8 0.219 0.5 0.177
0.15 0.323 0.9 0.2125 0.4 0.170
0.20 0.305 1.0 0.207 0.3 0.162
0.25 0.291 P 0.2 0.153:
0.30 0.280 | ... .. 0.1 0.144
S T O 0 0.133

* The argument is &’/m or m/h’ according to which is less than unity.

Capacity to Ground of Single-wire T and Inverted L Antennas.—The capacity in
these cases can be determined approximately by adding the capacities calculated
separately for the vertical and horizontal components. This gives a result somewhat
high, however, because of mutual effects between the vertical and horizontal portions.
More accurate results are obtainable by the formulas given below.

For a single-wire T having a horizontal length 7 at a height h above ground and a
vertical wire of length m attached to the center of I, then, if the dimensions are in
feet
7.36(1 + m)

C = T

@137)

1 Grover, loc. cit.
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where

U=

l + 2m
l + (1og10 L S) + e (logm k) +52 2% (s
The constants S and % are given by Tables 28 and 30; while X is given by Fig. 77. In
using these tables, it is to be noted that the height h’ of the lower end of the vertical
above ground is (b — m).

04 |
l’ = oQ’__ "]
e
- =5 1
m/}(«{ ? ————— - [ ===
03 AT :
L7 _h_'=|__.:3.
/// m
V. i 7 = ==
% = h . T
//// % F=O \>’/
X Qz //// // A /
A i/ s
//// / / / —
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// A /
/ / / /
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/ /
0
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%(smid lines)

—}n—(DoHed lines)
Fia. 77.—Value of constant X for use in Eq. (138).

The capacity to ground for-the case of a single-wire inverted L antenna, (i.e., where
the down-lead is attached to the end instead of being center of the horizontal portion)
is also given by Eq. (138), provided U is defined as

U= + -~ (1ogl0 S) +, (logm L k) +X (139)

Capacity to Ground of Inclined Wire, Vertical Fan, etc.—The capacity to ground of a
considerable variety of arrangements such as vertical cone, vertical fan, inclined wires,
horizontal V, etc., are given in convenient form by F. W. Grover in the reference cited
above.

Capacity between Two Horizontal Parallel Wires Remote from the Ground.—When the
wires are infinitely long, the capacity per unit length is half that given by Eqs. (128)
and (129), calculated by replacing 4 in these equations by D/2, where D is the spacing
between wire centers. This gives
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C = 3.677 wuf per foot (140)
oz {7 (1 + V' - g - w)
For the common case of d/D small, this becomes
C = 3. 677D ruf per foot (141)
logi —- T
= —w% uf per mile (142)
e ()

The curves of Fig. 78 give the capacities for various wire sizes and spacings.
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Fia. 78.—Capacity per inch of two-wire line with varipus wire diameters ag a function of
spacing.

The case for finite length, corresponding to Eq. (130), is

c=_368 i (143)

loglogh -8

where the notation has the same meaning as in Eq. (130).

Capacity between Two Parallel Wires in Presence of Ground.—In the usual case
where d/I and d/D are very small, one has

c 3.677

. 5D 1 upf per foot (144)
" (2)
1+ (5

The presence of the ground increases the capacity for this case by the same
amount that would result if the spacing were assumed to have an effective value
of D/A/1 + (D/2h)

Capacity between Two Horizontal Parallel Wires One above the Other—The capacity
for this case may be determined approximately from Eq. (144) by taking for the value
hi 4 he

5

of h the average of the heights of the wires

Capacity of Concentric Cable.—Let

D = inside diameter of the outside cylinder.

d = outside diameter of the inner conductor.

K = dielectric constant of material between conductors.
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Then
0= 7.354K

log1o (dg)

The capacities of concentric cables with various inner and outer diameters are given in
Fig. 79.

40

puf perfoot, (145)

(}%’/V
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Fia. 79.—Capacity per foot of concentric lines with air dielectric.
32. Condensers with Air Dielectric.—An air-dielectric condenser consists of two

agsemblies of spaced plates held in fixed relationship to each other by insulating
members so that the plates mesh but do not touch. Such condensers are normally

L R Re=G(Uw(C)?

TR MW |
Reg=R+Rg
TC

4

(o) Acfuz:l equivalent network (b) Series form of equivalent network

Fic. 80.—Equivalent electrical networks of a variable air condenser.

made so that one set of plates can be rotated to adjust the capacity. Variable air-
dielectric condensers are characterized by very low losses, and by having reproducible
capacity settings. They are used for. adjusting the resonant frequency of tuned cir-
cuits in both transmitters and receivers.
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Resistance and Inductance of Air-dielectric Condensers.—Even though air is a per-
fect dielectric with zero power factor, air condensers have losses because of the resist-
ance of the plates, rods, washers, etc., and because of the losses in the dielectric used to
mount the two sets of plates with respect to each other. Air condensers also have
a small inductance as a consequence of the magnetic flux produced by the currents
flowing through the condenser and its connections.

The actual condenser can be represented by the electrical network of Fig. 80a (or
by the series equivalent of this, as given in Fig. 80b), where C is the capacity of the
condenser.?

The condenser inductance L in Fig. 80 takes into account the magnetic effect of the
currents in the condenser, and is to a first approximation independent of the capacity
setting or the frequency. It depends upon the physical size of the condenser and the
method of making connections to the two sets of condenser plates. This inductance
can be reduced by making the condenser of small physical size and by bringing the
connections to the centers of the plate assemblies, rather than to the ends as is usually
done. The effect of the inductance is to cause the apparent capacity of the condenser,
as observed at the terminals, to be greater than the actual capacity according to the
equation

C

Apparent capacity = 1= L0

(146)

where C and L are the capacity and inductance in farads and henrys, respectively, and
«is 27 times the frequency in cycles. The difference between the apparent and actual
capacities is negligible except at high frequencies, but then increases very rapidly.
The order of magnitude that can be expected for L is indicated by a value of 0.06 ph
for a physically large standard variable condenser having a maximum capacity of
1,000 puf and 0.0055 for a physically small (145 wuf maximum) variable condenser
having center-fed plates, and otherwise designed for low inductance.

The conductance G in Fig. 80a represents the losses in the solid dielectrics used for
support, and is independent of the capacity setting but is directly proportional to the
frequency. The conductance is determined by the type and amount of dielectric and
the method of using it. The merit of a condenser with respect to freedom from dielec-
tric losses can be expressed in terms of the quantity R.wC? where R, is the series
resistance corresponding to & (see Fig. 80). For any given condenser this figure of
merit is independent of frequency and capacity.

The resistance E represents the series resistance of the leads, washers, connecting
rods, ete. It is substantially independent of the capacity setting, but increases
with frequency as the result of skin effect, being proportional to the square root of the
frequency at higher frequencies.

The ratio B./(1/«C) in Fig. 80 is termed the condenser power factor (the reciprocal
of the condenser power factor is the condenser ). The value of the power factor is
determined primarily by the dielectric losses @ at low frequencies and by the series
resistance B at high frequencies. TFor a given variable condenser, the power factor
is maximum at low capacity settings for low frequencies, whereas at high frequencies
the power factor commonly goes through a minimum at something less than the
maximum capacity. The behavior in some typical cases is shown in Fig. 81.2 It
will be noted that condenser power factors, although small, are by no means zero,
particularly at small capacity settings and also at very high frequencies.

1 R. F. Field and D. B. Sinclair, A Method for Determining the Residual Inductance and Resistance
of a Variable Air Condenser at Radio Frequencies, Proc. I.R.E., Vol. 24, p. 255, February, 1936.

2 8ee Field and Sinclair, loc. cit.; also, W. Jackson, The Analysis of Air Condenser Loss Resistance,
Proc. I.R.E., Vol. 22, p. 957, August, 1934.
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Law of Capacity Variation.—The plates of a variable air condenser can be shaped
to give any desired law of capacity variation as a function of angle of rotation.! The
types of condensers of greatest interest are condensers in which the capacity is a
linear function of angle of rotation (termed straight-line capacity and abbreviated
SLC); condensers in which the plates are shaped so that, when used to tune a coil to
resonance, the wave length at resonance is a linear function of the angle of rotation
(straight-line wave length, abbreviated SLW); condensers that, when used to tune an
inductance, give a resonant frequency that is a linear function of the angle of rotation
(straight-line frequency, abbreviated SLF); and, finally, condensers in which either the
logarithm of capacity or the logarithm of frequency of resonance with a coil is a
straight-line function of the angle of rotation. Practical condensers frequently use
intermediate characteristics or combinations of these basic types. Thus the tuning

28X10 —— /'
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F1a. 81.—Power factor at various frequencies of a laboratory-type variable condenser as a

function of capacity setting. '

condensers used in a broadcast receiver usually approximate a straight-line wave-
length law at low capacity settings and a straight-line frequency law at large capacity
settings. Still other shapes are used to meet special requirements, as, for example,
in beat-frequency oscillators.?

Straight-line capacity characteristics can be obtained by using semicircular rotating
and stationary plates, as illustrated in Fig. 82. The straight-line wave-length char-
acteristic is obtained by modifying the shape of the rotating plates according to the
following equation:

V5dl{(K@ + Amin) + r2 inches (14:7)

1 Condensers have also been designed with wedge-shaped plates so arranged that the thickness of
the air gap varies with the position of the rotating plates, thereby introducing an additional factor
modifying the law of capacity variation. Such condensers are used only to a limited extent, however,
because the plates cannot be made of standard sheet material.

2 Thus see E. R. Meissner, Logarithmic Scale for Beat-frequency Oscillator, Proc. I.R.E., Vol. 17,
p. 879, May, 1929; W. H. F. Griffiths, Notes on the Laws of Variable Air Condensers, Ezp. Wireless
and Wireless Eng., Vol. 3, p. 14, January, and p. 743, December, 1926.
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where d = separation between plates, in.

K — )\m&x _ )\min.

™

N = number of air spaces in condenser.

r1 = radius of cutout on stationary plates, in.

L = tuned inductance, microhenrys.
angle of rotation, radians

A = wave length, meters.
Similarly, a straight-line frequency characteristic is obtained with rotating plates cut
so that the radius of the plates as a function of the angular position is given by!

ES
Il

2
r= \/ . 43 , T rifem (148)
nkK (K—\/CT, .y i
where D = 1/2r A/L, a constant (L, henrys).
K = fmex = foin » cycles per radian on dial.

™
n = number of air spaces in condenser.
k = 10711/36xd, a condenser constant.
Co = total minimum capacity when 6 = 0, farads.
6 = angle of rotation of rotor plates in radians.
r1 = radius of cutout on stationary plates, cm.
d = air gap between plates, cm,
The approximate plate shape and the way in which the capacity varies with the angle
of rotation in a typical case are shown in Fig. 82.

Temperature Coefficient of Capacity.—The prineipal factors that may cause the
capacity of an air-dielectric condenser to change with temperature are (1) differential
expansion of different portions of the condenser, particularly effects causing bending of
the plates, (2) linear expansion that causes changes in surface areas, ete., (3) changes
in dimensions and dielectric constant of the insulation used for mounting, (4) changes
in residual stress with temperature that give rise to deformations.

The temperature coefficient of capacity of ordinary air-dielectric condensers may
vary over a wide range. 'Thus values from 4150 to — 65 parts per million per °C have
been observed for different designs. The behavior of ordinary condensers with
respect to changes in temperature is also frequently noneyeclic, 7.e., the capacity does
not return to its original value when the temperature comes back to normal.’

Air condensers with small and adjustable temperature coefficients, having cyclic
behavior can be realized by proper design.? Such a result is facilitated by making the
fixed and rotating plate assemblies of the same material throughout and annealing to
relieve residual stress. The air gap should be large so that the capacity will not be
critical with small deformations of the plates. The insulating supports should have
low temperature coefficients of expansion and of dielectric constant, and possess cyclic
behavior. Certain of the ceramics and plastics are the best. The exact temperature
coeflicient of such a condenser can be adjusted as desired by controlling the axial
position of the rotating plates with respect to the fixed plates by means of metal rods
of a second material having a different coefficient of expansion. In this way it is possi-

LUH. C. Forbes, The Straight-line Frequency Variable Condenser, Proc. I.R.E., Vol. 13, p. 507,

August, 1925. See also O. C. Roos, Simplified SLF and SLW Design, Proc. I.R.E., Vol. 14, p. 773,
December, 1926; Griffiths, loc. cit.

¢t H. A. Thomas, The Development of a Small Variable Air Condenser Compensated for Rapid
Changes of Temperature, Jour. I.E.E., Vo.. 84, p. 495, 1939; also, Wireless Section, I.E.E., Vol. 14,
p. 157, June, 1939; The Electrical Stability of Condensers, Jour. I.E.E., Vol. 79, p. 297, 1936; also,
Wireless Section, I.E.E., Vol. 11, p, 202, September, 1936,
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ble to obtain zero temperature coefficient of capacity by starting with a proper initial
displacement of the rotating plates away from the mid-position between fixed plates,
or one can obtain either a positive or negative temperature coefficient as desired by
using a greater or less displacem* it than that giving zero coefficient.!

Transmitting Condensers with Air Dielectric—In transmitting condensers, the air
gap between the plates must be in proportion to the voltage for which the condenser is
rated, and care must be used in the design so that there will be no point at which
electrostatic flux will concentrate unduly and cause even the slightest corona at rated

500

450

400 Y
Straight-line Straight-line /
Capacity Wave length //
350

| a4

";‘\300 : ;l X //
3 ~— ]
2 Straight-line &
g 250 Frequency —— /
o
e}
(]

200 S

oL/
100 — / /
e

50 ; :r//

0 20 40 60 80 100 120 140 160 180
Angle of Rotation, Degrees

Fia. 82.—Characteristics of straight-line capacity, straight-line wavelength, and
straight-line frequency condensers, showing capacity as a function of angle of rotation in
typical cases, together with approximate shape of plates.

voltage. Furthermore, the solid insulation must have a low loss factor and be
arranged so that the voltage gradient in it is low.

The dielectric strength of air is somewhat less at radio frequencies than at 60
cycles. Furthermore, a slight trace of corona such as would be of negligible conse-
quence at 60 cycles, will cause intense ionization, accompanied by high power loss and
possible breakdown when the frequency is high.2

The effective utilization of air as a dielectric in high-voltage condensers requires
large spacings between plates and careful rounding of all sharp edges to avoid flux

1 Another method of obtaining zero coefficient in a variable condenser involves a condenser in which
all parts determining length are sluminum, and as are also all the stator plates, while half of the
rotor plates are invar and half aluminum. See T. Slonczewski, High Accuracy Heterodyne Oscillators,
Bell System Tech. Jour., Vol. 19, p. 407, July, 1940.

2 P. A. Ekstrand, Radio Frequency Spark-over in Air, Proc. I.R.E., Vol. 28, p. 262; A. Alford and
8. Pickles, Radio-frequency High Voltage Phenomena, Trans. A.I.LE.E., Vol. 59, p. 129, March, 1940;

E. W. Seward, The Electric Strength of Air at High Frequencies, Jour. I.E.E., Vol. 84, p. 288, 1939:
aleo, Wireless Section, I.E.E., Vol. 14, p. 31, March, 1939,
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concentrations. In particular, the plates should be polished, have rounded edges, and
have a thickness from one-third to one-fourth of the air gap.

Pressure and Vacuum Condensers.—The voltage rating of an air-dielectric con-
denser can be increased by increasing the air pressure, since the relationship between
breakdown voltage and pressure at radio frequencies has the character shown in Fig.
83. Variable and fixed condensers based on this principle are commercially available!
and are used in high-power radio transmitters at broadcast and higher frequencies for
tuning tank circuits, as neutralizing condensers, and in antenna coupling networks.
Practical compressed-gas condensers employ dry nitrogen from a tank to maintain the
pressure, and operate at approximately 20 atm. This gives a voltage rating of four to
five times that obtainable at atmospheric pressure.

Another means of increasing the voltage rating of an air-dielectric condenser is to
place it in a vacuum comparable with that used in vacuum tubes. Under these condi-
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Fia. 83.—Breakdown voltage as a function of pressure at a frequency of one megacycle.

tions, there is so little gas present that ionization is not possible in appreciable amounts,
and the dielectric strength is very high. Condensers of this type can be either fixed
or variable. In the case of variable condensers, the adjustment is made from outside
the vacuum by means of a copper bellows or flexible diaphragm.

33. Condensers with Solid Dielectric. Types of Dielectrics Used.—Solid dielee-
tric is used in most fixed and in some adjustable condensers. The dielectrics most
commonly employed are mica, paper, ceramics, and electrolytic films.

Mica is characterized by an unusually low power factor and high voltage strength.
Mica condensers are commonly constructed by piling alternate sheets of mica and
copper foil to form a stack that is held under pressure and impregnated. Such con-
densers are used for by-pass and blocking purposes and also whenever a fixed capacity
of very low losses and appreciable capacity is required.2

Paper condensers normally consist of two strips of tin or aluminum foil insulated
by paper and rolled into a bundle. This is vacuum-impregnated with oil or wax, and
sealed against moisture. Paper condensers are characterized by relatively low cost,
high capacity in proportion to voltage rating and size, and a power factor that is

1 Pressure Capacitors, Electronics, Vol. 12, p. 16, April, 1939.

? The capacity of small mica condensers is frequently indicated by a series of three colored dots.

wnich indicate the capacity in wpuf by the same color code used with resistors, described on page 39.
The sequence in which the dots should be read is indicated by an arrow,
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reasonably high (commonly of the order of 0.5 per cent). Such condengers are used
primarily for by-pass and blocking purposes and for filter condensers in power-supply
systems. The inexpensive type of paper condensers sealed in waxed eardboard con-
tainers deteriorate with time as a result of gradual penetration of moisture, and so
have a limited life. This life is also dependent upon the d-c voltage applied to the
condenser.!

Ceramic dielectrics are used to obtain controlled temperature coefficients. The
ceramics used frequently contain titanium oxide (see Table 27), to give a very high
dielectric constant. The power factor of such condensers can be quite low, and
is frequently less than 0.001.

Electrolytic condensers are considered in Par. 34.

Power Factor, Resistance, and Reactance of Condensers.—Condensers with solid
dielectric can be represented by the same equivalent electrical eireuit shown in Fig. 80
for air condensers. The capacity C in this equivalent circuit is determined by the area,
thickness, and dielectric constant of the dielectric. - The inductance arises from flux
linkages associated mainly with the leads. The loss in the condenser at low and
moderate frequencies arises primarily from the conductance G, so the condenser power
factor at such frequencies is equal to the power factor of the dielectric, and is inde~
pendent of frequency.? However, as the frequency is increased the series resistance B
begins to be of importance, and the power factor decreases. This series resistance
tends to be proportional to the square root of frequency, making the power factor
proportional to 7% when the frequency f is so high that the series resistance is the
principal source of loss.

Temperature Coefficient of Capacity.—Change in temperature can cause the capac-
ity of condensers having solid dielectric to vary as a result of the effect of temperature
on the dimensions, dielectric constant, and mechanical stress (and hence pressure) in
the condenser. In ordinary mica and impregnated paper condensers, the effect of the
temperature upon the pressures in the condenser assembly is the most important
factor causing the capacity to change, and results in temperature coefficients of
capacity that are large and noncyelic.

A low and very stable coefficient of temperature can be obtained by depositing
the condenser electrodes either directly upon the opposite sides of a mica sheet or upon
the inside and outside of a suitable ceramic tube. The metalized mica type of con-
denser gives a temperature coefficient of capacity of approximately 4-20 parts in a
million per°C. The coefficient of the ceramic type of condenser can be controlled by
the ceramic material employed, with values ranging all the way from about +200 to
—800 parts in a million per°C. being available in commercial condensers.

Voltage Rating.—The voltage rating of a condenser at low frequencies is the voltage
at which the dielectric will spark through.  As the frequency is increased the voltage
rating becomes less as a result of energy dissipated in the condenser. ‘When the power
factor of the dielectric accounts for most of the loss, as is the case at moderate radio
frequencies, the voltage rating will be inversely proportional to the square root of the
frequency. At higher frequencies, where the series resistance is also a factor, the per-
missible voltage decreases still more rapidly with frequency.

The voltage rating of a typical mica condenser at various frequencies is given in
Table 31. These ratings assume that the voltage is applied continuously for a con-

1 Tt has been stated that the life of an ordinary paper condenser such as is used in radio receivers
is proportional to the fifth power of the applied voltage. This fact is sometimes used for accelerated life
tests by operating the condenser at excess voltage and then using this rule to determine the significance
of the results. Such tests neglect the time factor involved in moisture penetration, however, and so are
only approximate.

2 At quite low frequencies, there is usually a slight rise in the power factor as a result of leakage and
absorption.
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siderable length of time. When the voltage acts for a brief period in such a way that
the condenser does not have time to exceed its allowable operating temperature,
correspondingly higher voltages may be applied at the higher frequencies.

TABLE 31.—VoLTacgE RATING oF Ao Particurar 0.001 uf Mica CONDENSER*

Vi
Frequency, ke I‘{’%tlgggzi:f%(z)tﬁse Rategnclg?rent, Rated energy, kva
Direct current 10,000

1 10,000 0.063 0.63
100 3,000 1.9 5.7
300 3,000 5.7 17.0
1,000 1,780 11.2 20.0
3,000 605 11.4 8.9
10,000 178 11.2 2.0

* 1. G. Maloff, Mica Condensers in High Frequency Circuits, Proc. I.R.E., Vol. 20, p. 647, April,
1932.

34. Electrolytic Condensers.l—An electrolytic condenser consists of positive and
negative electrodes, usually of aluminum, placed in a suitable conducting liquid. The
dielectric of such a condenser is provided by a thin insulating film formed directly on
the positive electrode by suitable treatment.

Electrolytic condensers are characterized by a low cost per microfarad, a very large
capacity in proportion to volume, a high power factor, and appreciable leakage. The
characteristics such as capacity, leakage resistance, and power factor depend greatly
upon the applied voltage, temperature, previous history of the condenser, etec. The
ordinary electrolytic condensers used in radio work are polarized, so that the voltage
on the anode plate must never be allowed to become negative even instantaneously.
This limits the use of electrolytic condensers to circumstances where the alternating
voltage present is less than the superimposed d-c voltage.

Electrolytic condensers are used as by-pass and filter condensers in radio receivers
in parts of the circuit where a d-¢ potential is present and where a moderate leakage
current can be tolerated.

Electrolytic Condensers.—Electrolytic condensers used in radio work are nearly
always of the “dry” type. In such condensers, the positive and negative electrodes
congist of aluminum foil separated by paper or gauze that is saturated with an
electrolyte that is eithér a highly viscous liquid or a fudgelike solid. The entire
assembly is wound in a roll and mounted in a waxed cardboard tube or box.2 The
anode is usually chemically etched to increase its effective area. The insulating film
on the anode is formed chemically before assembly by passing the foil through suitable
solutions and applying a proper sequence of voltages between the foil and the solution.
After the condenser has been assembled any damage that may have occurred to the

tFor further information, particularly on constructional details, see P. M. Deeley, * Electrolytic
Capacitors,” Cornell Dubilier Electric Corp., 1938; P. R. Coursey, *Electrolytic Condensers,” 2d ed.,
Chapman and Hall, 1939.

2 In the “wet” type of condenser, the anode consists of folded aluminum foil; the cathode electrode
is usually an aluminum container lined inside with a perforated insulating material to prevent con-
tact between cathode and anode. The electrolyte is a liquid, frequently moderately viscous.

Compared with the dry electrolytic condenser, the wet type has the disadvantages of higher power
factor, narrower temperature range over which satisfactory operation can be obtained, and greater
deterioration while lying idle. Furthermore, wet condensers must be provided with a vent to prevent
excessive internal pressures from building up and must be mounted in a particular position to avoid
leakage. The wet type is capable of giving voltage limiting action, since it can be designed to draw an
excessively large leakage current when the voltage on the circuit becomes larger than normal. In such

service, the wet type has both greater reliability and life and also possesses & more rapid rise of leakage
current with voltage than the dry type.
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anode film through handling, etc., is repaired by a reforming process that consists of
applying voltage to the condenser under suitably controlled conditions.
Characteristics of Electrolytic Condensers.!—The capacity of an electrolytic con-
denser is influenced by the applied voltage, length and continuity of service, voltage
at which the insulating film was formed on the anode, the temperature, and the fre-
quency. In general the capacity decreases with age, increased forming voltage,

increased temperature, and increased
frequency. In condensers that must “i
carry appreciable alternating cur- 5 L0
rents, as, for example, the first con- © Y
denser in a condenser-input rectifier § 08 by
ﬁltel: system, there is a tendency for = 06 }';3
an ingulating film to form on the ¢ §1
cathode during use, with consequent J
. - o 04 %
excessive loss of capacity. o ' @y
The leakage resistance of an 2 (9 ) :
electrolytic condenser depends upon § )

the ratio of voltage applied to the
voltage used in forming the anode

film, and is affected by temperature,
amount and conditions of use, ete. Fie. 84.—Leakage current in typical electrolytic
condensers.
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The leakage current varies with ap-
plied voltage in the manner shown in Fig. 84. It is quite small with applied voltages
appreciably less than the forming voltage, but increasing rapidly in the region of the
forming voltage, the rise being particularly great in the wet type. When voltage is
applied to a condenser after a period of idleness, the leakage current is initially exces-
sively large, but quickly drops to a normal value, as shown in Fig. 85. The leakage
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manner in which leakage current varies series resistance of a ty pical electrolytic con-
with time when voltage is first applied to denser having a norm.al capacity of 8 uf.
an electrolytic condenser that has been

idle for some time.

current for any particular operating voltage increases as the temperature becomes
greater.
The power factor of electrolytic condensers 1s high, and increases with frequency
and increasing applied voltage. The power factor may increase or decrease with
1 A good summary of properties of wet and dry electrolytic condensers is given by P. R. Coursey

and S. N. Ray, Electrolytic Condensers, Jour. I.E.E., Vol. 85, p. 107, 1939; also, Wireless Section,
I.E.E., Vol. 14, p. 203, September, 1939. .
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temperature, depending upon the construction. At high frequencies the power factor
becomes so high that the condenser acts essentially as a series resistance rather than
as a capacity (see Fig. 86).

The maximum voltage that can be safely applied to an electrolytic condenser
depends upon the voltage at which the insulating film was formed, with the rated
voltage being a little less than the forming voltage. Rated voltages ranging all the
way from approximately 25 to 550 volts peak are obtainable. When the applied
voltage exceeds the rated value, the leakage current becomes excessive, as shown in
Fig. 84, and finally scintillations are produced as a result of breaking down of the
dielectric film.

The heating produced by the d-c leakage current and the alternating currents
passing through an electrolytic condenser must not produce excessive temperature
rise. This means in general that the compact types of condensers, such as those using
etched foil, and particularly the dry type, are at a disadvantage as compared with
bulkier constructions for certain types of service, as, for example, when s large alter-
nating current is present.

The life of an electrolytic condenser depends upon the purity of the materials used
in the condenser and upon the conditions of use, particularly the applied voltage and
the temperature. Leakage is an indication of life, since leakage causes the electrolyte
to be used up, particularly in the wet type, with a corresponding increase in condenser
power factor. The life is accordingly increased by anything that reduces the leakage
current, such as operating at appreciably below the forming voltage, and by avoiding
high temperatures.

SHIELDING OF MAGNETIC AND ELECTROSTATIC FIELDS

86. Conducting Shields for Magnetic Fields.—Magnetic and electrostatic fields
can be confined to restricted spaces, or can be prevented from entering a particular
space, by the use of suitable shields. The most effective means of controlling magnetic
fields at radio frequencies is by the use of shields consisting of a good conductor, such
as copper or aluminum. Magnetic flux penetrates such a shield only with great
difficulty, because as the flux cuts into the conducting material it produces eddy cur-
rents that oppose the penetration. To be most effective, such shields must completely
inclose the space to be protected, and all joints should be well lapped to minimize
the resistance offered to the eddy currents. Where the shielding must be extremely
effective, as in signal generators, joints should be soldered wherever possible, and in
other cases should be sufficiently good mechanically to be literally watertight. The
thickness should be a number of times the skin depth of current penetration as caleu-
lated by Eq. (5), and so has a minimum value determined by the conductivity and
frequency.

Shielded Coils.’—One of the most important examples of a conducting shield is
the copper or aluminum can frequently placed around air-cored coils. Such shields
serve to confine practically all of the magnetic field to the space within the can. They
also reduce the effective inductance of the coil by restricting the cross-sectional area
through which the flux can pass, and increase the losses as a result of the energy
dissipated in the shield by the eddy currents. However, if the clearance between the
coil and its shield is everywhere at least equal to the radius of the coil, the reduction
in inductance and the decrease in coil @ produced by a copper or aluminum shield
will not be serious.

The loss of inductance resulting from a cylindrical shield that is long compared
with the length of the coil and the shield diameter is given approximately by the curves

1 An excellent theoretical discussion of the effect of shielding on coil resistance and inductance is
given by A. G. Bogle, The Effective Resistance and Inductance of Screened Coils, Jour, I.E.E., Vol. 87,
p. 299, 1940; also, Wireless Section, I.E.E., Vol. 15, p. 221, September, 1940.
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of Fig. 87.1 The results also apply with satisfactory accuracy for finite lengths if
the clearance between the ends of the shield and the coil is at least the coil radius,
and the shield length exceeds the shield diameter. As these limiting conditions are
approached, the actual inductance is slightly less than that calculated from Fig. 87.
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Fia. 87.—Curves giving effect of shield on the inductance on an air-cored coil.

Where Fig. 87 can be expected to be in error, the effect of the shield, including the end
effects, can be more accurately taken into account by the equation®

Actual inductance . (r_c 2Z_cl] (149)
Inductance in absence of shield ro] L K

where L _ length of coil
Iy~ length of shield
re _ radius of coil
7.  radius of shield
K = constant given by Fig. 88.
The resistance R, that must be considered as added in series with the shielded coil

in order to take into account the shield losses is given approximately by the equation
~9.37 X 10~ N2t v/ Jp

rd

I

B,

(150)

where N = number of turns in coil.

|

r. = radius of coil.

r = 7/ (shield diameter)2(shield length)/8.

f = frequency in cycles.

p = resistivity of shield in ohms per ¢cm cube (= 1.724 X 107 for copper).

1 Graphic Determination of the Decrease in Inductance Produced by a Coil Shield, R.C.A. Appli-
cation Note 48, June 12, 1935,

These curves can also be applied to the case of a square shielding can that is long compared with the
coil length by assuming that the square can is equivalent to a cylindrical shield having a radius that is
0.8 times the length of one side of the can.

2 Equations (149)—(151) are rearrangements of results given by G. W. O. Howe, The Effect of Screen~
ing Cans on the Effective Inductance and Resistance of Coils, Wireless Eng., Vol. 11, p. 155, March,
1934. These equations are derived by replacing the actual shield by a sphere of diameter 2r that is
the geometric mean of the three coordinate dimensions of the actual shield can. If these three dimen-
sions do not differ too greatly, and if the shield clears the coil by a reasonable amount, then the results
calculated for the hypothetical spherical shield approximate very closely those obtained with the
actual shield.
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This equation assumes that the thickness of the shield is appreciably greater than the
skin depth as obtained from Eq. (5) or Fig. 4. When the thickness ¢ in e¢m is not
small compared with the skin depth, then

2 4
R, = 27N (%) (150a)

i

The effectiveness with which the shield surrounding a coil reduces the external
field depends primarily upon the thickness ¢ of the shield in relation to the skin depth e.
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F1a. 88.—Values of constant K for use in Eq. (149).

Where ¢/e > 2, and where at the same time the shield is thin compared with its length
or diameter, one has

13

Magnetic field in absence of shielding <

Actual magnetic field

= 0.24%¢ (151)
where r is as defined in Eq. (150), ¢ is the skin depth as calculated by Eq. (5), or
obtained from Fig. 4, ¢ is the thickness of the shield, and e = 2.718.

Planar Shield.—An important case of shielding
exists where a flat sheet of conducting material is
used to reduce the voltage induced in a second coil
by current passing through a first coil. For the case
r'D TN O )I illustrated in Fig. 89, where the two coils are coaxial

and similar and the shield is a sheet placed at right
% angles to this axis, one has approximately!

-
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w{lle-.

— 2A
__¥ Induced voltage in absence of shield
e, , Toduced voltage with shield 00127440/
Corl carries Coil in which (152)
current volfage /s .. . .
/nduced  Where v = conductivity of shield on basis that con-
Shiel a’-"’u ductivity of standard annealed copper is

100.
Fig. 89.—Diagram illus- - : +
trating nomenclature in Eq. A = mean radius of co}l’ om.

(152). t = thickness of shield, cm.

f = frequency in cycles.
Strictly speaking, Eq. (152) applies only where the shielding is appreciable and the
shield is infinite in extent, but praectically the results will not be greatly influenced by

1 Samuel Levy, Electromagnetic Shielding Effect of an Infinite Plane Conducting Sheet Placed
between Circular Coaxial Coils, Proc. I.R.E., Vol. 24, p. 923, June, 1936.
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finite dimensions, provided the length and width of the shield are considerably greater
than 24 or-D + D, in Fig. 89, whichever is larger.

Shields Immersed in Uniform Magnetic Field.—Shields are sometimes used to pro-
tect a small space from the effects of an external field. The effectiveness of spheres
and of long cylinders of conducting material in providing an interior field-free space
when the shield is placed in a uniform external field is given by?!

™ jen

Field intensity in absence of shield _
Field in interior of shield N

0.7078 fe e (153)

where S = a constant that is one-third for spheres and one-half for cylinders.

skin depth as given by Eq. (5) or Fig. 4.

thickness of shield.

radius of sphere or cylinder. .

= 2.718, the base of the Napierian logarithms.

In Eq. (153) it is assumed that {/e > 2. In the case of cylinders, external field is
assumed to be parallel to the axis, and the cylinder is considered to be of infinite
length. However, if the length is a number of times the diameter, the field at the
midpoint of the cylinder will be substantially as calculated, even when the ends are
open. The results caleulated for the sphere can be used to give an approximate
indication of the shielding of cubes and similar shapes by using an equivalent sphere
inclosing the same volume as the actual shield.

36. Magnetic Shields.—Shields for unidirectional and low-frequency magnetic
fields are made of magnetic material, preferably having a high initial permeability.
Such shields act as low reluctance paths for the flux, thereby diverting the flux away
from the space to be shielded.

The most important practical use of magnetic shields in communication is to
minimize voltages induced in audio transformers by magnetic fields of power fre-
quencies. This is accomplished by placing the transformer in a magnetic shield
normally consisting of a rectangular box or a short eylinder with closed ends. The
degree of protection obtained in this way depends upon the size and thickness of the
shield, and upon whether the shield consists of a single layer of magnetic material or
several concentric layers separated by air spaces. In the case of a single-layer shield,
the effectiveness is approximately?

Magnetic field in absence of shielding _ 0.22 [1 _ (1 ot 3]
Magnetic field with shielding T e To

where s = initial permeability of shield.

ro = radius of sphere enclosing the same volume as the outer surface of the

shield.
t = thickness of shield.

Equation (154) shows that the maximum possible shielding factor obtainable is 0.22¢
and that approximately 50 per cent of this possibility is realized when the thickness of
the shield is one-fifth of the radius of the equivalent sphere. Relatively thick single-
layer shields are accordingly uneconomic.

When the degree of shielding required is greater than that obtainable from a
single shield, two or three concentric magnetic shielding shells are employed, as shown
in Fig. 90. When the total thickness of such a shield is greater than one-third the
radius of the equivalent sphere, this subdivision of the magnetic material into con-
centric layers separated by air spaces gives more effective shielding than if the air
spaces were filled solidly with magnetic material (see Fig. 90).

1 Walter Lyons, Experiments on Electromagnetic Shielding at Frequencies between One and Thirty
Kilocycles, Proc. I.R.E., Vol. 21, p. 574, April, 1933.
2 W. B. Ellwood, Magnetic Shields, Bell Lab. Rec., Vol. 17, p. 93, November, 1938.
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The effectiveness of concentric magnetic shields to alternating currents can be
greatly increased by placing copper shields in the air spaces between the magnetic
ghields.! The behavior in a typical case with and without copper shields is shown in
Fig. 91 as a funection of frequency over the audio range. With unidirectional (d-¢)
fields, the copper has no effect upon shielding.

The effectiveness of magnetic shields depends primarily upon the initial perme-
ability and is roughly proportional to u» where n is the number of concentric layers.
Permalloy and similar magnetic materials having high initial permeability are,
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Fra. 90.—Performance of spherical magnetic shields in a typical case.

accordingly, vastly superior to ordinary cast iron or silicon steel, particularly in the
" case of multilayer shields.

A magnetic shield inclosing an air-cored coil causes the inductance to increase as
a result of lowered reluctance offered to the flux paths by the high permeability
material. The effective resistance of the shielded coil is also increased because of
eddy-current and hysteresis losses in the iron.

37. Electrostatic Shields.—Any conductor can be used as an electrostatic shield.
There are no particular requirements as to thickness or conductivity; it is necessary

1'W. G. Gustafson, Magnetic Shiclding of Transformers at Audio Frequencies, Bell System Tech.
J- ur,, Vol, 17, p. 416, July, 1938.
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merely that the electrostatic fields terminate on the shield instead of passing through
to the space being protected. To be most effective, electrostatic shields should be
continuous closed surface, but even a screen will give fair shielding. The conducting
and magnetic shields for magnetic flux discussed above therefore simultaneously pro-
vide electrostatic shielding along with the magnetic shielding.
Electrostatic Shielding without Magnetic Shielding.—Electrostatic shielding can be
obtained without affecting magnetic flux by surrounding the space to be protected
_with a conducting nonmagnetic shield arranged to provide termination for electro-
static flux lines without providing closed loops of low resistance around which eddy
currents can circulate. Such a shield is illustrated in Fig. 92.
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Fic. 94—Schematic diagram of a double electrostatic shield.

Electrostatic shielding is frequently used in transformers to prevent electrostatic
coupling between the various windings. Such a shield consists of a metal foil wrapped
around the windings so as to inclose them completely but with an insulated lapped
joint, as shown in Fig. 93, so that the foil does not act as a short-circuited turn. Such
a shield replaces direct capacity coupling between coils by capacity from the individual
coil to the shield (i.e., to the ground).

Double electrostatic shields are sometimes required in transformers used in special
applications. Thus in Fig. 94, if the secondary is at an a-c potential E above ground
and it is absolutely necessary that this potential produce no voltage difference between
the secondary terminals of the transformer, it is then necessary to employ a double
shield around the secondary as shown. The outer shield S; is grounded, while the
inner shield is insulated from S: and connected to one terminal of the secondary.
In this way the capacity current flowing to ground as a result of the voltage E will
not go through any part of either the secondary or primary winding, and so will not
. produce any voltage difference between secondary terminals.



SECTION 3
CIRCUIT THEORY

SIMPLE RESONANT CIRCUITS

1. Series Resonance.—A circuit consisting of a resistance, inductance, and
capacity connected in series with a voltage applied as shown in Fig. 1 is termed a

series resonant circuit.
current depends upon the frequency of
the applied voltage in accordance with
the manner shown in Fig. 2a. The cur-
rent is & maximum and in phase with
the applied voltage at the frequency,
termed the resonant frequency, at
which the inductive reactance and
capacitive reactances are equal. At
lower frequencies the current falls off
and leads, while at higher frequencies it
drops and lags.

The shape of the series resonance
curve of current is determined by the
ratio of the inductive reactance «L to
the circuit resistance R, 7.e., upon wL/R.
This ratio is customarily represented
by the symbol @, and is called the cir-
cuit Q. TIts numerical value commonly
approximates the @ of the coil used in
the resonant circuit because most of the
loss in resonant circuits is usually in
the coil, but will always be at least
slightly less then the coil @ because of
the condenser losses. The effect upon

C-l-

[ )

Fia. 1.—Series resonant cir-
cuit.
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Fia. 2.—Current and impedance of a series

resonant circuit as a funection of frequency.

the resonance curve of changing the circuit resistance, and hence the circuit @, is shown

in Fig. 2a.

Increasing the circuit resistance reduces the response in the vicinity of

resonance, although producing virtually no effect at frequencies differing appreciably

from the resonant frequency.
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The resistance and reactance components of the impedance of the series circuit
vary with frequency as shown in Fig. 2b. In the small frequency range represented
by the region around resonance, the circuit resistance is substantially constant. The
reactance, on the other hand, varies substantially linearly from a relatively high
capacitive value below resonance to a relatively high inductive value above resonance,
and passes through zero at the resonant frequency.

General Equations of Series Resonance.—The equations given below use the fol-
lowing symbols:

E = voltage applied to circuit.

I = current flowing in circuit.
= frequency in cycles.
= 2nf.
oL/R.
effective series resistance of tuned circuit.
induetance, henrys.
capacity, farads.
impedance of series circuit.
phase angle of impedance.

actual frequency
~ resonant frequency
Subscript ; denotes values at resonant frequency.

i

s NAQANTTOE «,
I

1

R nt frequency = ———— 1

esona, q N o IO (1)

- Cireuit impedance = Z = R 4 ( L — ——) (2a)
1 2

1zl = \R® + ( L — -(7) (26)

wl — e :

tan 6 = =@ (1 — —) (2¢)
R+ (wL - %)

! Voltage across L = jwLI (4a)

I

Voltage across C = 7aC ) (4b)

Current at resonance = I, = % )

Voltage across L or C at resonance = EQ 6)

Universal Resonance Curves.—Equation (8), when rearranged to express the cur-
rent actually flowing in the cireuit at resonance in terms of the circuit @ and the
fractional detuning, glves the universal resonance curves shown in Fig. 3,1 from which
the exact resonance curve of any series circuit may be obtained without ealeulation
when @ is known. These curves are extremely useful, because they are independent
of the resonant frequency of the circuit and of the ratio of inductance to capacity.

The use of the universal resonance curves in practical calculations can be illus-
trated by two examples.

Ezample 1.—TIt is desired to know how many cycles one must be off resonance to reduce the current
to one-half the value at resonance when the circuit has a @ of 125 and is resonant at 1,000 ke. Refer-

1 For the derivation of these curves, see F. E. Terman, ““ Radio Engineering,” 2d ed., p. 54, McGraw-
Hill, New York, 1937,
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ence to Fig. 3 shows that the response is reduced to 0.5 when a = 0.86. Hence

0.86 X 1,000
Cycles off resonance = ———————— = 6.88 ke
125
The phase angle of the current as obtained from the curve is 60°.
Example 2.—With the same circuit as in the preceding example, it is desired to know what the

response will be at a frequency 10,000 cycles below resonance. To solve this problem it is first neces-
sary to determine a.

—(ﬂ) 125 = 1.25
%= \7,000/ % =0

Reference to Fig. 3 shows that for @ = 1.25, the response is reduced by a factor 0.365 and that the
phase of the current is 68° leading.
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F1a. 3.—Universal resonance curve for series resonant circuit. This curve can also be
applied to the parallel resonant circuit by considering the vertical scale to represent the
ratio of actual parallel impedance to the parallel impedance at resonance. When applied
to parallel circuits the angles shown in the figure as leading are lagging, and vice versa.

The only assumption involved in the universal resonance curves is that Q is the
same at the frequency being considered as at the resonant frequency. When this is
true, the universal resonance curves involve no approzimations whatsoever. Over the
limited range of frequencies near resonance represented in Fig. 3, the variations in @
are 80 small as to introduce negligible (i.e., less than 1 per cent) errors from the use
of the curves, provided the value of @ existing at resonance is used in determining the
fractional detuning,.

The universal resonance curve also gives the resonance curve of voltage developed
across the inductance or capacity with an accuracy sufficient for all ordinary purposes.
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This is because under ordinary conditions the frequency range covered by the curves
extends only a few per cent on either side of resonance. For this limited range of
frequencies, the inductive (and capacitive) reactances are so nearly constant that the
product of current and reactance gives a curve having essentially the same shape
as the current curve.

Working Rules for Dealing with Series Resonant Circuits.—In making calculations
of series resonant circuits or in estimating their behavior, the following rules and
principles will frequently be found of value:

The resonance curve can for all practical purposes be considered as symmetrical
about the resonant frequency. This is apparent from an examination of the universal
resonance curves.

The current at resonance is always E/R, while the voltage developed across the
capacitive (or inductive) reactance at resonance is @ times the applied voltage and is
90° out of phase with this voltage.

When the frequency of the applied voltage deviates from the resonant frequency
by an amount that is 1/2Q of the resonant frequency, the current that flows is reduced
to 70.7 per cent of the resonant current, and the current is 45° out of phase with the
applied voltage. Correspondingly, when the fractional detuning is 1/Q, the current
is approximately 45 per cent of the current at resonance, and is 68.5° out of phase
with the voltage.!

At frequencies that differ from the resonant frequency by amounts that exceed
3/Q of the resonant frequency, one can neglect the circuit resistance in determining
the magnitude of the circuit impedance. The magnitude of the current is then

Actual current when far off resonance _ 1
Current at resonance B 1
Qv (1 - b

()

actual frequency
resonant frequency

The phase angle of the current can be calculated without error by the use of Eq. (2¢).

tan0=Q(1——$)

1 Other convenient cases are as follows:

where v =

TaBie 1
Fractional detuning Ph
_ eycles off resonance __Actual current o:;,se
(_ resonant frequency) Current at resonance current,®
1 1 1
Do . 1
56 =3 X 30 0.95 834
1 1 1
0-3%30 0.90 2624
1 1
ﬁ =1X 20 0.707 45
1 _ oyt 0.447 6334
@~ " "2 ' :
g =4 X L 0.242 76
Q 2Q '
4 =8 X L 0.124 83
Q 2@ '
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The voltage across the inductance and also the voltage across the condenser vary
with frequency in the immediate vicinity of resonance in a way that is for all
practical purposes the same as the current resonance curve. At frequencies differing
somewhat from the resonant frequency, there is a slight but ordinarily unimportant
difference in shape between the voltage and current curves. At frequencies that
deviate from resonance by at least 3/Q times the resonant frequency, it is permissible
to neglect the resistance in making calculations. This leads to the following formulas:

For voltage across the inductance:

Actual voltage when far off resonance _

! 8
Voltage at resonance . 1 (8a)
o(1-
For voltage across the condenser:
Actual voltage when far off resonance _ 1 b
Voltage at resonance T QM —-1) (8b)

Practical Calculation of Series Resonance Curves.—Series resonance curves can of
course be calculated with the aid of Egs. (1) to (3). Practically, however, this is not
a very satisfactory way to obtain them, since in order to obtain reasonable accuracy
in the region near resonance, it is necessary to use logarithms in forming the differ-
ence wL — 1/wC in cases where the @ is at all appreciable.

A preferable procedure is first to calculate the resonant frequency and the response
at resonance. The former can be conveniently done with the aid of the reactance
charts given on the inside back cover of this volume. The working rules given
above can then be applied to obtain the response at frequencies 1/2¢, 1/, etc., on
either side of resonance. This gives a picture of the resonance curve that is suffi-
cient for most practical purposes. Additional points in the vicinity of resonance can
be calculated when needed with the aid of the universal resonance curve of Fig. 3. -
Calculations for frequencies too far from resonance to be included on the universal
resonance curve can be made by the use of Eq. (8a) (or 8b) and Eq. (2¢).

Logarithmic Decrement.—The sharpness of the series resonance curve is normally
expressed in terms of the Q of the circuit. Tn the early days of radio, when the oscil-
lating spark discharge represented the chief source of radio-frequency energy, the
sharpness of resonance was expressed in terms of the logarithmic decrement, defined by
the equation

Logarithmic decrement = Ejl':—L @

where R and L represent circuit resistance and inductance, respectively. and fo, the
resonant frequency. It will be noted that the logarithmic decrement is equal to x/Q.

Series Resonance by Varying Circuit Reactance.—The preceding discussion of series
resonance has been for the case where the circuit resistance, inductance, and capacity
were constant and the frequency was varied. Under many circumstances, how-
ever, the frequency is kept constant and the circuit is adjusted to series resonance by
varying either the capacity or the inductance. When the circuit reactance is varied
in this way, the curve of current in the circuit as a function of the capacitive reactance
(or inductive reactance) has essentially the same shape as the series resonance curves
already econsidered. In particular, maximum current and unity power factor still
occur when the capacitive and inductive reactances are equal, provided the circuit
resistance does not change with the change in reactance. The curve of voltage
developed across the inductance (or capacity) will, however, not be quite the same
when the reactance is varied as in the case of frequency variation, since the maximum
will occur at a slightly different frequency.
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Series Resonant Circuits with Constant Resistance.—Series resonant circuits having
a substantially constant resistance independent of frequency, particularly ecircuits
with a relatively low ), are often used in equalizers and in other applications. The
general expression for the impedance of a series resonant circuit as given in Eq. (2a)
can for the case of constant circuit resistance be conveniently rewritten as follows:

5= 1+ie (X5 ) (10)

where @, = circuit @ at resonance.
_actual frequency
¥ = fesonant frequency
Z = geries impedance.
R = circuit resistance (assumed independent of frequency).
Results given by Eq. (10) are expressed graphically in Fig. 4, which not only is
useful in showing at a glance the manner in which the

magnitude and phase angle of the impedance will vary .IL;IE

under different conditions but also ean be used in |

the design of series resonant circuits to have desired L} {1e

characteristics. © 7 L Ze==¢
2. Parallel Resonant Circuits.—A parallel resonant E - R

circuit is obtained when the generator voltage is applied § Ry ¢

to an inductance and a capacity connected in parallel,

as in Fig. 5. It will be noted that the only difference |
between the series and parallel circuit is in the manner of F1e. 5.—Parallel resonant
connection. In the analyses given below of the parallel- cireuit.
resonant circuit of Fig. 5, the following notation will be used:
E = voltage applied to circuit.
Z; = R; — j/wC = impedance of capacitive branch.
Z5, = R + joL = impedance of inductive branch.
Zs = Z, + Z1 = series impedance of circuit.
Z = parallel impedance of circuit.
R, = R. + R = total series resistance of circuit.
w = 27 times frequency.
wg = 2m times frequency at which wL = 1/,
Q = wL/R, = circuit Q.
Qo = value of Q at we/2r cycles.
The quantities L, C, Rz, and R. refer to the inductance, capacity, and resistance
components of the circuit, as indicated in Fig. 5.
The impedance offered to the generator by a parallel resonant circuit is the product
of the two branch impedances divided by their sum; i.e.

. _ _ ZZz _ ZZs
Parallel impedance = Z = 7.+ 21 Z,

1 R .
(Rc +jw—0) (RL'+ joL)

(R. + R1) +j(wL e
W

(11

(11q)

The magnitude and phase of the impedance of a parallel circuit can be conveniently
obtained from the universal curves of Fig. 6, which give the parallel impedance in
terms of the impedance of one branch and the vector ratio of the branch impedances.!

1 Somewhat similar curves are given by D. G. Fink, Parallel Impedance Chart, Electronics, Vol. 11,
p. 31, May, 1938.
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The current that the generator delivers to the parallel circuit can be termed the
line current, and is the applied voltage E divided by the impedance or

Line current = % (12)

The currents in the branches are equal to the applied voltage divided by the respec-
tive branch impedances, and so are given by the equations

Current in capacitive branch = I, = —ZE (13a)
Current in inductive branch = I = ZE_ (13b)
L

Equations (11), (12), and (13) are the fundamental equations of the parallel circuit,
and apply for all conditions, irrespective of circuit €, frequency, or division of resist-
ance between branches.
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Fig. 7.—Variation of impedance and current with frequency in a parallel resonant circuit.

When the Q of a parallel circuit is not too low, the impedance that is offered to an
applied voltage varies with frequency in the manner illustrated in Fig. 7a. At low
frequencies, the inductive branch draws a large lagging current while the leading
current of the capacitive branch is small, resulting in a large lagging line current and a
low lagging circuit impedance. At high frequencies, the capacitive branch has a
low reactance compared with the inductive branch, resulting in a large leading line
current and a corresponding low circuit impedance that is leading. Between these
extremes, there is a frequency, commonly termed the resonant frequency, at which the
lagging current taken by the inductive branch and the leading current in the capacitive
branch are equal, and since these currents are nearly 180° out of phase, they neutralize
to leave only a small resultant in-phase line current. The impedance of the parallel
circuit will then be a high resistance, as is apparent in Fig. 7a.

As a result of the fact that the parallel circuit has a high impedance at resonance
and relatively low impedance at other frequencies, the line current varies with fre-
quency as shown in Fig. 7b and becomes very small at resonance. The currents in the
individual branches vary much more slowly with frequency, and are almost but not
quite constant in the vicinity of resonance.

The resonant frequency of a parallel circuit can be defined in several ways as fol-
lows: (1) the frequency at which wL = 1/wC, i.e., the resonant frequency of the same
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circuit when operating in series resonance; (2) the frequency at which the parallel
impedance of the circuit is maximum; (3) the frequency at which the parallel impedance
of the circuit has unity power factor. These three definitions lead to frequencies that
differ by an amount depending upon the circuit @ and the division of the resistance
between the branches. A discussion of the practical importance of these various caset
is given below.

Analysis of Parallel Resonant Circuits Having High Q.—The most important prac-
tical case of parallel resonance exists when the circuit @ is at least moderately high
(i.e., @ = 10). TUnder these conditions, the exact way in which the resistance is
divided between the two branches is of little consequence, and it is permissible to
assume that the absolute magnitude of the impedance of the individual branches is not
affected by the resistance in these branches.

To the accuracy allowed by these approximations, the three possible resonant
frequencies are virtually identical, so that for all practical purposes the resonant frequency
of a high Q parallel resonant circuit can be taken as the resonant frequency of the same
circuit when connected in series.

The shape of the impedance curve of a high @ parallel resonant circuit is also
the same as the current curve of the same cireuit acting as a series resonant circuit.
The only difference between series and parallel resonance under these conditions is
that the phase angles are reversed, 7.e., the phase angle of parallel impedance has the
opposite sign from the phase angle of the current in the series circuit.

In terms of the notation given above, the equations giving the behavior of parallel
resonant circuits with moderate or high Q’s are

1

Resonant frequency = fo = —~— 14
queney = fo o VIC (14)

1\? L

. _ (wol)? woC _ ((_J’
Parallel impedance = . = =g 15)

At resonance
Parallel impedance ) _ (wol)? _ _ _ L

at resonance z. R, QoL = BoQo® = RC (16)

At frequencies differing from resonance by at least 3/ times the resonant
frequency, it is permissible to neglect the effect of the circuit resistance R in deter-
mining the magnitude of the parallel impedance. This gives

Impedance at frequencies far from resonance 1
= (17a)
Impedance at resonance 1
Q'Y 1 - 7—2

where v is the ratio of the actual to the resonant frequency. The phase angle at all
frequencies is very nearly the negative of the angle of the current for series operation,
and from Eq. (2¢) is found to be

tan 6 = Q (712 — 1) (170)

The recommended procedure for calculating parallel resonance in the case of
moderate or high @ circuits is as follows: First, obtain the resonant frequency and the
impedance at resonance, using Egs. (14) and (16). Second, calculate the frequencies
at which the impedance is 70.7 per cent and 44.7 per cent of the value at resonance
with the aid of the same working rules as for series resonance, and then where other
points are needed in the vieinity of resonance use either the universal resonance
curve or Table 1. TFinally, for frequencies too far off resonance to be within the range



Ear. 2] CIRCUIT THEORY 145

of the universal resonance curve, the magnitude and phase of the impedance are
obtained by Eqs. (17a) and (17b). This procedure gives an accuracy far better than
cbtainable by slide-rule calculations using Eq. (11), and also involves considerably
less work.

The impedance offered by a parallel resonant circuit can be expressed in form
R + jX.e. A universal curve giving the variation of R.q/Z and X.,/Z, as a function
of frequency, where Z, is the impedance at resonance, is shown in Fig. 8 for the case
of a high @ circuit. It will be noted that the curve of resistance ig much like a
resonance curve, but differs in that it has steeper sides. In particular, the resistance
drops to 50 per cent of the resonant impedance when the fractional detuning is 1/2Q
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Fia. 8.~~Universal curve giving the resistance and reactance components of the impedance
of a high-@ parallel resonant circuit as a function of frequency.

instead of 70.7 per cent, as in the case of a resonance curve. The reactance curves of
Fig. 8 are characterized by maximum inductive and capacitive reactances at frequen-
cies that are likewise 1/2@Q below and above resonance, respectively. These reactance
maxima have an amplitude exactly 50 per cent of the impedance at resonance.
General Case of Parallel Resonance with Particular Reference to Low Q Circuits.—In
the general case where the circuit € is low, the curve of circuit impedance still tends
to have the shape of a resonance curve unless the circuit @ approaches (or is less than)
unity, but the peak of the curve does not necessarily oceur at the frequency of series
resonance, and the condition for unity power factor does not necessarily occur either
at this frequency or when the impedance is & maximum. Furthermore, the details of
the behavior of a low @ parallel circuit also depend upon the division of resistance
between the inductive and capacitive branches, upon the way in which the resistance
varies with frequency, and upon whether the adjustment to resonance is made by
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varying the frequency, inductance, or capacity. Some of the effects that can be
obtained under different conditions are illustrated in Fig. 9.

The behavior of the impedance for any desired condition can be calculated with
the aid of Eq. (11). Special relations can also be derived for particular cases, but
there are so many of these special cases, and each is of such limited application that
the equations are not particularly useful.! The results in a number of limiting cases
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Fie. 9.—Typical characteristics of parallel resonant circuits having low Q.

are as follows: First, when the R, L, and C of the circuit are constant, and all of the
resistance is in one branch, the frequency of unity power factor is related to the fre-
quency of series resonance by the following equations:

For resistance in inductive branch:

w=w(,\/1—QlTz (18)

For resistance in capacitive branch:
1

Y
Qo

The notation is the same as previously used, i.e., Qo is the circuit @ at the series
resonant frequency, and wo/27 corresponds to the series resonant frequency. Second,
when the frequency is varied, the impedance curve is not greatly affected by the

1A good discussion of some of these special cases is given in pp. 35-45 of R. S. Glasgow, ‘‘ Prir
ciples of Radio Engineering,” McGraw-Hill, New York, 1936.

19)
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division of resistance between the branches, and the maximum impedance occurs
very near, but not necessarily exactly at, the frequency of series resonance. Thard,
when all the resistance is in the inductive branch and the circuit capacity is varied
while keeping resistance, inductance, and frequency constant, the capacity giving
maximum impedance also corresponds to unity power factor. Fourth, when allthe
resistance is in the capacitive branch and the inductance is varied while keeping
resistance, capacity, and frequency constant, the inductance giving maximum imped-
ance also corresponds to unity power factor. Fifth, tuning by adjusting cireuit by
any other manner than the preceding cases, as, for example, by varying the inductance
when the resistance is in the inductance branch, causes the condition for unity power
factor to differ from the condition for maximum impedance.

Special Cases of Very Low @.—Inductance and capacity are sometimes associated
with a constant resistance in such a way as to form a parallel resonant circuit in which
the resistance is constant and in the inductive branch, and the @ is extremely low,
even less than unity. Typical examples are a resistance unit designed for low
reactance effects (see Fig. 8, Sec. 2), and the coupling impedance to give shunt peak-
ing in a video amplifier (see Fig. 51a, Sec. 5). Universal curves giving the magnitude
and phase angle of impedance for this particular case are given in Fig. 10.

ICI
Input TCZ
(o) . (b)

F1a. 11.—Tapped parallel resonant circuits.

Another important case of a very low Q parallel circuit is where the resistances
in the two branches are the same, and are each equal to /L/C ohms. Under this
condition, the parallel impedance is a resistance at all frequencies, and has a value of
+/L/C ohms.

Parallel Resonance with Tapped Circuits.—Parallel resonance circuits are frequently
operated with the input connected across only a portion of the total circuit, as illus-
trated in Fig. 11. At frequencies near resonance, the effect of this method of opera-
tion is to make the impedance offered to the input terminals less in magnitude than
the parallel impedance of the entire circuit without changing the character of the
impedance curve as far as shape or equivalent Q is concerned. Tapping a parallel
resonance circuit accordingly offers a means of adjusting the magnitude of impedance
obtained without changing the circuit itself.

With the circuit of Fig. 11a, one has near the resonant frequency

Impedance offered to input ( C, )2 (20)
Parallel impedance of circuit  \C; + C-
Similarly, for Fig. 115
Impedance offered to input (Meq 2 1)
Parallel impedance of circuit \ L

where M, is the total equivalent mutual inductance between L’ and the entire coil
L, including both common and inductive coupling.

8. Inductively Coupled Circuits.—When mutual inductance exists between coils
that are in separate circuits, these circuits are said to be inductively coupled. The
effect of the mutual inductance is to make possible the transfer of energy from one
circuit to the other by transformer action; i.e., the alternating current flowing in one
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circuit as a result of a voltage applied to that circuit produces magnetic flux that
induces a voltage in the coupled circuit, resulting in induced currents and a transfer
of energy from the first or primary circuit to the coupled or secondary circuit.

Analysis of Inductively Coupled Circuils.—The behavior of inductively coupled
circuits can be determined by making use of the following principles:! First, as far
as the primary cireuit is concerned, the effect of the presence of the coupled secondary
circuit is exactly as though an impedance (wM)2/Z, had been added in series with the
primary, where

M = mutual inductance.
w = 2f.
Z, = series impedance of secondary circuit when considered by itself.

Second, the voltage induced in the secondary circuit by a primary current of 7, has a

M~
U
Lrg igls | Lp
€ zp CZ; £ @ wM)
I | zs |
(0) Inductively coupled circuit (b) Equivalent primary circuit
Ls ook Ls
Es= -jwMIp 29 ES;J“;ME 29
P
L L
(c) Equivalent secondary (d) Alternative form of equivalent
cireuit secondary circuit

Fia. 12.—Inductively coupled circuit and also equivalent primary and secondary circuits.

magnitude of wM T, and lags the current that produces it by 90°.  Third, the secondary
current is exactly the same current that would flow if the induced voltage were applied
in series with the secondary and if the primary were absent.

The preceding analysis shows that the actions taking place in the primary and
secondary cireuit are as though one had the equivalent circuits shown in Figs. 12b
and 12¢c. Here the primary circuit consists of the actual primary impedance Z, in
series with an additional impedance (wM)?/Z, that takes into account the effect the
secondary produces on the primary current. This extra impedance (wM)?/Z, is
termed the coupled impedance. The equivalent secondary circuit of Fig. 12¢ consists
of the voltage ~jwMI, induced in the secondary by the primary current, in series
with the secondary impedance Z, as shown.

An alternative form of equivalent secondary circuit is given in Fig. 12d. This is
obtained by applying Thévenin’s theorem and noting that when the secondary is
opened, the open ecireuit voltage that appears is —jwMT,, while when the applied
voltage is short-circuited, the equivalent impedance as viewed from the opened
secondary terminals is Z, 4 (wM)2/Z,. This second form of the equivalent secondary

1 These rules for handling coupled circuits are direct consequences of the mesh equations, which for
this case can be written as

E = IZp + joMI, (22)

Induced voltage = —jwMIp = I,Z, (23)
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circuit leads to the same results as the first form, since the extra voltage that is con-
sidered as acting in the second case is just compensated for by the voltage drop in the
extra impedance considered as existing in the secondary circuit.

The resistance and reactance components of the coupled impedance are

) _ (wM)?
Resistance component = BEt X R, (24)
. (M)
Reactance component = —j T & X2 X, (25)

where R, and X, are, respectively, the resistance and reactance components of the
secondary impedance Z,. The effect that the secondary has on the primary circuit is
exactly as though the resistance and reactance given by Eqgs. (24) and (25) had been
inserted in series with the primary circuit. The energy and reactive volt-amperes
consumed by the primary current flowing through this hypothetical resistance and
reactance represent the energy and reactive volt-amperes that are transferred to the
secondary circuit.

Conditions for Mazimum Secondary Current.—In dealing with coupled circuits,
it is desirable to keep in mind the adjustments giving maximum secondary current.
The behavior in the more important cases is summarized below for the ease of two
circuits inductively coupled, with resistance and reactance in each cireuit.

Case 1. Maximum Secondary Current with Variation of Secondary Reactance.—
When frequency, mutual inductance, primary impedance, and secondary resistance
are constant, the secondary current is maximum when

. (oM)?

R =E e

X5 (26)
where X, and X, = reactance of primary and secondary circuits, respectively.
R, and R, = resistance of primary and secondary circuits, respectively.
w = 2x times frequency.
. M = mutual inductance.
Case 2. Maximum Secondary Current with Variation of Primary Reactance.—
If the primary rather than secondary reactance is varied, maximum secondary current
is obtained when
(wd)?

X = gatxa

X, ©1)]
Case 3. Maximum Possible Secondary Current.—The secondary current has its
maximum possible value when the adjustments are such that the resistance and
reactance coupled into the primary circuit by the secondary are equal to the resistance
of the primary circuit and the negative of the primary reactance, respectively; 7.e.,
when
(wM)®
R34+ X2
(wM)?
TRET X2

R. = R,
(28)
X, = -X,

It will be noted that in order to obtain maximum possible secondary current, it is
necessary that two independent variables be adjusted. One of these is commonly
the mutual inductance; the other, the reactance of one or both circuits. Unless the
mutual inductance satisfies the relation wM 5 +/R,R,, it is impossible to satisfy the
condition for maximum possible secondary current.

1 For a more detailed discussion, see G, W. Pierce, ‘“Electric Oscillations and Electric Waves,”
Chap. X1, McGraw-Hill, New York, 1920.
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Inductive Coupling Considered as a Transformer.—Two coils inductively coupled
represent the general case of a transformer, and can be reduced to the equivalent
transformer circuit of Fig. 13. Here the primary and secondary inductances are
divided into leakage and closely coupled components. The leakage inductances
correspond to magnetic flux lines that produce no linkages to any secondary circuit,
while the coupled inductances are taken as having unity coefficient of coupling.

In a conventional transformer with iron core, the coefficient of coupling between
primary and secondary is so large that the leakage inductances represent only a very
small fraction of the total circuit inductances. Under these conditions it is convenient
to analyze the behavior in terms of the turn-ratio, leakage inductance, etc., as is com-
monly done with 60-cycle power transformers. However, in the more general case
where the coefficient of coupling may be M.
small, most of the inductance is leakage, 2
and turn ratio has relatively little signifi-
cance. It is then preferable to use the
general method of analysis given above.

4. Analysis of Some Simple Coupled
Circuits. Untuned Secondary Consisting (@) Actual circuit
of a Pure Reactance.—This case corre-
sponds to a coil serving as the primary,

with a metal mass of low resistivity serv- Leakage /'na’uc(?nce
ing as the secondary. In this case, which ( I‘k)Lp"' Ak L
is illustrated in Fig. 14a, one has —TOO0 — IO
M2
Coupled reactance = — %4% = —k¥L, klp klg
(29) g

1

where k is the coefficient of coupling be- Coupled inductance
tween the coil and the secondary. The M= kV—L—PTS-
presence of the secondary reduces the T
inductance as viewed from the coil ter-  Vo/fage sfep-up rafio = 1/—L5—
minals to an equivalent value (1 — k%)L, P

It will be noted that the amount of (b) Same circuit shown as transformer
reduction in inductance is determined F1a. 13.—Equivalent circuit of a trans-
solely by the coefficient of coupling and former expl:essed in terms of primary and
not by the number of primary turns, ete. Z‘f)‘l’loﬁﬁlary inductances and coefficient of
It will be also observed that the effect of pune.

_the secondary decreases rapidly as the coefficient of coupling becomes small.

Untuned Secondary Having Both Resistance and Reactance.—This corresponds o
the practical case of a coil in a shield, or near a metal panel or other mass, with the
resistance of the metal secondary taken into account. For such a secondary, the
coupled impedance as given by Eqgs. (24) and (25) consists of a resistance and a
negative reactance. The effect of the secondary upon the primary is hence to lower
the equivalent inductance and increase the equivalent resistance of the primary coil
as viewed from its terminals.

Under practical conditions, a secondary consisting of a shield or other metal

" object is usually of copper or aluminum, so that the secondary reactance is consider-

ably greater than the secondary resistance. Under these conditions, the equivalent
primary circuit has the values and form given in Fig. 14b.

Tuned Secondary, Untuned Primary.—This eircuit, illustrated in Fig. 15a, is of
importance because it represents the equivalent circuit of the transformer-coupled
tuned radio-frequency amplifier, with the primary resistance R, representing the plate
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resistance of the tube. When the secondary is a resonant circuit, the curve of coupled
impedance (wM)?/Z, with variation in frequency has substantially the same shape
and characteristics as the parallel impedance curve of the secondary, but the absolute
magnitude is determined by the mutual inductance.

The important characteristic of this circuit is the curve of voltage developed across
the secondary condenser as a function of frequency under conditions where B, > > wL,.
Such a characteristic is shown in Fig. 15b, and has substantially the same shape as a
resonance curve with the peak at the resonant frequency of the secondary and an
effective @ somewhat lower than the actual Q of the secondary circuit.

Actual circuit Equwalen’r primary
circuit
My
Lp L %(l'kz)l.p
K=V Ls Lp Ls

(a) Untuned reactive secondary with zero losses

Equivalent primary

Actual circuit circuit (approximate)
7 M~
(1-k%)
LP Ls wLp
M
k
Vipls Qs* Rs

{b) Untuned secondary with small losses

Fia. 14.—Inductively coupled circuits with untuned secondaries.

On the assumption that R, > > wL,, the response at resonance is

Voltage across secondary
condenser at resonance § oM %
Voltage applied to primary ~ R,R, + (wM)?

Ly (30)

With given primary and secondary circuits, the response at resonance is maximum
when the coupled resistance equals the primary resistance, i.e., when
oM = /R.R; (31)

With greater or less coupling, the response is less.
The relationship between the effective @ of the response curve and the actual Q
of the secondary circuit is, still assuming that B, > > oL,

Effective @ of amplification curve _ 1
Actual @ of tuned circuit - (wM)2/R,
1+ =5

P

(32)

The effective Q of the response curve approaches the actual @ of the secondary circuit
when the coupling is very small, and is exactly one-half of the actual @ when the
coupling corresponds to the value giving maximum response.
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When L, is not negligible compared with the primary resistance, the response
curve still has the shape of a resonance curve, but the peak is shifted to a slightly
higher frequency. This shift in location of the peak is due to the fact, expressed by
Eq. (26), that maximum secondary current occurs when secondary is sufficiently

o

o

w
Relative Voltage

(a) Circuit

Frequency
(b) Curve of Voltage Across Cs

Fia. 15.—Inductively coupled circuit with tuned secondary and untuned primary.

detuned that its coupled reactance neutralizes the reactance of the primary. When
the primary reactance is not negligible, this detuning is appreciable. The coupling
required for maximum secondary current is also greater as the ratio wL,/R, is increased.

Analysis of the output of coupled systems with untuned primary and tuned second-
ary can be most conveniently carried out by using the equivalent secondary circuit of
Fig. 12d. Such equivalent circuits are shown in Fig. 16. These show how the asso-

R R
P S
— Mo

E Lp L zs> .Jrcs

Actual circuit

Leg=
’{Coupled resistance (MR,  =(wM)?L,
L =
L MRy led” Rz+(wLP)2 RE+wLp)? g

I l l L 1 leq Ls Zs ‘
wlly Frfect of a

R ecf of associa-

P p+JwLp ted primary
| cireuif
Equivclen+ secondary circuit
When Rp »wlp When w Lp not negligible

F1e. 16.—Equivalent secondary circuit for case of inductive coupling with tuned secondary
and untuned primary.

ciation of the primary with the resonant secondary has the effect of increasing the
effective secondary resistance and hence of lowering the effective @, and also that an
inductive primary neutralizes some of the secondary inductance and so raises the
resonant frequency.
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6. Two Resonant Circuits Tuned to the Same Frequency and Coupled Together.!
When two circuits resonant at the same frequency are coupled together, the resulting
behavior depends very largely upon the coupling, as shown in Fig. 17. When the
coefficient of coupling is small, the curve of primary current as a function of frequency
approximates closely the series resonance curve of the primary circuit considered alone.
The secondary current at the same time is small and varies with frequency according
to a curve having a shape approximating the product of the resonance curves of

_-K=0005 ‘

- k=00/
-~= K=00/5

Qp=Qs=100
k=00l for criti-
cal couping

Primary Current

1K=0.01
! - K=00/5
7/

Secondary Current

Frequency
Fia. 17.—Curves showing variation of primary and secondary current with frequency

fcr different coefficients of coupling when the primary and secondary are separately tuned
to the same frequency.

primary and secondary circuits taken alone. As the coupling is increased, the curve
of primary current becomes broader and the peak value of primary current is reduced.
At the same time, the secondary current becomes larger and the sharpness of the
secondary current curve is reduced. These trends continue until the coupling is
such that the resistance that the secondary cireuit couples into the primary at resonance
is equal to the primary resistance. This coupling is ealled the critical coupling, and
causes the secondary current to have the maximum possible value that it can attain.

LA very complete discussion of this subject is given by C. B. Aiken, Two-mesh Tuned Coupled

Circuit Filters, Proc. I.R.E., Vol. 25, p. 230, February; p. 672, June, 1937. See also E. S. Purington,
Single and Coupled-cireuit Systems, Proc. I.R.E., Vol. 18, p. 983, June, 1930. :
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The curve of secondary current is then somewhat broader in the immediate vicinity
of the resonant frequency than the resonance curve of the secondary circuit, and the
primary curve shows double peaks. With still greater coupling, the double humps
in the primary current curve become more prominent, and the peaks spread farther
apart. At the same time the secondary current curve begins to show double humps,
with the peaks becoming progressively more pronounced and farther apart as the
coefficient of coupling is increased.!

Basic Equations.—In practical work, the most important property of the coupled
system under consideration is the ratio of voltage developed across the condenser in
the secondary circuit to the voltage applied in series with the primary circuit. A use-
ful expression for this important ratio is obtained by rearranging Eqgs. (22) and (23) to
give the relation?

Voltage across secondary condenser
Voltage applied in series with primary

Sl P ey ey ey ey I

where o = 2r times frequency.

E.
z

wo = 27 times resonant frequency.
__ o _ actual frequency
Y = & ~ rtesonant frequency
E = voltage applied in series with primary.
Q» = wL,/R, for primary circuit.
Q: = wL./R, for secondary circuit.

k = M/~/L,L, = coefficient of coupling.

L, = total inductance of primary circuit.

L, = total inductance of secondary circuit.
This equation involves no approximations, other than assuming that the circuits are
resonant at the same frequency.

In the special ease where the circuit losses are zero, or where the frequency differs

sufficiently from the resonance frequency to allow the losses to be neglected, Eq. (33)
takes the form

E et PN 12 k . 34
% for zero losses = ¥ VL7, Nz (34)
Y

Effect of Coupling on Response at Resonance—Critical Coupling.—The response at
resonance is obtained by substituting v = 1 in Eq. (33), which gives

% at resonance = — VLS —k— (35)
2 ]
[k +ga
This expression is maximum when the coefficient of coupling has the value
1
ke = —— (36)
V Qs

1 When the circuit @’s are not equal, double humps do not appear in the curve of secondary current
until the coupling is somewhat greater than the critical value. This is illustrated in the universal
curves of Fig. 22.

2 For derivation, see Terman, op. cit., p. 81.
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This coupling k. is often termed the critical coupling. The corresponding mutual

inductance is
oM = \/R,R. (37

With the mutual inductance for critical coupling, the resistance coupled into the
primary circuit at resonance by the presence of the secondary equals the primary
resistance. This gives the maximum possible secondary current. The resulting
maximum possible voltage across the secondary condenser is

. w1 B _ 1 AL _ VO 4 [L
Maximum possible % "2 VI,= 2 VI, (38)

where k. is the critical coupling as given by Eq. (36). The voltage developed across

the condenser at resonance with other couplings is less than value given by Eq. (38)

by an amount depending upon the ratio of actual to critical coupling, as shown in
Fig. 18.

Conditions for Existence of Double Peak
g 10 —Height, Location, and Width of Peaks.—
c N .
s The curve of response in the secondary
2 a8 circuit exhibits double peaks whenever the
j“a coefficient of coupling is sufficient to cause
o | the right-hand side of Eq. (33) to show two
£ ® I L maxima. This occurs whent!
=
=g T~ Actual coefficient of coupling
5 l Ny Critical coefficient of coupling
= G+ e
E 02 2 8 QP
5]
& It will be noted that when @, = Q,, double

00 020 30 40 5o Peaks occur whenever the coupling exceeds
Actual coupling__ VI the critical value, but if the @’s are differ-
Criticalcoupling pxs ent, double peaks do not occur until the

Fic. 18.—Relative output voltage coupling exceeds the critical value by an

obtained at resonance as a function of amount determined by the Q ratio.
coefficient of coupling in the case of two When double humps oceur, the location
2:;‘;;1123 tt?éﬁ?hzg. the'same frequency and of the peaks in relation to the resonant

’ frequency depends upon the agtual cou-
pling, the critical coupling, and the @ ratio. Analysis based upon Eq. (33) shows
that to an accuracy sufficient for all ordinary purposes the location of the peaks is
given by?

Frequency at peak of secondary voltage} _
Resonant frequency of tuned circuits } e

1 (40)
B TANE
Vier[1- g5 (G + )]
where k. is the critical coefficient of coupling as given by Eq. (36) and the remaining

notation is the same as above. The ratio represented by the spacing between
coupling peaks to the resonant frequency, as a function of the coefficient of coupling,

1 Equation (39) assumes that.the y? multiplying the denominator of Eq. (33) is constant. The
approximation that results is so small as to be of negligible consequence, but results in enormous
simplification of t.ae equations.

2 Eq. (40) involves the same approximation as does Eq. (39), but again the error introduced is
negligible and the simplification considerable.
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is given in Fig. 19 for various conditions, in terms of a parameter g given by the lower
part of Fig. 19.
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F16. 19.—Curves from which the separation between peaks can be determined for the case
of two coupled circuits resonant at the same frequency.

When the circuit @’s are not too unequal, and the coefficient of coupling greatly
exceeds the critical value, Eq. (40) reduces to
Frequency at peak of secondary voltage 1

Resonant frequency of tuned cireuits Vith (41a)
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Furthermore, in the very common case when the coefficient of coupling is small, Eq.

(41a) becomes

Frequency at peak of secondary voltage
Resonant frequency of tuned circuits

=1 ilc (41d)

2

In practical work, one is commonly
interested in the frequency band over
which the response in the secondary cir-
cuit equals or exceeds the response at
resonance. This band is illustrated

fo
Frequency

Fia. 20.—Relationship between band
width, and width between secondary peaks
existing when two circuits resonant at the
same frequency are coupled together.

schematically in Fig. 20, and can be
shown to be equal to 4/2 times the width
of the frequency band between coupling
peaks.!

The height of the peaks of response

in the secondary circuit can be obtained

by substituting the value of v, from Eq. (40) into Eq. (33). This gives
Value of % at peaks
_ 1 4L V@0 (42)
152 YLy k.2

(VNG -5 (Ve - V) T

It will be noted that the lower frequency peak is the highest peak. However, since

\/%
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L
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_K _ Actual coupling

K¢ Critical coupling”

Fia. 21.—Universal curves giving the ratio of actual peak height to the response at
resonance as a function of the coefficient of coupling for two coupled circuits resonant at
the same frequency.

7 differs only slightly from unity in ordinary cases, it is customary to consider that
the peaks are identical.

1 See Aiken, loc. cit.



Par. §) CIRCUIT THEORY 159

When Q, = Q,, the value of E./E approximates the maximum possible response
that can be obtained, as given by Eq. (38). On the other hand, when Q, = Q,, the
peaks always have a height less than the maximum possible response in the secondary.

The ratio of the mean of the responses at the two peaks to the response at resonance
is plotted in Fig. 21 for a number of @) ratios.
Universal Response Curves.—Equations (33) and (38) can be combined to give

Actual voltage across
secondary condenser
Maximum possible volt-
o d (42a)
ge across secondary
condenser with
optimum coupling

— 2n
(1 +2Y [t + 1 = e +i0m) (V& + VE)]

b4

k _ actual coefficient of coupling

where n = k.  critical coefficient of coupling

eycles off resonance

4 % .
(-ic) X resonant frequency

vk,
l—l—4

Universal curves based on Eq. (42a) are given in Figs. 22 and 22b for k. = 0, and
k. = 0.05. These curves, especially when considered in conjunction with Figs. 18, 19,
and 21, provide a complete and accurate picture of the response that can be expected
when two resonance circuits are tuned to the same frequency and coupled together.

Figure 22 shows that when both primary and secondary circuits have the same @),
the response curve separates into double peaks whenever the coefficient of coupling
exceeds the critical value, and these peaks maintain a substantially constant height
irrespective of their location. On the other hand, when the two circuits have different
Q’s, then if the coupling exceeds the critical value by only a small amount, the response
curve still has a single peak, but with reduced response at resonance. Double humps
do not oceur until the coupling exceeds the critical value by an amount that depends
upon the ratio @,/Q,, and the peaks become slightly lower as the coupling increases.

Practical Calculation of Coupled Systems Involving Two Resonant Circuits Tuned
to the Same Frequency.—When it is desired to obtain the response curve of a given
system, the relative shape of the ¢urve of voltage developed across the secondary
condenser can be determined with an accuracy sufficient for all ordinary purposes by
the use of the universal curves of Fig. 22, interpolating between these in accordance
with the Q ratio involved. The absolute magnitude of the curve can then be obtained
by calculating the response at the resonant frequency with the aid of Eq. (35).

An alternative procedure for the case where the curve shows two peaks is to caleu-
late the response at resonance by Eq. (35), determine the location and height of the
peaks by Figs. 19 and 21, or Eqgs. (40) and (42), and then to note that the response
beyond the peaks falls to the response at resonance when the frequency is +/2 times
as far from resonance as the coupling peaks. This information is sufficient to define
the shape of the double peaked curve in the vicinity of resonance. If quantitative
information is desired at frequencies differing from resonance by at least twice as
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Fre. 22a.—Universal curves giving the phase and relative magnitude of the voltage
across the secondary condenser for the case of two coupled circuits resonant at the same
frequency and having a @ ratio of unity.

many cycles as do the peaks, this can be readily obtained by neglecting the circuit
resistance and using Eq. (34).
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frequency and having a @ ratio of 5. :

Parallel Feed in the Primary Circuit—The analysis and diseussion given above
have all been for the case where the voltage was applied in series with the primary
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circuit, as shown in Fig. 17. In many cases where coupled resonant circuits are
employed, the excitation of the primary circuit is obtained by applying the voltage
i parallel with the primary circuit through a resistance, as shown in Fig. 23¢. This
arrangement can be termed parallel excitation, and corresponds to the case when the
coupled circuits are excited from a vacuum tube.

R lRp

(@) Circuit with parallel excitation

Equrvalent series R

P
res/.Tfance Cp
Bl B L E
-I_ Equivalent series I

voltage ¢
i .

s

|
|
|
|
L
|
|

jwClp/” (b) Equivalent series circuit

N R I
(assuming >> o

F1e. 23.—Actual and equivalent circuits for the case of parallel excitation of two coupled
circuits.

The parallel excited circuit of Fig. 23a can be reduced by Thévenin’s theorem to
the equivalent arrangement shown in Fig. 23b. This is accomplished by considering
that the portion of the circuit to the left of the dotted line is the equivalent generator
circuit supplying the remainder of the circuit. The principal effect of parallel excita-
tion is to introduce an added resistance in series with the primary circuit that becomes
greater the lower the series resistance R used in the parallel feed. The equivalent

oL 37 S8 L
T é- é I
M 2

| Link” M

(a) Actual circuit

' ~ MM
_I_ ) Meq=1 7L, .
Cp 'I" Leq Leq 'I' Cs Leq =Lp- th+'Lz
2
L'eg, = Ls- L+,

(b) Equivalent circuit (assuming zero link losses)

F16. 24.—Actual and equivalent circuits for link coupling.

series voltage also varies somewhat with frequency, but in a limited range, such as the
region in which the resonance phenomena occur, can be considered as being sub-
stantially constant,

Link-coupled Circuits.—Two resonant circuits are often coupled together by a link
circuit, as shown in Fig. 24a. When this arrangement is reduced to an inductively
coupled circuit by the method of Par. 8, the result for negligible losses in the link is
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as shown in Fig. 24b. It will be noted that the use of link coupling has the effect of
reducing the equivalent primary and secondary inductance, and hence of raising the
resonant frequencies. In other respects, the use of link coupling gives the same
behavior as obtainable from ordinary inductive coupling.

6. Coupled Circuits with Resonant Primary and Secondary Tuned to Slightly
Different Frequencies.—When two circuits resonant at slightly different frequencies
are coupled together, the behavior depends upon the coefficient of coupling and the
relative and absolute circuit @’s. When @, = @, the response curve of secondary
current (or voltage) has a shape of the same type as would be obtained if the two
circuits were both resonant at the same frequency and coupled with an increased
coefficient of coupling. In other words, the effect of detuning the circuits for the case
of equal @’s is equivalent, as far as shape is concerned, to increaging the effective
coupling. The only difference is that detuning causes the absolute magnitude of the
response curve to be less than when the same shape is obtained without detuning.

Qp Q
5= = =15
(Cl) QS (b) QS
o +Moderate de/um'ng o
4 N ¢
0 0
o o
9 v
& o
5 5
o &
Frequency Frequency

F1a. 25.—Curves illustrating the effect produced on the shape of the response curve
by detuning primary and secondary circuits when the primary and secondary circuits do
not have identical Q’s.

Analysis shows that when @, = @, the shape with detuning is as though the circuits
were both tuned to the same frequency and coupled by an amount?

Equivalent coupling

corresponding to } = '\/ k2 4 (fé)2 43)
0

detuned operation

where k& = actual coefficient of coupling.
A = difference between resonant frequency of primary and secondary circuits.
fo = frequency midway between primary and secondary resonant frequencies.
In the more general case where the circuit @’s are not the same, the secondary
response curve is no longer symmetrical about the mean frequency, as shown in Fig.
25. In cases where unsymmetrical peaks are obtained, the low-frequency peak will
be depressed when the secondary is tuned to a higher frequency than the primary and
the secondary @ is higher, or when the secondary is tuned to a lower frequency and
the secondary Q is the lower. Otherwise the high frequency peak will be depressed.
Detuning produces much more effect upon the shape of the primary current curve
than upon the secondary response, and if the detuning is at all large the primary

1 See Harold A. Wheeler and J. Kelly Johnson, High Fidelity Receivers with Expanding Selectors,
Proc. I.R.E., Vol, 23, p. 594, June, 1935; or C. B. Aiken, loc. cit.
Equation (43) involves the assumption that A/fs is small compared with unity.
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current curve will have only a single peak, even though the secondary response shows
pronounced double peaks.

7. Capacitive and Direct Inductive Coupling.—Examples of capacitive and direct
inductive coupling are given in Fig. 26. The behavior of these circuits follows the
same general character as that discussed for inductive coupling. Thus the secondary
circuit can be considered as producing an equivalent coupled impedance in the primary
circuit, and the primary circuit can be considered as inducing in the secondary a
voltage that gives rise to the secondary current. The analysis for these cases can be
worked out in a manner exactly analogous to the induetively coupled case. In fact,
with direct inductive coupling, the same equations apply without change if the
coupled inductance Ly, is substituted for the mutual inductance M appearing in the
inductively coupled equations.

Cp Cs c’

i
) T (5 7’) C

W/Cp Cs Equivalent fo (a) by

K = use of T=T (A-Y)
\/(Cp +Cm)(Cs*Cim) transformation
(o) Capacitive coupling (b) Capacitive coupling
Lo Le
SIE
Vo L) (Carim) VG L (et
(d) Combined direct and
(¢) Direct inductive coupling mutual inductive

coupling
Fia. 26.—Circuits with simple capacitive and inductive coupling.

In the case of capacitive coupling, the equations already given for inductive
coupling still apply, provided that one substitutes 1/jwC,, for joM in the equations
for inductive coupling. This means that the mutual impedance varies inversely
instead of directly with frequency, being now 1/wC,, instead of oM. However, in a
limited frequency range, such as that represented by the region about resonance, the
difference is inconsequential. As a result, capacitively coupled circuits with a given
coefficient of coupling act substantially the same as the corresponding inductively
coupled circuit with the same coefficient of coupling. Hence when primary and
secondary are both tuned to the same frequency, the secondary current characteristic
has two humps if the coupling is large, i.e., if the condenser C,, is small, whereas there
is only one peak of secondary current when the coupling is small, ¢.c., when condenser
C.. is large.

8. Systems in Which Coupling Varies with Frequency.—Systems of this type are
often used in arrangements involving circuits tunable over a widefrequency range.
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Examples are the tuned radio-frequency circuits and antenna-coupling circuits of
radio receivers, which are normally adjustable to be resonant over a three to one
frequency range. In such arrangements, it is desirable to maintain substantially con-
stant response over the entire tuning range.

Two methods are commonly used for attacking this problem. The first combines
either tuning the circuits by variable condensers and using capacitive coupling or
tuning by variable inductances and using inductive or direct inductive coupling.
In the first of these arrangements, the coefficient of coupling is proportional to 1/f?;

in the latter, it is proportional to f2. Co L Le C
The second method is to employ combined electro- PP 5
static and magnetic coupling.! A simple example of — —

such coupling is illustrated in Fig. 27. Here the cou- Cm
pling is capacitive at low frequencies and inductive at /l;> Lm (S-\‘

high frequencies, because the coupling combination of
C. in series with L, has capacitive and inductive
reactance under these respective conditions. In be- Fre. 27.—Cireuit with
tween, at the resonant frequency of L. and Cn, there ggg}’giggg insigés;:::upl?r?;
is zero coupling.

An almost unlimited number of arrangements for combining electrostatic and
magnetic coupling are possible. A number of representative cases, and the ones most
likely to be encountered in radio work, are shown in Figs. 28 to 34.% All these arrange-
ments show a tuned secondary circuit LC with primary input terminals indicated by
P. The part between the input terminals and the secondary can be thought of as
representing the coupling system.

Analysis of Circuits with Combined Coupling—The simplest method of analyzing
these various forms of coupled circuits is to take advantage of the fact that all of them
can be reduced to the simple coupled circuit of Fig. 35, provided that suitable values

C
L L C
S )
P L
/> Cz Ly LG
o T B TG
(a) , (b)
MG MG, !
(C+¢) T @2 (GG T, @G ey
L, (1-KZ) neglected L; (1-K#) neglected
M, C, << LC; M, C,<<LC,

Fig. 28— Circuits with complex coupling having coupling condensers in series with the
tuning condensers.

are assigned to Zp, Zs, and M. The rules that determine the values of these quanti-
ties in the simple equivalent circuit are as follows:

1. The equivalent primary impedance Zy of the equivalent circuit is the impedance that is measured
across the primary terminals of the actual circuit when the secondary circuit has been opened.

2. The secondary impedance Zs of the equivalent circuit is the impedance that is measured by open-
ing the secondary of the actual circuit and determining the impedance between these open points when
the primary is open-circuited.

1 An exhaustive treatment of this is given by H. A. Wheeler and W. A. MacDonald, Theory and
Operation of Tuned Radio-frequency Coupling Systems, Proc. I.R.E., Vol. 19, p. 738, May 1931. See
also Edward H Loftin and S. Young White, Combined Electromagnetic and Electrostatic Coupling
and Some Uses of the Combination, Proc. I.R.E., Vol. 14, p. 605, October, 1926.

2 These are from Wheeler and MacDonald, loc. cit.
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3. The equivalent mutual inductance M is determined by assuming a current Io flowing into the pri-
mary circuit. The voltage that then appears across an open circuit in the secondary is equal to —jwMIo.

In making use of the equivalent circuit of Fig. 85, it is to be remembered that the
values of Z;, Z,, and M may all vary with frequency, so that it is generally necessary
to determine a new equivalent circuit for each frequency at which calculations are
to be made.

After the actual coupled circuit has been reduced by the preceding procedure to
its equivalent form, shown in Fig. 35, one can then apply the formulas that have
already been given for inductively coupled circuits, using the appropriate values M,
Zsy Zp, as determined for the equivalent cireuit. This procedure has the advantage
of using the same fundamental formulas to handle all types of coupling, and makes
it possible to carry on the analysisin the same manner for all cases.

TR A

| M C|

m=Lcl . C1+fz—‘z . MC, C|+Cz
C+C2 WY, C,+C

(wz) : z ( )

2 | 2=_l.__

@27 T,c+Cy) “27 1, (c+cp)
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oo

ZINE:

(€)  “Same as(b)

F1a. 29.—Circuits with complex coupling having high-inductance primaries not inductively
coupled to the secondaries.

The quantity M that appears in the equivalent circuit represents the effective
coupling that is present between the primary and secondary circuits. It is not neces-
sarily a real mutual inductance of the inductive type, but rather a sort of mathematical
fiction that gives the equivalent effect of whatever coupling is really present. If the
actual coupling is capacitive, the numerical value of M will be found to be negative;
if the coupling is of a complex type representing both resistive and reactive coupling,
the numerical value of M will be found to have both real and imaginary parts